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ABSTRACT

In the past decades, there has been an explosion in the amount of data that is generated. This
calls for development of efficient algorithms to uncover useful information from massive datasets.
Although several recent advances in computation allows for faster processing, efficient communica-
tion and storage and so on, it is the need of the hour to develop intelligent algorithms that minimize
resource utilization, and does so in a near real-time fashion. A commonly observed theme in the
Signal Processing and Machine Learning is to exploit the fact that most real-world (extremely high
dimensional) data exhibits a simple, succinct, low-dimensional representation. In other words, the
data lies close to some low-dimensional structure of the ambient space. In this thesis, we consider
two such low-dimensional structures: sparsity and low-rank. Specifically, we develop provable algo-
rithms for the problem of Subspace Tracking (ST) under several constraints. First we study robust
ST wherein the data is corrupted by arbitrary outliers. Next, we consider the setting where part of
the data is missing (due to issues in transmission or storage). Finally, we develop algorithms that

also deal with distributed data.



CHAPTER 1. INTRODUCTION

In the current big-data age, there has been an explosion in the amount of data generated all
around us. This can be attributed to the accelerated development of efficient acquisition, transmis-
sion, storage and computational modules. Concurrently, the quest of high-dimensional statistical
signal processing, and machine learning (ML) researchers has been the development of efficient
data-processing algorithms. A commonly observed theme in the aforementioned area is as follows:
although the observed data is high-dimensional, typically, most real world data approximately lies
in a significantly lower-dimensional ambient space. Motivated by this intuition, the ML community
has actively developed provable, and efficient (in terms of sample-complexity, robustness, and com-
putational) algorithms to learn this underlying latent space. However, a key challenge that needs to
be addressed is that somewhere in the data-processing pipeline, it is inevitable to avoid corruption
of this data, either in terms of missing data, or in terms of outliers that seep in. Another striking
feature of traditional datasets is the presence of temporal structure owing to the fact that most
data is acquired over time from possibly multi-modal sensors, which can be modeled as time-series
data. The overarching goal of this work is to develop provable, robust, and efficient algorithms for
low-dimensional structural recovery problem from time-series data.

The problem of estimating and tracking a low-dimensional linear subspace from time-series
data has garnered significant interest in the signal processing and automatic control communities
in the past three decades [2, 18, 13]. However, to the best of our knowledge, all convergence results
for this problem were either asymptotic, assumed a single underlying subspace, or only provided
partial guarantees. My research provides an attempt at resolving this long standing problem, and in
addition, we also design and analyze provable, and non-asymptotic algorithms that are also robust.

Model-Based Robust Subspace Tracking. In Chapter 2, we first consider a linear

superposition of a low-rank (r-dimensional subspace in n dimensions) and sparse structure for spa-
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Figure 1.1: Subspace change example in 3D with r = 2.

tiotemporal data. In the offline setting, this is commonly referred to as Robust Principal Component
Analysis [1] (RPCA). The dynamic version of this problem is referred to as the Robust Subspace
Tracking (RST) problem [17]. This model is applicable for problems such as Video Layering (sepa-
rating a video into foreground and background layers), social-network structure identification, and
recommendation system design to name a few. In this section, for ease of analysis, we assume
that the underlying subspaces can change every so often (in a piecewise constant fashion), but
impose a constraint on how the changes occur. Formally, we assume that whenever the subspace
changes, only 1 out of the r directions changes (see Fig. 1.1 for a simple schematic). We develop
an algorithm dubbed simple-Recursive Projected Compressive Sensing (s-ReProCS) based on the
ReProCS framework [12] to track the (a) sparse outliers, (b) the true low-dimensional data, and (c)
the underlying subspace. We show that using a “good enough” initialization, and under standard
RPCA/RST assumptions: incoherence of the subspaces, a lower-bound on most outlier magnitudes,
mild statistical assumptions on the subspace coefficients, and the subspace change model mentioned
above, s-ReProCS is able obtain e-accurate estimates (of the low-dimensional and sparse vectors,
and the underlying subspaces) using just O(r logn log(1/e)) samples. Additionally, we show that by
exploiting the statistical assumptions, we can tolerate a larger fraction of outliers per-row (increase
from O(1/r) to O(1)) in the sparse matrix. Finally, the running time of our algorithm is equal to
(upto constant factors) running a rank r-vanilla SVD on the data matrix. The results have been
published in IEEE ISIT 2018 [8] and IEEE Transactions on Information Theory [9)].

Nearly Optimal Robust Subspace Tracking. A significant drawback of the work described

in Chapter 2 was the restrictive subspace change model. In an attempt to relax this assumption,



we propose a modified algorithm referred to as Nearly Optimal RST (NORST). In this work, we
assume that the subspace either (a) follows a piecewise constant model but when the subspace
does change, it can do so arbitrarily or (b) the subspace is allowed to change at each time, but
only by a little and have abrupt changes at certain times. Again, we show that under standard
RST assumptions, NORST is able to obtain e-accurate estimates of the underlying subspaces using
just O(rlognlog(l/e)) samples. Even with perfect data, estimating a r dimensional subspace in
n dimensions requires 7 samples, and thus our upper bound is only logarithmic factors away from
the lower bound. Akin to the results in Chapter 2, our proposed method has an improved outlier
tolerance, and the running time (upto constant factors) is the same as running a vanilla SVD on
the data matrix.

A critical component of the proof technique involved developing finite sample guarantees for
Principal Components Analysis (PCA) in data-dependent noise. Although PCA has been exhaus-
tively studied in the last several decades, most results assume that the noise is uncorrelated (if not
independent) with the true data. We consider the setting where the noise can be correlated with the
data and provide finite sample guarantees for the SVD solution. In particular, we assume that the
noise depends linearly on the data. A key application of the PCA in (sparse) data-dependent noise
is in ReProCS based RST. We build upon [14] and provide improved sample-complexity analysis,
and a less restrictive data-dependent noise model . These results have been published Allerton
2017 [15] and ISIT 2018 [16].

Using the overall proof and algorithmic skeleton mentioned above, we provide an online al-
gorithm that solves static RPCA in a fast, sample- and memory- efficient manner (published in
ICASSP 2018 [6]). A preliminary version of NORST appears in ICML 2018 [7] and the complete
paper has been accepted to appear in IEEE Journal of Special Areas in Information Theory [10].

Subspace Tracking from Incomplete Data in Presense of Outliers. In Chapters 2 and
3 we consider the fully observed setting, i.e., we do not account for missing data which may not be
practically valid. In Chapter 4, we consider the problem of estimating, and tracking the underlying

subspaces when part of the data is missing. The static version of this problem is commonly referred



to as Matriz Completion (Robust Matriz Completion in the presence of outliers). While (Robust)
Matrix Completion has been extensively studied in the literature, to the best of our knowledge,
there were no finite-sample, complete guarantees for the Subspace Tracking with missing entries
(STMiss) problem. We show that through a simple modification of our approach for solving RST,
the proposed method can also deal with missing data. In particular, we show that under mild
and easily interpretable assumptions, the proposed method is fast, sample efficient, and provably
correct. Furthermore, while most Matrix Completion methods require that the set of observed
entries follow uniform random sampling scheme (i.e., each entry is observed independently of all
others with a fixed probability), our algorithm can tolerate deterministic patterns. The tradeoff is

1. The STMiss guarantee has been

that our method requires a larger number of observed entries
published in ISIT 2019 [5] and the Robust STMiss problem has been published in ICASSP 2019
[3]. The complete result has been published in IEEE Transactions on Signal Processing [4].
Federated Over-Air Subspace Learning. In Chapters 2 through 4, we implicitly assume
that all the data is available at a central node. However, in most practical settings, it is more natural
to consider a decentralized setting such that the data is collected in a distributed fashion. Owing to
the enormous quantity of acquired data sharing the raw data to a central server is communication-
inefficient, but also raises privacy concerns. To alleviate this, in Chapter 5 we analyze the previously
discussed RST problem, but in a federated, over-air setting. Federated Learning [19] refers to
a paradigm wherein the data is distributed across K peer nodes and the nodes can only share
summary statistics of their raw data with the central server. For the communication protocol, we
consider the newly developed wireless over-air transmission modality that allows for synchronous
transmission by the peer nodes as it is K times time- and bandwidth- efficient. However, the
central server only receives a sum (superposition) of the individual transmissions and the received
sum is corrupted by additive channel noise. We develop an algorithm called Federated Over-Air

Robust Subspace Tracking with Missing data (Fed-OA-STMiss) to solve RST while obeying the

constraints of federated, over-air communication. In particular, we show that under standard

! An equivalent tradeoff can also observed for RPCA wherein, if the support of the sparse matrix is chosen in a
probabilistic manner, the tolerable fraction of outliers is larger.



RST assumptions and i.i.d. Gaussian iteration moise, with high probability, Fed-OA-RSTMiss

computes an e-accurate subspace estimate (an r dimensional subspace in n dimensions) using just

O(rlognlog(1/e)) samples. As in the previous sections, we also show that the running time if

equal to (upto constant factors) that of performing a rank-r vanilla SVD on the data matrix. A

preliminary version of this work is under review in IEEE Transactions on Signal Processing [11].

We are currently extending this work to also provide a guarantee for differentially private RST in

a distributed setting.

Note: Throughout this work, we have tried our best to keep the notation consistent, but each

chapter of this work is to be treated independently.
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Abstract

Dynamic robust PCA refers to the dynamic (time-varying) extension of robust PCA (RPCA).
It assumes that the true (uncorrupted) data lies in a low-dimensional subspace that can change
with time, albeit slowly. The goal is to track this changing subspace over time in the presence
of sparse outliers. We develop and study a novel algorithm, that we call simple-ReProCS, based
on the recently introduced Recursive Projected Compressive Sensing (ReProCS) framework. Our
work provides the first guarantee for dynamic RPCA that holds under weakened versions of stan-
dard RPCA assumptions, slow subspace change and a lower bound assumption on most outlier
magnitudes. Our result is significant because (i) it removes the strong assumptions needed by the
two previous complete guarantees for ReProCS-based algorithms; (ii) it shows that it is possible
to achieve significantly improved outlier tolerance, compared with all existing RPCA or dynamic
RPCA solutions by exploiting the above two simple extra assumptions; and (iii) it proves that

simple-ReProCS is online (after initialization), fast, and, has near-optimal memory complexity.

2.1 Introduction

Principal Components Analysis (PCA) is a widely used dimension reduction technique in a va-
riety of scientific applications. Given a set of data vectors, PCA tries to finds a smaller dimensional
subspace that best approximates a given dataset. According to its modern definition [5], robust

PCA (RPCA) is the problem of decomposing a given data matrix into the sum of a low-rank matrix



(true data) and a sparse matrix (outliers). The column space of the low-rank matrix then gives the
desired principal subspace (PCA solution). In recent years, the RPCA problem has been exten-
sively studied, e.g., [5, 6, 14, 22, 20, 34, 33]. A common application of RPCA is in video analytics in
separating video into a slow-changing background image sequence (modeled as a low-rank matrix)
and a foreground image sequence consisting of moving objects or people (sparse) [5]. Dynamic
RPCA refers to the dynamic (time-varying) extension of RPCA [22, 11, 34]. It assumes that the
true (uncorrupted) data lies in a low-dimensional subspace that can change with time, albeit slowly.
This is a more appropriate model for long data sequences, e.g., surveillance videos. The goal is to
track this changing subspace over time in the presence of sparse outliers. Hence this problem can

also be referred to as robust subspace tracking.

2.1.1 Notation and Problem Setting

Notation. We use bold lower case letters to denote vectors, bold upper case letters to denote
matrices, and calligraphic letters to denote sets or events. We use the interval notation [a,b] to
mean all of the integers between @ and b, inclusive, and [a,b) := [a,b — 1]. We will often use J
to denote a time interval and J% to denote a time interval of length a. We use 1g to denote the
indicator function for statement S, i.e. 1g = 1 if S holds and 1g = 0 otherwise. We use || - ||
without a subscript to denote the I3 norm of a vector or the induced ls norm of a matrix. For other
l, norms, we use ||-||,. For a set T, we use I to refer to an n x |7 | matrix of columns of the identity
matrix indexed by entries in 7. For a matrix A, A’ denotes its transpose and Ay := AIy is the
sub-matrix of A that contains the columns of A indexed by entries in 7. Also, we use A’ to denote
its i-th row. We use Amin(.) (0min(-)) to denote the minimum eigen (singular) value of a matrix.
Similarly for Apax(.) and omax(.). We use d5(A) to denote the s-restricted isometry constant (RIC)
[4] of A.

A matrix with mutually orthonormal columns is referred to as a basis matrix and is used to

represent the subspace spanned by its columns. For basis matrices 15, P, we use

SE(P,P) := |(I - PP)P|



to quantify the subspace error (SE) between their respective column spans. This measures the sine
of the maximum principal angle between the subspaces. When P and P are of the same size,
then SE(.) is symmetric, i.e., SE(P, P) = SE(P, P). We use P, to denote a basis matrix for the
orthogonal complement of span(P).

For a matrix M, we use basis(M) to denote a basis matrix whose columns span the same
subspace as the columns of M.

The letters ¢ and C denote different numerical constants in each use; ¢ is used for constants
less than one and C' for those equal to or greater than one.

Dynamic RPCA or Robust Subspace Tracking Problem Statement. At each time ¢,

we observe y; € R™ that satisfies
yi =l +xi +vg, fort =1,2,...,d (21)

where x; is the sparse outlier vector, £, is the true data vector that lies in a fixed or slowly changing
low-dimensional subspace of R™, and v, is small unstructured noise or modeling error. To be precise,
£; = Pyya; where Py is an n x r basis matriz with r < n and with (I — Py_1)P;_1)') Pyl small
compared to || Py)|| =1 (slow subspace change). We use 7; to denote the support set of x; and we
let s := max; |T;|. Given an initial subspace estimate, P,, the goal is to track span(Py;)) within a
short delay of each subspace change. The initial estimate can be obtained by applying any static
(batch) RPCA technique, e.g., PCP [5] or AltProj [20], to the first ¢y data frames, Y}y, 1. A
by-product of our solution approach is that the true data vectors £, the sparse outliers x;, and
their support sets T; can also be tracked on-the-fly. In many practical applications, in fact, @; or
Tz is often the quantity of interest.

We also assume that (i) |7¢|/n is upper bounded, (ii) 7; changes enough over time so that any
one index is not part of the outlier support for too long, (iii) the columns of P are dense (non-
sparse), and (iv) the subspace coefficients a; are element-wise bounded, mutually independent, zero
mean, have identical and diagonal covariance matrices, and are independent of the outlier supports

Ti. We quantify everything in Sec. 2.2.
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Subspace Change Assumption. To ensure that the number of unknowns is not too many
(see the discussion in Sec. 2.1.3), we will further assume that the subspace span(P) is piecewise

constant with time, i.e.,
Py = Py, forallt € [tj,t41), 7=0,1,...,J, (2.2)

with ¢p = 1 and ¢;41 = d. Let P;j := P,). At each change time, ¢;, the change is “slow”. This

means two things:

1. First, at each ¢;, only one direction can change with the rest of the subspace remaining fixed,

ie.,
SE(Iijla P]) = SE(IJj—l,cha I:)j,rot) (23)

where Pj_1 o, is a direction from span(Pj,l) that “changes” at t; and Pj ot is its “rotated”
version. Thus span(Pj_1) = span([Pj_1 gx, Pj—1,ch]) and span(P;) = span([Pj_1 fix, Pjrot])
where Pj_ g« is an n x (r — 1) matrix that denotes the part of the subspace that remains

“fixed” at t;.

Of course at different ¢;’s, the changing directions could be different.

2. Second, the angle of change is small, i.e., for a A < 1,
SE(Pj_1, Pj) = SE(Pj_1.cn, Pjsot) < A. (2.4)

Equivalent generative model. With the above model,

P L (I - Pj—l,cth—l,ch/)Pj,rot
J,new -—
SE(IDjfl,chv P}j,rot)

is the newly added direction at ¢, 6; := cos™! |Pj_1,ch' Pjrot| is the angle by which Pj_; ¢, gets
rotated out-of-plane (towards Pjpnew which lies in span(Pj,l)L) to get Pj,o. Without loss of

generality, assume 0 < 0; < 7/2. Thus,

e |sinf;| =sinf; = SE(P;_1 ch, Pjrot) = SE(Pj_1, Pj) < A, and
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o P o := Pj_1 o, sinf; — Pj ey cosfj is the direction that got deleted at ;.

We have the following equivalent generative model for getting P; from P;_i: let U; be an r x r

rotation matrix,

P; = [(P;1Uj)j1,r—1)5 Pjrot], where
—_—————
Pj—l,ﬁx

P; ot := (Pj—1Uj), cos 8 + Pj ey sin b (2.5)
—_———

Pj_1,cn
For a simple example of this in 3D (n = 3), see Fig. 2.1.

To make our notation easy to remember, we try to explain its meaning better. Consider the
change at t;. The direction from span(P;_;) that changes is denoted by Pj_; ¢,. This changes by
getting rotated (out-of-plane) by a small angle 6; towards a new out-of-plane direction Pjpew to
get the changed/rotated direction Pj,o. Here “plane” refers to the hyperplane span(Pj_;). The
basis for the r — 1-dimensional subspace of span(P;_1) that does not change at ¢; is Pj_1 fix. So
P; = [Pj_15 Pjror)-

The span of left singular vectors of L is contained in, or equal to,
span([Po, Pi news Panew, - - - s PJnew])- Equality holds if Pjhew is orthogonal to
span([Py, Pi new, - - - Pj—1 new)) for each j.

In this work we have assumed the simplest possible model on subspace change where, at a
change time, only one direction can change. Observe though that, at different change times, the
changing direction could be different and hence, over a long period of time, the entire subspace
could change. This simple model can be generalized to rg, > 1 directions changing; see the last
appendix in the ArXiv posting of this work. It is also possible to study the most general case
where 7., = r and hence no model is assumed for subspace change (only a bound on the maximum
principal angle of the change). This requires significant changes to both the algorithm and the
guarantee; it is studied in follow-up work [17].

Relation to original RPCA. To connect with the original RPCA problem [5, 14, 20],

define the n x d data matrix Y := [y1,y2,...yq] == L+ X + V where L, X, V are simi-
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P;j new

span (Pj)

Pj_q 5«

span(fﬁfl)

Figure 2.1: Subspace change example in 3D with r = 2.

larly defined. Let r, denote the rank of L and use max-outlier-frac-col and max-outlier-frac-row
to denote the maximum fraction of outliers per column and per row of Y. RPCA re-
sults bound max(max-outlier-frac-row, max-outlier-frac-col). For dynamic RPCA, we will define
max-outlier-frac-row slightly differently. It will be the maximum fraction per row of any n x «
sub-matrix of Y with « consecutive columns. Here a denotes the number of frames used in
each subspace update. We will denote this by max-outlier-frac-row® to indicate the difference.
Since « is large enough (see (2.9)), the two definitions are only a little different. The dynamic
RPCA assumption of a bound on max, |7;|/n is equivalent to bounding max-outlier-frac-col since
max-outlier-frac-col = max; |T;|/n. The requirement of 7;’s changing enough is equivalent to a
bound on max-outlier-frac-row”. As we explain later, the denseness assumption on the P’s is
similar to the denseness (incoherence) of left singular vectors of L assumed by all standard RPCA
solutions, while the assumptions on a;’s replace the right singular vectors’ incoherence assumption

of standard RPCA.

2.1.2 Related Work and our Contributions

Related Work. We briefly mention all related work here, but provide a detailed discussion
later in Sec. 2.3. There is very little work on other solutions for provably correct dynamic RPCA.

This includes our early work on a partial guarantee (guarantee required assumptions on intermedi-
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ate algorithm estimates) [22] and later complete correctness results [16, 34] for more complicated
ReProCS-based algorithms. We refer to all of these as “original-ReProCS”. It also includes older
work on modified-PCP, which is a batch solution for RPCA with partial subspace knowledge, and
which can be shown to also provably solve dynamic RPCA in a piecewise batch fashion [35]. The
original-ReProCS guarantees require strong assumptions on how the outlier support changes (need
a very specific model inspired by a video moving object); their subspace change assumptions are
unrealistic; and their subspace tracking delay (equal to the required delay between subspace change
times) is very large. On the other hand, the Modified-PCP guarantee [35] requires the outlier sup-
port to be uniformly randomly generated (strong assumption; for video, it means that the moving
objects need to be single pixel wide and should be jumping around randomly from frame to frame);
requires a different stronger assumption on subspace change; and cannot detect subspace change
automatically. Other than the above, there is some work on online algorithms for RPCA. The only
work that comes with some guarantee, although it is a partial guarantee, is an online stochastic
optimization based solver for the PCP convex program (ORPCA) [10]. Its guarantee assumed that
the basis matrix for the subspace estimate at each ¢t was full rank. To our best knowledge, there
is no follow-up work on a complete correctness result for it. There is also much work on empirical
online solutions for RPCA, e.g., [12], and older work, e.g., [15, 23]. From a practical standpoint,
any online algorithm will implicitly also provide a tracking solution. However, as shown in Sec.
2.6, the solution is not as good as that of ReProCS which explicitly exploits slow subspace change.

The standard RPCA problem has been extensively studied [5, 6, 14, 20, 33, 7]. We discuss
these works in detail in Sec. 2.3. A summary is provided in Table 2.1. Briefly, these either need
outlier fractions in each row and each column of the observed data matrix to be O(1/r.) (AltProj
[20], GD [33], NO-RMC [7], PCP result of [6, 14], denoted PCP(H)) or need the outlier support
to be uniformly randomly generated (PCP result of [5], denoted PCP(C)). Moreover, all these are
batch solutions with large memory complexity O(nd).

Contributions. We develop a simple algorithm, termed simple-ReProCS or s-ReProCS, for

provably solving the robust subspace tracking or dynamic RPCA problem described earlier. We
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Table 2.1: Comparing s-ReProCS with other RPCA solutions with complete guarantees. For
simplicity, we ignore all dependence on condition numbers. In this table r, is the rank of the entire
matrix L, while r is the maximum rank of any sub-matrices of consecutive columns of L of the
form Ly, +,,,) and thus r < ;. We show the unrealistic assumptions in red.

Algorithm Outlier tolerance Assumptions Memory, Time, # params.
PCP (C) [5] max-outlier-frac-row € O(1) outlier support: uniform random Memory: O(nd) Z€ero
(offline) max-outlier-frac-col € O(1) r, < cmin(n, d)/log? n Time: O(ndQ%)

PCP (H) [14] max-outlier-frac-row € O(1/ry) Memory: O(nd) 2
(offline) max-outlier-frac-col € O(1/r.) Time: O(nd?L)

AltProj [20], max-outlier-frac-row = O (1/r,) Memory: O(nd) 2
(offline) max-outlier-frac-col € O (1/r;) Time: O(ndr? log %)

RPCA-GD [33] max-outlier-frac-row € O(1/r}?) Memory: O(nd) 5
(offline) max-outlier-frac-col € O(1/71%) Time: O(ndr, log?l)

NO-RMC [7] max-outlier-frac-row € O (1/r,)  Cn>d > cn Memory: O(nd) 3
(offline) max-outlier-frac-col € O(1/r.) Time: O(nr} log? nlog? 1)

s-ReProCS max-outlier-frac-row® € O(1) most outlier magnitudes lower bounded Memory: O(nrlogn) 4
(online) max-outlier-frac-col € O(1/r) slow subspace change Time: O(ndrlog?)

(this work) first Cr samples: AltProj assumptions Detect delay: 2a = Crlogn

Tracking Delay: Ka = Crlognlog(1/e)

also develop its offline extension that can be directly compared with the standard RPCA results.
Simple-ReProCS is based on the ReProCS framework [22]. Our main contribution is the first
correctness guarantee for dynamic RPCA that holds under weakened versions of standard RPCA
assumptions, slow subspace change, and a lower bound on most outlier magnitudes (this lower
bound is proportional to the rate of subspace change). We say “weakened” because our guarantee
implies that, after initialization, s-ReProCS can tolerate an order-wise larger fraction of outliers per
row than all existing approaches, without requiring the outlier support to be uniformly randomly
generated or without needing any other model on support change. It allows max-outlier-frac-row® €
O(1) (instead of O(1/r;)). For the video application, this implies that it tolerates slow moving and
occasionally static foreground objects much better than other approaches. This fact is also backed
up by comparisons on real videos, see Sec. 2.6 and also see [25].

A second key contribution is the algorithm itself. Unlike original-ReProCS [16, 34], s-ReProCS
ensures that the estimated subspace dimension is bounded by (r+1) at all times without needing the

complicated cluster-EVD step. More importantly, s-ReProCS is provably fast and memory-efficient:
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its time complexity is comparable to that of SVD for vanilla PCA, and its memory complexity is
near-optimal and equal to O(nrlognlog(1/¢)) where € is the desired subspace recovery accuracy.
This is near-optimal because nr is the memory needed to output an r-dimensional subspace estimate
in R™, and the complexity is within log factors of the optimal. To our best knowledge, s-ReProCS
is the first provably correct RPCA or dynamic RPCA solution that is as fast as the best RPCA
solution in terms of computational complexity without requiring the data matriz to be nearly square
and has near-optimal memory complexity. We provide a tabular comparison of guarantees of offline
s-ReProCS with other provable RPCA solutions in Table 2.1. We compare s-ReProCS with other
online or tracking solutions for RPCA or dynamic RPCA in Table 2.2 (original-ReProCS, modified-
PCP, follow-up work on RePrOCS-NORST [19, 17], ORPCA and GRASTA).

We give a significantly shorter and simpler proof than that for the earlier guarantees for
ReProCS-based methods. We do this by first separately proving a result for the problem of
“correlated-PCA” or “PCA in data-dependent noise” [26, 27] with partial subspace knowledge.

This result given in Theorem 2.7 of Sec. 2.5.1 may also be of independent interest.

2.1.3 The need for a piecewise constant model on subspace change

We explain why the piecewise-constant subspace change model is needed. Even if the observed
data were perfect (no noise/outlier /missing-data, i.e., we observed £;, and all measurements were
linearly independent) and the previous subspace were exactly known, in order to obtain a correct
r-dimensional estimate' for each P(;), one would need at least r samples. Of course, to just find
the newly added direction Pjpew and use an (7 + 1)-dimensional estimate, one sample would suffice
in this ideal setting (doing this will be especially problematic if the subspace changes at each time
because it will mean the estimated subspace dimension will keep growing as r + ¢ at time ¢). Our
actual setting is not this ideal one: we know the previous subspace only up to € error and we observe
y; which is a noisy and outlier-corrupted version of £;. This is why, in our setting, more than one

data samples are needed even to accurately estimate the newly added direction. Since we get only

1requires finding both the newly added direction, Pj new, and the deleted direction, Pj gel
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one observed data vector y; at each time, the only way to have enough data samples for estimating
each subspace is to assume that Py is piecewise constant with time, i.e., it satisfies (2.2). In fact,
our required lower bound on t; 1 —t; is only a little more than r (see Theorem 2.2), thus making
our model a good approximation to slow continuous subspace change.

Furthermore, the following point should be mentioned. In the entire literature on subspace
tracking (both with and without outliers, and with and without even missing data), there is no
model for subspace change for which there are any provable guarantees. There is no work on
provable subspace tracking with outliers (robust subspace tracking) except our own previous work
which also used the piecewise constant subspace change model. The subspace tracking (ST) problem
(without outliers), and with or without missing data, has been extensively studied [31, 32, 1, 2, 8, 3];
however, all existing guarantees are asymptotic results for the statistically stationary setting of data
being generated from a single unknown subspace. Moreover, most of these also make assumptions

on intermediate algorithm estimates. For a longer discussion of this, please see [28].

2.1.4 Chapter Organization

The proposed algorithm, simple-ReProCS, and its performance guarantees, Theorem 2.2, are
given in Sec. 2.2. We discuss the related work in detail in Sec. 2.3 and explain how our guarantee
compares with other provable results on RPCA or dynamic RPCA from the literature. Sec. 2.4
provides the main ideas that lead to the proof of Theorem 2.2. We prove Theorem 2.2 under the
assumption that the subspace change times are known in Sec. 2.5. This proof helps illustrate
all the ideas of the actual proof but with minimal notation. The general proof of Theorem 2.2 is
given in Appendix 2.9. Theorem 2.2 relies on a guarantee for PCA in data-dependent noise [26, 27]
when partial subspace knowledge is available. This result is proved in Appendix 2.10. We provide
detailed empirical evaluation evaluation of simple-ReProCS in Sec. 2.6. We conclude and discuss

future directions in Sec. 2.7.
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Table 2.2: Comparing s-ReProCS with online or tracking approaches for RPCA. We show the
unrealistic assumptions in red. Here, f denotes the condition number of A, r is the maximum
dimension of the subspace at any time, and r, refers to the rank of matrix L. Thus r» < r,. Here,
s-ReProCS-no-delete refers to Algorithm 4 without the subpace deletion step.

Algorithm Outlier tolerance Assumptions Memory, Time

orig-ReProCS [34, 16]

(online)

Memory: O(nr?/e?)
Time: O(ndrlogl)

Detect Delay: 2a0 = @
Cr?logn log(1/¢)
€2

max-outlier-frac-row® € O(1/f?) outlier support: moving object model,

max-outlier-frac-col € O(1/ry) unrealistic subspace change model,
changed eigenvalues small for some time,
outlier mag. lower bounded,

Tmin > 14[cTmew + \fé(ﬁ +4/0)]

where, Ynew quantifies slow subspace change

Tracking Delay: Ka =

init data: AltProj assumptions,
d>Cr?/é

Modified-PCP [35]

(piecewise batch)

Memory: O(nrlog?n)
Time: O(indr ]sgl )

Detect delay: oo

max-outlier-frac-row® € O(1) outlier support: uniform random

max-outlier-frac-col € O(1) unrealistic subspace change model

r, < cmin(n, d)/log?n

ORPCA [10] Has a partial guarantee — assumes algorithm estimates at each time ¢ are full rank

GRASTA [12] Has no theoretical guarantees

s-ReProCS max-outlier-frac-row® € O(1/f2) most outlier magnitudes lower bounded Memory: O(nrlogn)
(online) max-outlier-frac-col € O(1/r) Zmin > 16C(28VrAtT + AVAa) Time: O(ndrlog %)

(this work)

slow subspace change

first Cr samples: AltProj assumptions

Detect delay: 2a = Crlogn

Tracking Delay: Ka = Crlognlog(1/e)

s-ReProCS-no-delete
(online)
(this work)

max-outlier-frac-row® € O(1)
max-outlier-frac-col € O(1/r.)

most outlier magnitudes lower bounded
Zmin > 15C(28VrAT + AV Aay)

slow subspace change

Memory: O(nrlogn)
Time: O(ndrlog %)
Detect delay: 2a = Crlogn

first Cr samples: AltProj assumptions Tracking Delay: Ko = Crlognlog(1l/e)

ReProCS-NORST
[18, 17] (online)

(follow-up

max-outlier-frac-row = O(1/f?) outlier mag. lower bounded
Zmin > C1V 'M*(A + 25)

slow subspace change or fixed subspace

Memory: O(nrlognlog %)
Time: O(ndrlog?l)
Detect delay: Crlogn

max-outlier-frac-col = O(1/r)

to this work) first C'r samples: AltProj assumptions Tracking Delay: Crlognlog(1/e)

2.2 The simple-ReProCS Algorithm and its Guarantee

2.2.1 Simple-ReProCS (s-ReProCS)

S-ReProCS proceeds as follows. The initial subspace is assumed to be accurately known (ob-
tained using AltProj or PCP). At time ¢, if the previous subspace estimate, P(t_l), is accurate
enough, because of slow subspace change, projecting y; = x; + €; + v; onto its orthogonal com-
plement will nullify most of £,. Moreover, ||v¢]| is small (by assumption). We compute g; := Py,
where ¥ = I — 15(,5,1)15@,1)’. Thus, g, = Ya; + b, where b, := V(£ + v;) and ||by]| is small.

Recovering x; from g; is thus a traditional compressive sensing (CS) / sparse recovery problem
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in small noise [4]. This is solvable because incoherence (denseness) of P’s and slow subspace
change implies [22] that W satisfies the restricted isometry property [4]. We compute & s using [;
minimization followed by thresholding based support estimation to get 7;. A Least Squares (LS)
based debiasing step on 7} returns the final &;. We then estimate £; as ét = y; — ;. We refer to
the above step as Projected Compressive Sensing (CS). As explained in [25, 28], this can also be
understood as solving a Robust Regression problem?.

The £;’s are used for the Subspace Update step which involves (i) detecting subspace change; (ii)
obtaining improved estimates of the changed direction(s) by K steps of projection-SVD [22], each
done with a new set of a frames of ét; and (iii) a simple SVD based subspace re-estimation step,
done with another new set of « frames. This is done to remove the deleted direction and get an
r-dimensional estimate of the new subspace. We explain the subspace change detection strategy in

Sec. 2.4.2. Suppose the change is detected at fj. The k-th projection-SVD step involves computing

A~ ~ ~ A~ ~

Pj .ot 1 as the top singular vector of (I — Pj_le_l’)[Efﬁ(k_l)a,££j+(k_1)a+1,...,££j+ka_1] and
setting P(t) = I%k = [Iaj,l, 15j7r0t7k]. For ease of understanding, we summarize a basic version of

s-ReProCS in Algorithm 1. This assumes that the change times ¢; are known, i.e., that fj = t;.
The actual algorithm that detects changes automatically is longer and is given as Algorithm 4 in
Sec. 2.4.2. We both analyze and implement this one.

The above approach works because, every time the subspace changes, with high probability
(whp), the change can be detected within a short delay, and after that, the K projection-SVD
steps help get progressively improved estimates of the changed/rotated direction Pj . The final
simple SVD step re-estimates the entire subspace in order to delete Pj 41, from the estimate.

The estimates of the subspace or of £;’s are improved in offline mode as follows. At ¢t = fj +Ka,
the K projection-SVD steps are complete and hence the subspace estimate at this time is accurate

enough whp. At this time, offline s-ReProCS (last line of Algorithm 4) goes back and sets P(t) —

2The above step equivalently solves for @, & that satisfy y, = P,_1a -+ @ + b; with & being sparse and ||bs]| being
small. This is the approximate robust regression problem where columns of P;_; are the regressors/predictors, & is
the sparse outliers and b; is the small “noise” or model inaccuracy.
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[15]-_1, E’rot’K] for all t € [fj_l + Koc,fj + Ka). It also uses this to get improved estimates of &;

and ft for all these times t.

2.2.2 Assumptions and Main Result

Incoherence (denseness) of columns of P;’s. In order to separate the £;’s from the sparse
outliers x;, we need an assumption that ensures that the £;’s are themselves not sparse. One way
to ensure this is to assume p-incoherence [5] of the basis matrix for the subspace spanned by the

columns of P;_; and Pj, i.e., assume that

. ; p(r+1)
basis([P;_1, P;))’|| < \/ ———
jmax o max [ basis([Pj—1, Pj])'|| < -

(2.6)
for a > 1 but not too large (assumed to be a numerical constant henceforth). Because of our
subspace change model, the subspace spanned by the columns of [P;_, P;] has dimension r + 1.
In fact, basis([Pj_1, P;]) = [Pj—1, Pjnew)-

It is easy to see that (2.6), along with the bound on max-outlier-frac-col assumed in Theorem
2.2 given below (max-outlier-frac-col < 0.01/(2u(r + 1))), implies that (2.13) given later holds®.
Our result actually only needs (2.13), but that is complicated to state and explain. Hence we use
the above stronger but well-understood assumption.

Assumption on principal subspace coefficients a;. We assume that the a;’s are zero
mean, mutually independent, element-wise bounded random variables (r.v.), have identical and

diagonal covariance matrix denoted A, and are independent of the outlier supports 7;. Here element-

wise bounded means that there exists a numerical constant n, such that

2
max max J

j=12,r ¢ )\j(A)_77

(ar)

For most bounded distributions, 7 is a little more than one, e.g., if the entries of a; are zero mean
uniform, then 7 = 3. As we explain later the above assumptions of a; replace the right singular

vectors’ incoherence assumption used by all standard RPCA solutions.

3This is true because (i) for any basis matrix P, maxs. 7|<os [[I7'P||*> < 2smax; [|[I;P||* [22], here s =
max-outlier-frac-col - n; (i) if P is such that span(P) C span(P), then ||I7'P||? < ||I7'P||?; and (iii) both span(P;)
and span(Pjnew) are contained in the span of basis([Pj—1, P;]). In fact basis([Pj—1, P;]) = [Pj—1, Pjnew]. Thus,
using the max-outlier-frac-col bound, maxr.j7|<2s || I7'P;||* < 2su(r 4+ 1)/n = 2max-outlier-frac-colu(r + 1) < 0.01
and the same also holds for maxr.|7|<as | 17/ Pj new||.
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Outlier fractions bounded. Similar to earlier RPCA works, we also need outlier fractions
to be bounded. However, we need different bounds on this fraction per column and per row.
The row bound can be much larger?. Since the ReProCS subspace update step operates on mini-
batches of data of size a (i.e. on n X « sub-matrices of consecutive columns), we need to bound

max-outlier-frac-row for each such sub-matrix. We denote this by max-outlier-frac-row®.
Definition 2.1.

1. For a time interval, J, define

1
v(J):= max — L. 2.7
(7) = _max mtezj [T} (2.7)

Thus v(J) is the mazimum outlier fraction in any row of the sub-matriz Yy of Y. Let J¢

denote a time interval of duration «. Define

max-outlier-frac-row™ := max JTY). 2.8
f Jag[tl,dﬂ( ) (2.8)

2. Define maz-outlier-frac-col := maxy | T¢| /n.
3. Let Tyin := min; min;e7; |(x)i| denote the minimum outlier magnitude.

4. Use A= and X' to denote the minimum and mazimum eigenvalues of A and f = i‘—t its

condition number.

ai g . . .
5. Split a; as a; = *| where aicn 15 the scalar coefficient corresponding to the changed
Qi ch
Agx O
direction. Similarly split its diagonal covariance matriz as A =
0 Ao

6. Let € denote the bound on initial subspace error, i.e., let SE(PO,PO) <E.
7. For numerical constants C that are re-used to denote different numerical values, define

K :=[Clog(A/8)], and o > a := C'f*(rlogn). (2.9)

4One practical application where this is useful is for slow moving or occasionally static video foreground moving
objects. For a stylized example of this, see Model 2.19 given in Sec. 2.6.
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Main Result. We can now state our main result. For ease of understanding, we provide a

table explaining various symbols, and assumptions required for Theorem 2.2 in Table 2.3.

Theorem 2.2. Consider simple-ReProCS given in Algorithm 4. Assume that SE(PO, Py) < & with

éf <0.01SE(Pj_1, Pj).
1. (statistical assumptions) assumptions on a;’s hold;
2. (subspace change)

(a) (2.2), (2.3), and (2.4) hold with tj;1 —t; > (K + 3)a where K and « are defined above

in (2.9),

(b) A satisfies C(26VrAT + Av/Aaw) < Zmin/15 with C = \/7;

3. (outlier fractions and left incoherence)

0.01
2u(r+1)’

(a) (2.6) holds and maz-outlier-frac-col < peo) =

(b) maz-outlier-frac-row™ < prow := %;

4. (noise vy) v’s are zero mean, mutually independent, independent of the xy’s and £;’s, and

satisfy ||ve||? < 0.182r AT and ||E[vev/]|| < 0.1820F;

5. (algorithm parameters) set K and o as in (2.9), £ = Zmin/15, Weupp = Tmin/2, Wevals =

582 fAT;
then, with probability at least 1 — 12dn=12, at all times, t,
L Ti="T,

2. tjgfjgtj—l—Q@,
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3. SE(Pyy, Py)

IN

( A~

264+ A ift € [tj,t; + a)

1.28 + (0.5)¥720.06A if t € [{; + (k — Vo, £ + ka)
28 ift €ftj+ Ka,ij + Ka+ a)

5 iftet;+Ka+a,tin)

4. and ||&; — z¢|| = ||€ — £]| < C(EVIAT + SE(Py), Pyy)v/Acn with SE(Py), Pyy) bounded as

above.

Consider offline s-ReProCS (last line of Algorithm 4). At all t,

SE(PG™, Py)) < 22, and [|€7"° — £,]| < 2.42]14,]).

The upper bound on v; and the lower bound on zpi, can be relaxed significantly to get a more

complicated result which we state in the corollary below.

Corollary 2.3. Let Zmint := mine7; |(x1)i| denote the minimum outlier magnitude at time t and

define the time intervals
o Jo = [tj,tj) (interval before the change gets detected),

o J := [t; + (k — Do, t; + ka) (k-th subspace update uses data from this interval) for k =

1,2,3,.... K,

o and Ji11 = [t; + Ka,t; + Ka+ ) (final SVD-based re-estimation step uses data from this

interval).

All conclusions of Theorem 2.2 hold if the following hold instead of assumptions 1b, 4, and 5 of
Theorem 2.2:
vt’s are zero mean, mutually independent, independent of the x:’s and £’s, |[vi]] < byy,

[E[vev,]|| < b2/, Tming and by, satisfy the following:

1. fort € JoU T, byy = C(2EVrAT + 0.11A Aeh), and Tmint > 300, 4,
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2. fort € Ji, buy = C(26VrAt + 0.55720.06Av/Aen), and Tmint > 30byy, for k=2,... K,
3. fort € Jxi1, byt = C(EVTAT) and Twmint > 30by ¢

with C' = /n; and we set Wsyppt = Tmin,t/2, and & = Tming/15 (alternatively, one can also set
Wsupp,t and & to be proportional to b,y which itself is proportional to the bound on ||x; — &:|| is each

interval).

Proof. We explain the ideas leading to the proof in Sec. 2.4. Instead of first proving Theorem 2.2
and then Corollary 2.3, we directly only prove the latter. The proof of the former is almost the
same and is immediate once the latter proof can be understood. For notational simplicity, we first
prove the results under the assumption fj = t; in Sec. 2.5. The proof without assuming fj =1; is

given in Appendix 2.9. O
With the above corollary, the following remark is immediate.

Remark 2.4 (Bi-level outliers). The lower bound on outlier magnitudes can be relaxed to the
following which only requires that most outlier magnitudes are lower bounded, while the others have
small enough magnitudes so that their squared sum is upper bounded: Assume that the outlier
magnitudes are such that the following holds: x; can be split as T = (T¢)smatr + (T¢)1arge with the
two components having disjoint supports and being such that, ||(2¢)smau|| < bvt and the smallest
nonzero entry of (x¢)iarge is greater than 30b,; with by as defined in Corollary 2.5. If the above
is true, and if the vectors (xi)sman are zero mean, mutually independent, and independent of £;’s
and of the support of (¢)iarge, then all conclusions of Theorem 2.2 hold except the exact support
recovery conclusion (this gets replaced by exact recovery of the support of (¢)iarge)-

This remark follows by replacing vy by vy + (T¢)sman and s by (T4)iarge i Corollary 2.3.

Remark 2.5. The first condition (accurate initial estimate) can be satisfied by applying any stan-
dard RPCA solution, e.g., PCP, AltProj, or GD, on the first tyaim = Cr data frames. This requires
assuming that t; > Cr, and that Y[1,, .1 has outlier fractions in any row or column bounded by

c/r. Moreover, it is possible to significantly relax the initial estimate requirement to only requiring
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Algorithm 1 Simple-ReProCS (with ¢; known). We state this first for simplicity. The actual automatic

version is given later in Algorithm 4. Let lA}t;a = [ét,a+1,ét,a+2, . jt].
1: Input: 150, vy, Output: @, ét, P(t), Parameters: wyyy, K, o, §, 7, t;’s
2: p(ttrain) %Pg;j — 1Lk <1
3: for ¢ > tirain do
4 (&, Ti) < PROICS(Py_1y, yr) > Algorithm 2
5 ét — Yy — @y
6 (P(t), 15],7 7, k‘) — SUBUP(IA@;Q, Iajfl, t, tj, 7, k, p(t—l)) > Algorithm 3
7: end for

that SE(PO,PO) < ¢/\/r if we use K iterations of the approach of follow-up work [17] to improve
the estimate of Py until a € accurate estimate is obtained, and then run s-ReProCS. For this to

work, we will need a larger lower bound on Ty, for the initial period.

Remark 2.6 (Connecting to the left incoherence of standard RPCA solutions). With mi-
nor changes, our left incoherence assumption, (2.6), can be replaced by something that is very
close to the one used by all standard RPCA solutions. Instead of (2.6), we can assume p-
incoherence of basis([Py, Pinew, Pomews - - -, Pinew]).  This implies that® the RHS of (2.6) is
bounded by \/m With this, the only change to Theorem 2.2 will be that we will need
mazx-outlier-frac-col < 0.01/2u(r + J)).

If Pjnew is orthogonal to span([Py, Pinew,---;Pj—1inew]) for each j, then the matrix
[Py, Pinew, Ponews - - -, Prnew| is itself a basis matriz, its span is equal to that of the left singu-
lar vectors of L, and its rank v+ J = r.. In this case, the above assumption and the corresponding
required bound on maz-outlier-frac-col are exactly the same as those used by the standard RPCA

solutions.

2.2.3 Discussion

In this section, we discuss the various implications of our result, the speed and memory guar-

antees, explain how to set algorithm parameters, and finally discuss its limitations.

5 follows because the union of the spans of P;_1 and Pj is contained in the span of [Po, Pi new, P2 new, - - - s PJnew)-
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Algorithm 2 Projected CS (ProjCS)

function PrROJCS(P;_1), yt)
W T-— P(tfl)P(tfl)/
Yy — Py,
Bycs < argming || 2], st [y, — Pz <&
Te < {i: |Ztes| > wsupp)
Ty — Iﬁ(‘I’,ﬁ/‘IJﬂ)il‘I’,ﬁ/gt
return I;, ’7?
end function

Algorithm 3 Subspace Update (SubUpd).
function SUBUP(IA/t;a, 15j_1, t,t5, J, k, 13(#1))

ift=t;j+uaforu=1, 2, --- ,K+1 then
Bi — (I - I)jflljjfll)Lt;a
P; o 1 < SV D,[B] > subspace addition: via K steps of projection-SVD

A~

Py < [Pj—1, Pjrot i, k < k+ 1.
if £ = K +1 then

13j «~ S VDT[IA/t;a] > subspace deletion: via subspace re-estimation using simple SVD
Py« Pj,j«j+1, k<1
end if
else
P < Pu-
end if

return P(t), If’j, 7, k
end function

Subspace change detection and tracking with short delay. Theorem 2.2 shows that,
whp, the subspace change gets detected within a delay of at most 2 = C'f?(r logn) frames, and the
subspace gets estimated accurately within at most (K + 3)a = Cf%(rlogn) log(1/£) frames. Each
column of the low rank matrix is recovered with a small time-invariant bound without any delay.
If offline processing is allowed, with a delay of at most (K + 3)«, we can guarantee all recoveries
within normalized error &, or, in fact, with minor modifications, within any € = ¢& for ¢ < 1 (also
see the limitations’ discussion). Notice that the required delay between subspace change times is
more than 7 by only logarithmic factors (assuming f does not grow with n or r). Since the previous
subspace is not exactly known (is known within error at most &), at each update step, we do need

to estimate an r-dimensional subspace, and not a one-dimensional one. Hence it is not clear if
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the required delay can be reduced any further. Moreover, the delay required for the deletion step
cannot be less than r even in the ideal case when £; is directly observed.

Bi-level outliers. Consider the upper bound on A (amount of subspace change). Observe
that the upper bound essentially depends on the ratio between Zpi, (minimum outlier magnitude)
and v/Aq,. Read another way, this means that i, needs to be lower bounded. On first glance,
this may seem counter-intuitive since sufficiently small magnitude corruptions should not be prob-
lematic. This is actually true. Sufficiently small magnitude corruptions get classified as the small
noise v;. Moreover, as noted in Corollary 2.3 and Remark 2.4, our result actually allows “bi-level”
corruptions/outliers that need to satisfy a much weaker requirement than this: the large-outliers
have magnitude that is “large enough”, while the rest are such that the squared sum of their mag-
nitudes is “small enough”. The threshold for both “large enough” and “small enough” decreases
with each subspace update step.

Order-wise improvement in allowed upper bound on maximum number of outliers
per row. As pointed out in [20], solutions for standard RPCA (that only assume incoherence of
left and right singular vectors of L and nothing else, i.e., no outlier support model) cannot tolerate®
a bound on maximum outlier fractions in any row or any column that is larger than 1/r,. However
observe that simple-ReProCS can tolerate max-outlier-frac-row® € O(1) (this assumes f is a con-
stant). This is a significant improvement over all existing RPCA results with important practical
implications for video analytics. This is possible is because s-ReProCS uses extra assumptions, we
explain their next.

The need for extra assumptions. s-ReProCS recovers the sparse outliers a; first and then
the true data £;, and does this at each time t. Let ¥ := I — Is(t_l)ls(t_l)’. When recovering x, it
exploits two facts: (a) the subspace of £;, P, satisfies the denseness/incoherence property, and (b)

“good” knowledge of the subspace of £; (either from initialization or from the previous subspace’s

5The reason is this: let pProw = max-outlier-frac-row, one can construct a matrix X with p,ow outliers in some
rows that has rank equal to 1/prow. A simple way to do this would be to let the support and nonzero entries of X
be constant for prowd columns before letting either of them change. Then the rank of X will be d/(prowd) = 1/prow-
If 1/prow < 1 = rank(L), X will wrongly get classified as the low-rank component. This is why we need prow =
max-outlier-frac-row < 1/rp. A similar argument can be used for max-outlier-frac-col.
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estimate and slow subspace change) is available. Using these two facts one can show that W satisfies
the RIP property, and that the “noise” seen by the compressive sensing step, by := W (£, + vy), is
small. This, along with a guarantee for CS, helps ensure that the error in recovering x; is upper
bounded” by C||b;||. This, in turn, means that, to correctly recover the support of x;, the minimum
large-outlier magnitude needs to be larger than C||b;||. This is where the iy Or Zmin+ lower bound
comes from®.

Correct outlier support recovery is needed to ensure that the subspace estimate can be improved
with each subspace update step. In particular, it helps ensure that the error vectors e; := ax; —
&; in a given subspace update interval are mutually independent when conditioned on the wy,’s
from all past intervals. This fact also relies on the mutual independence assumption on the a;’s.
Moreover, mutual independence, along with the element-wise boundedness and identical covariances
assumption, on the a;’s helps ensure that we can use matrix Bernstein [24] and Vershynin’s sub-
Gaussian result (bounds singular values of matrices with independent sub-Gaussian rows) [29]
for obtaining the desired concentration bounds on the subspace recovery error in each step. As
explained below, the above assumptions on a; replace the right incoherence assumption. Finally,
because ReProCS is updating the subspace using just the past a estimates of ét’s, in order to show
that each such step improves the estimate we need to bound max-outlier-frac-row® (instead of just
max-outlier-frac-row).

Time and Memory Complexity. Observe that the s-ReProCS algorithm needs memory
of order na in online mode and Kna in offline mode. Assuming o = a4, even in offline mode,
its memory complexity is near-optimal and equal to O(nrlognlog(1/£)). Also, observe that the

time complexity of s-ReProCS is O(ndrlog(1/¢)). We explain this in Appendix 2.14. These claims

"Since the individual vector b; does not have any structure that can be exploited, the error in recovering &, cannot
be made lower than this. However the b:’s arranged into a matrix do form a low-rank matrix whose approximate
rank can be shown to be one (under our current subspace change model). If we try to exploit this structure we end
up with the modified-PCP approach studied in earlier work [35]. This needs the uniform random support assumption
[35].

8Tf there were a way to bound the element-wise error of the CS step (instead of the I2 norm of the error), we could
relax the zmin lower bound significantly. It is not clear if this is possible though.
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assume that f is constant with n,r. If the dependence on f is included both will be multiplied by
12

Subspace and outlier assumptions’ tradeoff. When there are fewer outliers in the
data or when outliers are easy to detect, one would expect to need weaker assumptions on the
true data subspace or its rate of change. This is indeed true. For the original RPCA results,
this is encoded in the condition max(max-outlier-frac-row, max-outlier-frac-col) < ¢/(pur.) where p
quantifies not-denseness of both left and right singular vectors. From Theorem 2.2, this is also how
max-outlier-frac-col, p (not-denseness of only left singular vectors) and r;, are related for dynamic
RPCA. On the other hand, for our result, max-outlier-frac-row® and the lower bound on i, govern
the allowed rate of subspace change. The latter relation is easily evident from the bound on A. If
Zmin 18 larger (outliers are large magnitude and hence easy to detect), a larger A can be tolerated.
The relation of max-outlier-frac-row to rate of change is not evident from the way the guarantee
is stated in Theorem 2.2. The reason is we have assumed max-outlier-frac-row® < pyo = 0.01/ f?

and used that to get a simple expression for K. If we did not do this, we would need K to satisfy

c1A(cofv/Prow)E +0.26 <&

With this, K needs to be K = |

m log(gfgﬂ. Recall that we need tj11 —t; > (K + 3)a.
Thus, a smaller proy (smaller max-outlier-frac-row®) means one of two things: either a larger A
(more change at each subspace change time) can be tolerated while keeping K, and hence the lower
bound on the delay between change times, the same; or, for A fixed, a smaller lower bound is
needed on the delay between change time. The above can be understood by carefully checking the
proof? of Theorem 2.7.

The need for detecting subspace change. As pointed out by an anonymous reviewer,
it may not be clear to a reader why we need to explicitly detect subspace change (instead of just

always doing subspace update at regularly spaced intervals). The change detection is needed for

two key reasons. First, in the projection-SVD step for subspace update, we use 1-:’]-,1 as the best

9The multiplier 0.4 of grot in its first claim is obtained by setting prow = 0.01/f2, If we do not do this, 0.4 will
get replaced by caf\/prow-
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estimate of the previous subspace. We let 13}_1 be the final é-accurate subspace estimate obtained
after K projection-SVD steps and then one subspace re-estimation step. To know when the K
updates are over, we need to know when the first update of the new subspace occurred, or in
other words, we need an estimate of when the subspace change occurred. Second, in the current
algorithm, because we detect change, we can choose to use the £,’s from the next a-frame interval,

~ A~ A~

ie. [££j+1>££j+2a e ,Efﬁa], for the first subspace update. This ensures that the £;’s from the
interval that contains ¢; (some of the £;’s in this interval come from Pj_; while others come from
P;) is never used further in any subspace update. The is essential because, if these are used, one
will get an incorrect subspace estimate (something in between P;_; and Pj) and one whose error
cannot easily be bounded. If subspace change is never detected, this cannot be ensured.

Algorithm parameters. Observe from Theorem 2.2 that we need knowledge of only 4
model parameters - 7, AT, A~ and x;, - to set our algorithm parameters. The initial dataset
used for estimating P (using PCP/AltProj) can also be used to get an accurate estimate of r,
A7 and AT using standard techniques (maximum likelihood applied to the AltProj estimate of
[€1,€2,...,%:,...]). Thus one really only needs to set Zmin. If continuity over time is assumed, a
simple heuristic is to let it be time-varying and use min; s [(£:-1)i| as its estimate at time ¢.
This approach in fact allows us to estimate xmins and thus allows for larger unstructured noise, v,
levels as allowed by Corollary 2.3.

The most interesting point for practice though is that of Remark 2.4. It indicates that when a
subspace change is detected but not estimated, starting at the previous 2« frames, one should use
a larger value of the support estimation threshold wgyp,. After each subspace update step, wsypp
should be decreased roughly exponentially.

Dependence on f. Observe that f appears in our guarantee in the bound on
max-outlier-frac-row® and in the expression for . The max-outlier-frac-row® bound is stated that
way only for simplicity. Actually, for all time instants except the a-length period when the subspace
re-estimation (for deletion) step is run, we only need max-outlier-frac-row® < 0.01. We need the

tighter bound max-outlier-frac-row® < prow = 0.01/f2 only for the simple SVD based subspace re-
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estimation (deletion) step to work (i.e., only for t € [t;+Ka,t;+Ka+a)). Thus, if offline ReProCS
were being used to solve the standard RPCA type problem (where 7, is nicely bounded), one could
choose to never run the subspace deletion step. This will mean that the resulting algorithm (s-
ReProCS-no-delete) will need max-outlier-frac-col < ¢/pry, but then max-outlier-frac-row < 0.01
will suffice (the bound would not depend on 1/f?). The « expression governs required delay be-
tween subspace change times, tracking delay, and time and memory complexity. If the deletion step
is removed, the dependence of o on f will not disappear, but will weaken (it will linearly depend
on f not on f?).

We now try to relate f to the condition number of L. Observe that f is the condition number
of E[L;L;'] for any j. The condition number of the entire matrix L can be much larger when slow
subspace change holds (A is small). To see this, let x2 denote the condition number of E[LL'], so
that, whp, & is approximately the condition number of L. It is not hard to to see that'®, in the
worst case (if A\~ = A,), k2 = Hﬁ ~ Cé when A is small. Thus, if A is small, k &~ C/f/A
can be much larger than f. The guarantees of many of the RPCA solutions such as RPCA-GD
[33] depend on k.

Relating our assumptions to right incoherence of L; := Ly ;.. ) [14]. We repeat this

discussion from [17]. From our assumptions, L; = P;A; with A; := [ay;, at;41,... a4 ], the

j+1—1
columns of A; are zero mean, mutually independent, have identical covariance A, A is diagonal,
and are element-wise bounded as specified by Theorem 2.2. Let d; := t;;1 — t;. Define a diagonal
matrix 3 with (i, 7)-th entry o; and with o7 := 37, (a)?/d;. Define a d; x r matrix V with the ¢-th
entry of the i-th column being (9;); := (a¢);/(ci\/d;). Then, L; = P;%V' and each column of V
is unit 2-norm. Also, from the bounded-ness assumption, (9;)? < n;‘—ig . d%- where 7 is a numerical

constant. Observe that PJEV’ is not exactly the SVD of L; since the columns of V are not

necessarily exactly mutually orthogonal. However, if d; is large enough, using the assumptions on

10To understand this, suppose that there is only one subspace change and suppose that the intervals are
equal, i,e., d — tl = t1 — to. Then, E[LL/]/d = P(),ﬁxAﬁXP(LﬁX/ +4 [PO,ch Pl,neW}B[PO,ch/ Plynewl]/ where B =
A (0.5 4 0.5cos?61) —0.5sin 6, cos by
b 0.5sin6; cos b, 0.5sin? 64

the minimum eigenvalue of B which can be computed as (1 — cos61)Ach. In the worst case Aen = A\7. When the
intervals are not equal, this gets replaced by (1 — v/1 — 2csin? 61)A™ for a ¢ < 1. This is at most (1 — /1 — 2cA2).

. The maximum eigenvalue of E[LL’]/d is AT. Its minimum eigenvalue is
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a, one can argue using any law of large numbers’ result (e.g., Hoeffding inequality), that (i) the
columns of V are approximately mutually orthogonal whp, and (ii) 0?2 > 0.99)\; whp. Thus, our
assumptions imply that, whp, V is a basis matrix and (0;)7 < C/d;.

With the above, one can interpret V as an “approximation” to the right singular vectors of L;
and then the above bound on (%;)? is the same as the right incoherence condition assumed by [14].
It is slightly stronger than what is assumed by [5, 20] and others (these do not require a bound on
each entry but on each row, they require that the squared norm of each row of the matrix of right
singular vectors be bounded by Cr/d;).

Ideally we would like to work with the exact SVD of L;, however this is much harder to
analyze using our statistical assumptions on the a;’s. To see this, suppose A; YD ey , then
L; 5P (P;U)XV" is the exact SVD of L;. Here U is an r X r orthonormal matrix. Now it is not
clear how to relate the element-wise bounded-ness assumption on a;’s to an assumption on entries
of V', since now there is no easy expression for each entry of V' or of the entries of ¥ in terms of a;
(U is an unknown matrix that can have all nonzero entries in general).

Limitations of our guarantees. s-ReProCS needs a few extra assumptions beyond slow
subspace change and what static RPCA solutions need: (i) instead of a bound on outlier fractions
per row of the entire data matrix (which is what standard RPCA methods assume), it needs such
a bound for every sub-matrix of a consecutive columns; (ii) it makes statistical assumptions on the
principal subspace coefficients a; (with mutual independence being the strongest requirement); (iii)
it needs to lower bound xp,iy; and (iv) it uses € to denote both the initial subspace error as well as
the final recovery error achieved after a subspace update is complete. Here (i) is needed because
ReProCS is an online algorithm that uses a frames at a time to update the subspace, and one
needs to show that each update step provides an improved estimate compared to the previous one.
However, since « is large enough, requiring a bound max-outlier-frac-row® is not too much stronger
than requiring the same bound on the outlier fractions per row of the entire n x d matrix Y. In fact,
if we compare the various RPCA solutions with storage complexity fixed at O(na) = O(nrlogn),

i.e., if we implement the various static RPCA solutions for every new batch of o frames of data,
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then, the static RPCA solutions will also need to bound max-outlier-frac-row® defined in (2.8).
As discussed earlier, these will require a much tighter bound of ¢/r though. (iv) is assumed for
simplicity. What we can actually prove is something slightly stronger: if the initial error is £, and
if € = c£ for a constant ¢ which may be less than one, then, without any changes, we can guarantee
the final subspace error to be below such an €. More generally, as long as the initial error £ < A, it
is possible to achieve final error € for any € > 0 if we assume that t; — tpaim > Ka, assume a slightly
larger lower bound on z;,, and if we modify our initialization procedure to use the approach of
follow-up work [17].

Limitations (ii) and (iii) are artifacts of our proof techniques. The mutual independence can be
replaced by an autoregressive model on the a;’s by borrowing similar ideas from [34]. The mutual
independence and zero mean assumption on the a;’s is valid for the video analytics’ application
if we let £; be the mean-subtracted background image at time ¢. Then, £; models independent
zero-mean background image variations about a fixed mean image, e.g., variations due to lighting
variations or due to moving curtains; see Fig. 2.3. This type of mean subtraction (with an estimate
of the mean background image computed from training data) is commonly done in practice in
many practical applications where PCA is used; it is also done in our video experiments shown
later. (iii) is needed because our proof first tries to show exact outlier support recovery by solving a
CS problem to recover the outliers from the projected measurements, followed by thresholding. It
should be possible to relax this by relaxing the exact support recovery requirement which, in turn,
will require other significant changes. For example, it may be possible to do this if one is able to do
a deterministic analysis. It may be possible to also completely eliminate it if we replace the CS step
by thresholding with carefully decreasing thresholds in each iteration (borrow the idea of AltProj);
however, we may then require the same tight bound on max-outlier-frac-row that AltProj needs.

By borrowing the stagewise idea of AltProj, it may also be possible to remove all dependence on

f.
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2.3 Discussion of Related Work

Limitations of earlier ReProCS-based guarantees [22, 16, 34]. In [22], we introduced
the ReProCS idea and proved a partial guarantee for it. We call it a partial guarantee because it
needed to assume something about the intermediate subspace estimates returned by the algorithm.
However, this work is important because it developed a nice framework for proving guarantees for
dynamic RPCA solutions. Both our later complete guarantees [16, 34] as well as the current result
build on this framework.

The current work is a significant improvement over the complete guarantees obtained in [16, 34]
for two other ReProCS-based algorithms for three reasons. (i) The earlier works needed very specific
assumptions on how the outlier support could change (needed an outlier support model inspired
by video moving objects). Our result removes such a requirement and instead only needs a bound
on the fraction of outliers per column of the data matrix and on the fraction per row of an a-
consecutive-column sub-matrix of the data matrix (for a large enough). (ii) The subspace change
model assumed in these earlier papers can be interpreted as the current model (given in Sec. 2.2)
with 0; = 90° or equivalently with A = 1. This is an unrealistic model for slow subspace change,
e.g., in 3D, it implies that the subspace changes from the x-y plane to the y-z plane. Instead, our
current model allows changes from x-y plane to a slightly tilted x-y plane as shown in Fig. 2.1.
This modification is more realistic and it allows us to replace the upper bound on A., required
by the earlier results by a similar bound on A\, A2 (see assumption 1b of Theorem 2.2). Since A
quantifies rate of subspace change, this new requirement is much weaker. It can be satisfied by
assuming that A is small, without making any assumption on Ag,. (iii) The required minimum
delay between subspace change times in the earlier results depended on 1/e? where e is the desired
final subspace error after a subspace update is complete. This is a strong requirement. Our current
result removes this unnecessarily strong dependence. The delay now only depends on (—loge)
which makes it much smaller. It also implies that the memory complexity of simple-ReProCS is
near-optimal. (iv) Unlike [16, 34], we analyze a simple ReProCS-based algorithm that ensures that

the estimated subspace dimension is bounded by (r + 1), without needing the complicated cluster-
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SVD algorithm. This is why our guarantee allows outlier fractions per column to be below ¢/r.
The work of [16] needed this to be below ¢/r;, while [34] needed an extra assumption (clustered
eigenvalues). For long data sequences, ¢/r can be much larger than ¢/r,. We provide a detailed
comparison of these assumptions in Table 2.2.

Complete guarantees for other dynamic RPCA or RPCA solutions. Another ap-
proach that solves dynamic RPCA, but in a piecewise batch fashion, is modified-PCP (mod-PCP)
[35]. The guarantee for mod-PCP was proved using ideas borrowed from [5] for PCP. Thus, like [5],
it also needs uniformly randomly generated support sets which is an unrealistic requirement. For
the video application, this requires that foreground objects are single pixel wide and move around
the entire image completely randomly over time. This is highly impractical. In Table 2.1, we pro-
vide a comparison of our current guarantees for simple-ReProCS and its offline version with those
for original-ReProCS [22, 16, 34], modified-PCP [35], as well as with those for solutions for standard
RPCA - [5] (referred to as PCP(C)), [14] (PCP(H), this strictly improves upon [6]), AltProj [20],
RPCA via gradient descent (GD) [33] and nearly-optimal robust matrix completion (NO-RMC)
[7]. The table also contains a speed and memory complexity comparison. Offline s-ReProCS can
be interpreted as a solution for standard RPCA. From Table 2.1, it is clear that for data that
satisfies slow subspace change and the assumption that outlier magnitudes are either large or very
small, and that is such that its first tyain frames, Y[, ., satisfy AltProj (or PCP) assumptions,

s-ReProCS and offline s-ReProCS have the following advantages over other methods.

1. For the data matrix after tiyain, i.e., for Yt int1,d)5 ReProCS needs the weakest bound on
max-outlier-frac-row® without requiring uniformly randomly generated outlier support sets.
This is comparable to the bound needed by PCP(C) or mod-PCP but both assume uniform

random outlier supports which is a very strong requirement.

2. The memory complexity of s-ReProCS is significantly better than that of all other published

methods for RPCA that provably work, and is nearly optimal.
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3. Both in terms of time complexity order (Table 2.1) and experimentally (see Sec. 2.6), s-
ReProCS and its offline counterpart are among the fastest, while having the best, or nearly
the best, performance experimentally as well. Order-wise, only NO-RMC [7] is faster than
s-ReProCS. However, NO-RMC needs the data matrix to be nearly square, i.e., it needs
cin > d > con. This is a very strong requirement that often does not hold: for the video
application it requires that the number of video frames d be roughly as large as n (number
of pixels in one image frame). The reason is that NO-RMC deliberately under-samples the
data matrix Y by randomly throwing away some of its entries and using only the rest even
when all are available. In other words, it always solves the robust matrix completion (RPCA
with missing entries) problem and this is what results in a significant speed-up, but this is

also why it needs d ~ n.

4. s-ReProCS can automatically detect subspace change and then also track it with a short
delay, while the other approaches (except original-ReProCS) cannot. Notice that s-ReProCS
also needs a weaker upper bound of ¢/r on max-outlier-frac-col while the batch techniques
(PCP, AltProj, GD, NO-RMC) applied to the entire matrix L need this to be below ¢/r,. Of

course, if the batch techniques are applied on pieces of data Y; := Y] they also need

tjtj+1)
the same looser bound of ¢/r on max-outlier-frac-col and their memory complexity improves
too. However, the batch methods do not have a way to estimate the change times ¢;, while
s-ReProCS does. Moreover, since the other methods (except modified-PCP) do not have a
way to use the previous subspace information, if the pieces chosen are are too small, e.g., if

the methods are applied on a-frames at a time, their performance is much worse then when

the entire dataset is used jointly.

Comparison with follow-up work on ReProCS-NORST [17]. As compared to
ReProCS-NORST, which is the algorithm studied in our follow-up work [17] (which allows all r di-
rections of the subspace to change at each t;), simple-ReProCS has three advantages: (i) it is faster,
(ii) it needs a weaker lower bound on xy, (its required lower bound essentially does not depend

on r if € is very small), and (iii) if it is used to solve the standard RPCA problem (estimate span of
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Algorithm 4 The actual simple- ReProCS algorithm, this is the one that is studied in our guarantees and
also implemented in our experiments. Let Lt o = [ft QH,Et a2y - Et]

1: Input: Pg, vy, Output: ¢, Et, ()

2: Parameters: Wsupps_ K, a, & r, Wepals

3: Let Lta = [Et a+17£t a+2y .- Et]

4: P(tmm) <—P0, j <+ 1Lk « 1

5: for t > tirain do

6: (zfct, Ti) PROJCS(P(t_l),yt) > Algorithm 2

7: Et — Y — Z.

8: (P() P]7 t], k, j, phase) < AUTOSUBUPD(LM, Pj_l, t, fj_l, j, k, phase, P(t—l)) >
Algorithm 5

9: end for

10: Offline ReProCS: Att=1; + Ka, for all t € [t;—1 + Ka,t; + Ka — 1],
11 BT o [Py, Py oy i
12: &9fine o« I (W2 W5) ' W'y, where W= T — P; 1 Pj_y' — Pt 5 Pjrot ks

13 egﬂ;ﬁne —y— i:?ﬁiine.

columns of the entire matrix L), we can eliminate the 7-SVD based subspace re-estimation (deletion)
step. With this change, (a) the required upper bound on max-outlier-frac-row® for s-ReProCS does
not depend on the condition number f (just max-outlier-frac-row® < 0.01 suffices), and (b) its time
complexity improves by a factor of r (if the initialization step is ignored) compared to ReProCS-
NORST. Of course it will mean s-ReProCS-no-delete will need max-outlier-frac-col < ¢/(r + J)
which is slightly stronger.

Since ReProCS-NORST allows all r directions of the subspace to change, it also has many
advantages over s-ReProCS: its subspace tracking delay is near-optimal, and it allows for a weaker

initialization assumption.

2.4 Why s-ReProCS works: main ideas of our proof

In this section we explain the main ideas of our proof, first for the ¢; known case, and then

explain why the subspace change detection step works.
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Algorithm 5 Automatic Subspace Update

function AUTOSUBUPD(Ly,a, Pj_1, t, £j-1, j, k, phase, P;_y))
fjfl’fm — Ltj_l + Ka+a-1
if phase = detect and ¢t = tAj,Lfm + ua then
B« (I - P;_P; )L,
if Omax(B) > /0Weyars then
phase < update, fj — t,
end if
Py <= Py
end if
if phase = update then
(P(t), lf’j, k) « SUBUP(IA@;Q, If’j,l, t, tj_1, j, k, phase, P(t_l)) > Algorithm 3
end if
if k= K + 1 then
phase < detect
end if
return P(t), 15j, fj, J, k, phase
end function

2.4.1 Why s-ReProCS with t; known works

To understand things simply, first assume that fj = t;, i.e., the subspace change times are
known. Consider Algorithm 1. At each time ¢ this consists of three steps - projected Compressive
Sensing (CS) to estimate x;, estimating £; by subtraction, and subspace update. Consider projected
CS. This is analyzed in Lemma 2.15. At time ¢, suppose that we have access to P(t_l) which is
a good estimate of the previous subspace, span(P(t,l)). Because of slow subspace change, this is
also a good estimate of span(Py)). Its first step projects y; orthogonal to P(t—l) to get 9. Recall
that g, = W, + b, where b, := W (£, + v;) is small. Using the incoherence (denseness) assumption
and span(P;_1)) being a good estimate of span(P;)), it can be argued that the restricted isometry
constant (RIC) [4] of ¥ :=1T — P(t—l)P(t—l)/ will be small. Using [4, Theorem 1.2], this, along with
||b¢|| being small, ensures that {; minimization will produce an accurate estimate, & cs, of ;. The
support estimation step with a carefully chosen threshold, wgypp = Tmin/2, and a lower bound on

Tmin then ensures exact support recovery, i.e., T; = T;. With this, the LS step output, &, satisfies
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&y = x; + ey with

e = I (97, 7)1 07/ (£ + vy)

= I7,(07'¥7) " I5; O (4 + vy) (2.10)

and with ||e;|| being small. Computing £; := y; — &, then also gives a good estimate of £; that
satisfies ét =£; +v; — e; with e; as above.

The subspace update step uses 4’s to update the subspace. Since e; satisfies (2.10), e; depends
on £;; thus the error/noise, v; — e, in the “observed data” ét used for the subspace update step
depends on the true data £;. Because of this, the subspace update does not involve a PCA or
an incremental PCA problem in the traditionally studied setting (data and corrupting noise/error
being independent or uncorrelated). It is, in fact, an instance of PCA when the noise/error, v; — e,
in the observed data ét depends on the true data £;. This problem was studied in [26, 27] where it
was referred to as “correlated-PCA” or “PCA in data-dependent noise”. Using this terminology,
our subspace update problem (estimating P; using 13}_1) is a problem of PCA in data-dependent
noise with partial subspace knowledge. To simplify our analysis, we first study this more general
problem and obtain a guarantee for it in Theorem 2.7 in Sec. 2.5.1. This theorem along with
Lemma 2.15 (that analyzes the projected-CS step discussed above) help obtain a guarantee for the
k-th projection-SVD step in Lemma 2.16. The k = 1 and k > 1 cases are handled separately. The
main assumption required for applying Theorem 2.7 holds because e; is sparse with support 7; that
changes enough (max-outlier-frac-row® bound of Theorem 2.2 holds). The subspace deletion via
simple SVD step of subspace update is studied in Lemma 2.17. This step solves a problem of PCA
in data-dependent noise and so it directly uses the results from [27].

To understand the flow of the proof, consider the interval [t;,¢;41). Assume that, before ¢;, the
previous subspace has been estimated with error £, i.e., we have 15j_1 with SE(I%_l, P;_) <.
We explain below that this implies that, under the theorem’s assumptions, we get SE(I-:’]-, P;) <é
before t;11. We remove the subscripts j in some of this discussion. Define the interval J; :=

[tj + (k —1)a,t; + ka). Suppose also that v, = 0.
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1. Before the first projection-SVD step (which is done at t = t; + ), i.e., for t € Ji, we have
no estimate of P,ey, and hence only a crude estimate of P,.. In particular, we can only get

the bound SE(P(t), Py) = SE(Pj,l, P,y) <&+ |sinf| for this interval.

e Asaresult, the bound on the “noise”, b, seen by the projected-CS step is also the largest
for this interval, we have ||b;|| < C(EVrA+ + |sinf|y/Aq,). Using the CS guarantee,
followed by ensuring exact support recovery (as explained above), this implies that e;
satisfies (2.10) and that we get a similar bound on the final CS step error: | <
C(EVrA+ + 0.11]sinf]y/Aqy). The factor of 0.11 in the second term of this bound is
obtained because, for this interval, ¥ = I — Iaj,llf’j,l’ and so W Pew =~ Prew and Ppew

is dense, see (2.13). Thus one can show that || I7;"® Ppyeyll2 < 0.11.

e This bound on ey, along with using the critical fact that e; satisfies (2.10) (is sparse)
and its support 7; changes enough (the max-outlier-frac-row® bound of Theorem 2.2
holds), ensures that we get a better estimate of P, after the first projection-SVD step.
This is what allows us to apply Theorem 2.7. Using it we can show that SE(P(t), P.y) =

SE([Pj-1, Pjrot,1], Prot) < 0.1640.06sin 0| for t € Jo. See proof of k = 1 case of Lemma

2.16 and Fact 2.14.

2. Thus we have a much better estimate of P, for ¢t € J2 than for J;. Because of this, | b|
is smaller, and hence ||e;|| is smaller for ¢t € J5. This, along with the sparsity and changing
support, T¢, of e;, ensures an even better estimate at the second projection-SVD step. We
can show that SE(Py), Prot) = SE([Pj_1, Pjot,2], Prot) < 0.1 + 0.5 - 0.06| sin 6| for t € Js.

See proof of k£ > 1 case of Lemma 2.16 and Fact 2.14.

3. Proceeding this way, we show that SE(P(t),Prot) = SE([IAJj,l,IE’j,rOt,k],Pmt) < 0.1 +
0.5%72(0.06|sin A|) after the k-th projection-SVD step. Picking K appropriately, gives
SE(P(t),Prot) < € after K steps, ie., at ¢t = t; + Ka. In all the above intervals,

SE(P(t), P(t)) <&+ SE(P(t), Prot)- Thus at t =t; + Ko, SE(P(t), P(t)) < 2e.
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4. Att=1t; + Ko, 15(,5) contains (r + 1) columns. The subspace re-estimation via simple SVD
step re-estimates P; in order to delete the deleted direction, Py, from P(t). The output of
this step is 15J (the final estimate of span(P;)). Thus, at t = t;+ Ka+a, P(t) = 15] and we can
show that it satisfies SE(P(t), Py)) = SE(Pj, P;) < é. See Lemma 2.17. The re-estimation is
done at this point because, for times ¢ in this interval, |[£; — £ = ||e¢]| < 2.48]/£;||. For PCA
in data-dependent noise, simple SVD needs a > (g/¢)?f%(rlogn) where ¢ is the error/noise
to signal ratio and € is the final desired error level. For our problem, the “noise” is e; and
thus ¢ = 2.4 and € = £. Since g/e is a constant, a > a, = C'f%rlogn suffices when simple

SVD is applied at this time.

When v; # 0, almost all of the above discussion remains the same. The reason is this: in the main
theorem, we assume ||v;]|? < 0.1782A% with ¢ < 1 and so even though we have to deal with v,
in b; and e; expressions, and in the a expression, the changes required are only to the numerical
constants. In Corollary 2.3, we have carefully chosen the bound on ||v;]| to equal the bound on ||e||
modulo constants. Thus, once again, only numerical constants change, everything else remains the

same.

2.4.2 Why automatic subspace change detection and Automatic Simple-ReProCS

works

The subspace change detection approach is summarized in Algorithm 4. This idea is motivated
by a similar idea first used in our earlier works [16, 34]. The algorithm toggles between the “detect”
phase and the “update” phase. It starts in the “detect” phase. If the j-th subspace change is
detected at time ¢, we set fj = t. At this time, the algorithm enters the “update” (subspace
update) phase. We then repeat the K projection-SVD steps and the one subspace re-estimation
via simple SVD step from Algorithm 1 with the following change: the k-th projection-SVD step
is now done at t = #; + ka — 1 (instead of at t = t; + ka — 1) and the subspace re-estimation
is done at t = fj + Ka+a—1:= fij. Thus, at t = fj7fm, the subspace update is complete.

At this time, the algorithm enters the “detect” phase again. To understand the change detection
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strategy, consider the j-th subspace change. Assume that the previous subspace P;_; has been
accurately estimated by ¢t = fj—l,fm and that fj—l,fm < tj. Let P, = 15]-_1 denote this estimate.
At this time, the algorithm enters the “detect” phase in order to detect the next (j-th) change. Let
B, := (I — P*P*’)[ft_a+1, . ,ét]. For every t = fj,l,fm +ua, u=1,2,..., we detect change by
checking if the maximum singular value of B; is above a pre-set threshold, \/weyqisr, or not.

We claim that, whp, under Theorem 2.2 assumptions, this strategy has no false detects and
correctly detects change within a delay of at most 2« frames. The former is true because, for
any t for which [t — a + 1,#] C [tj_1 fin,t;j), all singular values of the matrix B; will be close to
zero (will be of order v/2) and hence its maximum singular value will be below \/Wepas. Thus,
whp, fj > t;. To understand why the change is correctly detected within 2« frames, first consider
t = tAj_Lfm + Prt]%f”‘-‘ a = tj,. Since we assumed that tAj_Lfm < t; (the previous subspace
update is complete before the next change), t; lie in the interval [t; . — « +1,t;.]. Thus, not all of
the £;’s in this interval will be generated from span(P;). Thus, depending on where in the interval
t; lies, the algorithm may or may not detect the change at this time. However, in the next interval,
ie., for t € [tj«+ 1,tj« + af, all of the £,’s will be generated from span(Pj). We can prove that,
whp, By for this time ¢ will have maximum singular value that is above the threshold. Thus, if the
change is not detected at ¢; ., whp, it will get detected at ¢, + . Hence one can show that, whp,
either t} = tj, Or fj =tjs«+a,ie, t; < fj < t; + 2a. To see the actual proof of these claims,

please refer to Appendix 2.9 where we prove our main result without assuming ¢; known.

2.5 Proving Theorem 2.2 with assuming fj =t

In Table 2.4, we summarize all the new symbols and terms used in our proof. This, along with
Table 2.3 given earlier, should help follow the proof details without having to refer back to earlier
sections. To give a simpler proof first, we prove Theorem 2.2 under the assumption that fj =t
below. The proof without this assumption is given in Appendix 2.9. With assuming fj = t;, we

are studying Algorithm 1. Recall from Sec. 2.4 that the subspace update step involves solving a
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Table 2.3: List of Symbols and Assumptions used in the Main Result 2.2, and Corollary 2.3. (Note:
We show that whp, fj > t; and fj + (K + 1)a < tj41 and hence, whp, Jo, Jx+2 are non-empty
intervals.

. Ay fi .
Observations: y, = £, + x, + v, where, £, = Pyya, = {Pj,l)ﬁx Pjimt} Y for t e [tj,tj41), T; is support of @,.
Qy ch
Subspace Change Principal Subspace Coefficients, a;’s
Py = Py,)=P; forallte [tistjr), 5=0,1,...,J element-wise bounded, zero mean,
Py=P_ 1 Changing direction from span(Pj_;) at t; mutually independent with identical covariance (See Sec. 2.2.2)
Asx O
Py = Pj_y gix Fixed directions from span(P;_1) at t; Elaia)] := A =
0 A
Py = Pj_1 pew New direction from span(P;_; 1) added at t; AT Amax(A)
Prot = Pj_1 1ot Rotated version of Py, AT Amin (A)
SE(Pj_1, Pj) = SE(Pj_ ch, Pjrot) < A f=2t/A" Condition Number of A
P . I=Pj_1.cnPj_1.ch")Pjrot
Jmew SE(P;—1,chPj,rot)
See (2.5) for equivalent generative model.
max; max; || basis([Pj_1, P;])¥|| < ”(Tnﬂ) which implies (2.13) holds.
Outliers Intervals for j-th subspace change and tracking
Tminy = Mine7; |(x¢)i] Min. outlier magnitude at ¢ Jo = [t;, fj) interval before change detected
Tpin := MiNy Ting Min. outlier magnitude T = [fj + (k- 1)a, fj + ka) k-th subspace update interval
s := max-outlier-frac-col - n Cardinality of support set of ; Tk = [t + Ka,tj + (K + 1)) SVD-re-estimation interval
max-outlier-frac-row® < pyow See (2.8) T2 = [t + (K + D), tjt1) Final interval
Prow = 0.01/f2
max-outlier-frac-col < peol = % See Theorem 2.2

problem of PCA in data-dependent noise when partial subspace knowledge is available. We provide
a guarantee for this problem in Sec. 2.5.1 and use it in our proof in Sec. 2.5.4.
For the entire proof we will use the equivalent subspace change model described in (2.5). Clearly

|sinf;| < A by our assumption.

2.5.1 PCA in data-dependent noise with partial subspace knowledge

The Problem. We are given a set of o frames of observed data y; := £; + w; + z;, with

|lz¢]|? < b2 and ||E[z:2/]|| < A} := c1b?/r ; wy = M€y, £, = Pa; and with P satisfying

P = [Py, Poot], where Pro := (Pep, €086 + Phpey, sin ),



43

Table 2.4: List of symbols and their associated meaning for understanding the proof of Theorems
2.2 and 2.7. The complete definitions can be found in Definitions 2.12 and 2.20. We also provide
the location of the proof for each of events/scalars where applicable in parenthesis.

Symbol Meaning

Preliminaries (Stated in Definitions 2.12 and 2.20)

6:=0; Angle of j-th subspace change

P, := P;_1, Pyow := Pjpew, Pop = Pj_1,ch, Pix := Pj_15x Parts of the j-th subspace

I?rot ::APj’mt = (Pgh c0s 6 + Py sinf), P := P;

P,:=P;_, P:=PF; Estimates of j-th subspace

P, Tot,k 1= -Pont,k' k-th estimate of Py

er = I7,(Ur/'¥r) ' ¥ (6 + v;) (Proved in Lemma 2.15) Expression for error, e; = &; — x; = £ — £+

Scalars (Derived in Fact 2.14)

¢ ==&+ |sind| Bound on SE(P, P,), i.e., before subspace update
1 =0.4-12((0.1 + &)|sin 0] + &) +0.11¢ Bound on SE([P., Piot,1], Pot), ie., after 1st subspace update
Gh=04-(12¢5 ) +0.11¢ Bound on SE([Px, Prog k], Prot), i-¢., after k-th subspace update
Events — t; known (Proved in Sec. 2.5.4)
Ty:= {SE(P*, P,) <é&} Previous subspace, P, is é-accurately estimated
Tp:=Tr 1N {SE([IA’*7 Pmyk], P.) < (;r} All k subspace update steps work
Ik+1:=Tr N{SE(P,P) <¢&} Current subspace, P is é-accurately estimated
Events — ¢; unknown (This section is only used in Appendix 2.9)
qu,fm = tAjfl +(K+1)a-1 Time at which deletion step is complete
tix = fj,lwf,;,, + PJ_LJ% « First possible time instant at which subspace change can be detected
Det0 := {f; = t;.} (Proved in Appendix 2.9) Subspace Change detected within a-frames
Detl := {f; = t;. + o} (Proved in Appendix 2.9) Subspace Change detected after «, but before 2« frames
ProjSVD,, := {SE([P., Pooti]) < ¢, 4} (Proved in Lemma 2.16) k-th Proj SVD works
ProjSVD := ﬂszlProjSVDk ' All K Proj SVD steps work
Del := {SE(P, P) < &} (Proved in Lemma 2.17) Deletion Step works
NoFalseDets (Proved in Appendix 2.9) No false detection of subspace change
Coend := {SE(P., P.) < &} (Proved in Claim 2.13) Previous subspace estimated within é-accuracy
['jena (Proved in Claim 2.13) All previous j subspaces estimated within &-accuracy

Notation for PCA in data-dependent noise: Theorem 2.7 (Proved in Appendix 2.10)

yr =l +wi + 2z Observations: True data - £, = Pa; = [Py, Prot]at;
Data-dep noise - w;; Modeling error - z;

wy = My = My M £; Data-dependent noise,

(| My Py|| < qo and || My Prot|| < Grot Assumptions on Data-dependency matrices

[ Ma]| <1and ||[L 52, My, M,,/|| < by =0.01
lzell < b2 = qoVTAT + GtV Aehs |[E[ze2e]| < A =02 /1 Assumptions on modeling error.
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Py = (P*UO)I[LT_”, P, = (P.Up)I,, and Uy is an r x r rotation matrix. Also, the a,’s are zero
mean, mutually independent, element-wise bounded r.v.’s with identical and diagonal covariance
A, and independent of the matrices M. The matrices My are unknown.

Let J% denote the a-frame time interval for which the y;’s are available. We also have access
to a partial subspace estimate 13* that satisfies SE(P*, P,) < £, and that is computed using data
that is independent of the £,’s (and hence of the y;’s) for t € J%. The goal is to estimate span(P)
using P, and the y’s for t € J€.

Projection-SVD / Projection-EVD. Let ® :=1 — P.P,/. A natural way to estimate P is
to first compute P,o; as the top eigenvector of

1
Dy = a Z (I)ytyt/@-
teJ«

and set P = [P*,Prot]. We refer to this strategy as “projection-EVD” or “projection-SVD”. In
this paper, we are restricting ourselves to only one changed direction and hence we compute only
the top eigenvector (or left singular vector) of D,ps. In general if there were rq, > 1 directions, we
would compute all eigenvectors with eigenvalues above a threshold, see [22, 34].

The Guarantee. We can prove the following about projection-SVD.
Theorem 2.7. Consider the above setting for an a > ag where
ap := Cpmax(f(rlogn),nf*(r + logn)).

Assume that the My’s can be decomposed as My = Moy My where My is such that | M| <1

but

1
— Y My My,'|| < by =0.01. (2.11)
«

teJe

Let qo denote a bound on maxy || My 4P| and let gt denote a bound on maxy || M 1P|, i-e., we

have || M 1 P.|| < qo and ||M;Prot| < grot for allt € J*. Assume that

qo < 28, Grot < 0.2]sinf|,éf < 0.01]sinf|, and
b, < C(QO VrAT + Grot V At:h) (212)

Define the event &, := {SE(P*, P,) < &}. The following hold.
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1. Conditioned on &, w.p. at least 1 — 12n~12,

SE(P, P) < & + SE(P, P.y) and

0.39¢rot + 0.1
| sin 6|

0.39¢rot + 0.1

| sin 4|

SE(P, Pyot) < (£ 4 |sinf])
< 1.01|sin 6|

< 0.4qro; + 0.11¢.

2. Conditioned on &, w.p. at least 1 — 12n=12,

)\max (D obs )

> (0.97sin% 0 — 0.4¢r0¢| sin 0] — 0.15&] sin 0]) Aep,.-

For large n,r, rlogn > r +logn. Thus the following simpler expression for ag suffices: o > ap =

C’n2f2(r logn).

Remark 2.8. Theorem 2.7 holds even when &, is replaced by & = E. N E(Z) where E(Z) is an
event that depends on a r.v. Z that is such that the pair {P*,Z} is still independent of the £;’s

(and hence of the y;’s) fort € J<.

Proof. The proof follows using a careful application of the Davis-Kahan sin 6 theorem [9] followed
by using matrix Bernstein [24] to bound the numerator terms in the sinf theorem bound and
Vershynin’s sub-Gaussian result [29] to bound the extra terms in its denominator. While the
overall approach is similar to that used by [27] for the basic correlated-PCA problem, this proof
requires significantly more work. We give the proof in Appendix 2.10. The most important idea
in the proof is the use of Cauchy-Schwarz to show that the time-averaged projected-data - noise
correlation and time-averaged noise power are both /by times their instantaneous values. We

explain this next. ]

In the result above, the bounds assumed in (2.12) are not critical. They only help to get a

simple expression for the subspace error bound. As will be evident from the proof, we can also get
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a (more complicated) guarantee without assuming (2.12), and with any value of pyow. The main
assumption needed by Theorem 2.7 is (2.11) on the data-dependency matrices M;. This is required
because the noise w; depends on the true data £; and hence the instantaneous values of both the
noise power and of the signal-noise correlation (even after being projected orthogonal to 15*) can
be large if Ao, is large. However, (2.11) helps ensure that the time-averaged noise power and the
time-averaged projected-signal-noise correlation are much smaller. Using the definitions of gg and
Grot ||E[wiw']]| < @A + 2 den i= cw and ||E[@Lw;’]|| < EgoAT + (€ + | sin0])qrot Aen := Cur- By
appropriately applying Cauchy-Schwarz (Theorem 2.26),

é Z Elww,']|| < \/%cw and

teg«

1
— ) E[®Law,/ P
(6%

< Vbocy-
tege

Since by = 0.01, both bounds are 0.1 times their instantaneous values. See proof of Lemma 2.24

for their derivation.
For our problem, (2.11) holds because we can let My = I7; and M, as the rest of the matrix
multiplying £; in (2.10). Then, using the bound on outlier fractions per row from Theorem 2.2, it

is not hard to see that Hé Zt M2¢M2:t,H < prow- We state this formally next in Lemma 2.9.

Lemma 2.9. Assume that the maz-outlier-frac-row® bound of Theorem 2.2 holds. Then, for any

a-length interval J* C [t1,d],

1 /
=2 Inly
teJg>

=~v(J*) < maz-outlier-frac-row™

< prow = 0.01/f% < 0.01 = by.
Proof of Lemma 2.9. The proof is straightforward. Let C; := I7;I7;'. Then,

C; = diag ((Ct)la (Ct)Qa T (Ct)n) )

where
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Since each C} is diagonal, so is éZte 7o Ct. The latter has diagonal entries given by

(1xa) ~i -1 Y uen

i tege tege

Thus,

1
= max — 3 Tgen; =979

i=1,2,....n (¢
teJe

where v(J%) defined in (2.7) is the outlier fraction per row of X 7o. From Theorem 2.2, this is

bounded by prow- O

2.5.2 Two simple lemmas from [22]

The following two lemmas taken from [22] will be used in proving the main lemmas that together

imply Theorem 2.2 with fj =t;.

Lemma 2.10. /22, Lemma 2.10] Suppose that P, P and Q are three basis matrices. Also, P and

P are of the same size, Q' P =0 and ||(I — PP)P| = (.. Then,
1 |(T— PP)PP| = |(I— PP)PP| = |(I- PP)B| = (I - PP)P| =C.
2. |PP — PP'|| <2|(I - PP)P| =2,
3. 1P'Q| < ¢
4 T=C <o ((1-PP)Q) <1
Lemma 2.11. [22, Lemma 3.7] For an n x r basis matriz P,
1. maxr<s [ I7'P|* < smaxij—1 5., | I/ P|?
2. 64(I — PP') = maxr|<, | I7'P|?

3. If P = [Py, Py then | I P|? < || I/ Pi||? + | I7/ P:||%. Also, I/ Pi|?* < || I/ P|>.
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Recall that 6s(M) is the s-restricted isometry constant [4] of a matriz M, i.e., it is the smallest
real number for which the following holds for all s-sparse vectors z: (1 — &s)||z||*> < |[Mz|* <

(1+65)l12]1*.

2.5.3 Definitions and main claim needed for Theorem 2.2 and Corollary 2.3 with

ti =t
Definition 2.12. We will use the following definitions in our proof.

1. Let 0 := 0]'; P, = j—1; Py = P’j,new; P, = j—1,ch; Py = jrot ‘= (PChCOSQ +
P,cwsin®), P := P;. Similarly define P, = Aj_l, pP.= 15]-, and

let Prot,k = 15j7r0t7k denote the k-th estimate of Pyt with If’rot,() =[]

2. The scalars
¢ ==&+ |sinb),
¢ :==0.4-1.2((0.1 + &)|sin 0] + &) + 0.11& and
G =04-(1.2¢F ) +0.118 for k=2,3,... K.

~ A~

We will show that these are high probability bounds on SE([Px, Prot k], Prot)-

3. The events
Ly:= {SE(P*, P,) <&} clearly Ty implies that SE(P*, Poot) < ¢ =&+ |sind)|,
Pk = Pk—l N {SE([p*vprot,k]a-F)rot) < C]j} fO’I” k= 1727 s 7K; and

Txi1 =g N{SE(P, P) < é&}.

4. The time intervals:
T =1[tj+ (k=1 tj+ ka) fork=1,2,...,K: the projection-SVD intervals,
JTk+1 = [tj + Ka,t; + (K + 1)) the subspace re-estimation interval,
Tr+2 = [tj + Ko+ a,tj1): the interval when the current subspace update is complete and

before the next change.

We first prove the SE bounds of Theorem 2.2. With these, the other bounds follow easily. To

obtain the SE bounds, we will be done if we prove the following claim.
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Claim 2.13. Given SE(P*,P*) <&, w.p. atleast 1 — (K +1)12n~12,
1. SE(P., Prot) < (g SE([Ps, Prog1], Poot) < ¢,
2. for k> 1, SE([Ps, Proti], Prot) < ¢
3. and so SE([P*, Prot’K], P,) < C}E < € (using definition of K ) and SE([ﬁ*, Prot,K],P) < 2€.
4. Further, after the deletion step, SE(P,P) <E.
Proving the above claim is equivalent to showing that Pr(T'x.1|To) > 1 — (K + 1)12n~'2,

This claim is an easy consequence of the three main lemmas and Fact 2.14 given below. Fact 2.14
provides simple upper bounds on C,j that will be used at various places. The first lemma, Lemma,
2.15, shows that, assuming that the “subspace estimates so far are good enough”, the projected
CS step “works” for the next « frames, i.e., for all t € Jp, T = T:; e; is sparse and supported on
T: and satisfies (2.10), and ||e¢|| is bounded. The second lemma, Lemma 2.16, uses Lemma 2.15
and Theorem 2.7 to show that, assuming that the “subspace estimates so far are good enough”,
with high probability (whp), the subspace estimate at the next projection-SVD step is even better
than the previous ones. Applying Lemma 2.16 for each k = 1,2,..., K proves the first two parts
of Claim 2.13. The third part follows easily from the first two and the definition of K. The fourth
part follows using Lemma 2.17, which shows that, assuming that the K-th projection-SVD step
produces a subspace estimate that is within 2 of the true subspace, the subspace re-estimation

step returns an estimate that is within € of the true subspace.
Fact 2.14. Using ¢ < &f < 0.01]siné6)|,

1. ¢ ==&+ |sinf| < 1.01|sind|,

2. ¢ :=0.4-1.2((0.1 + &)|sin | + &) + 0.11& < 0.06|sin 6],

3. ¢ =04-12¢", +0.11& < 0.5F71¢ + 25=£ < 0.5571(0.06| sin 6]) + 0.11& < 0.03|sin 6|

This claim essentially implies Theorem 2.2 and Corollary 2.3 with fj = t;. We prove these

without this assumption in Appendix 2.9.
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2.5.4 The three main lemmas needed to prove the main claim and their proofs

Lemma 2.15 (Projected CS). Recall from Sec. 2.5 that s is an upper bound on |Ti|. Under
assumptions of Theorem 2.2 or or Corollary 2.3, the following hold for k = 1,2,..., K + 2. Let
U, =I-P.P/, ¥, := I_P*p*/_Prot,k—lprot,k—ll fork=2,3,...., K+1, and ¥y, o := I—PP'.
From Algorithm 1,

U=, for teJ, k=1,2,..., K +2.
Assume that I',_1 holds. Then,

1. maxy<o, |I7'Py|| < 0.3 + & < 0.31.

G +e
| sin 6]

2. max|7|<os [[I7 Prot 1] < 0.1+ &+ < 0.1+0.01 +0.04 < 0.15.
3. 625(¥1) <0.312 < 0.12, §25(¥p) < 0.312 +0.152 < 0.12 for k =2,3,..., K + 2,
4. forallt € Ty, |(®7,/®r)7 1 < 1.2

5 forallte Jp, Ti="T;

6. forallt e Ty, e := Ty —xy = € — b + v satisfies (2.10) with ¥ = Wy fort € J

7. fort € Jh, |led] < 2.4yMEVIAT + 0114V Ay);
fort € Ty, |ledl] < 2.4m(EVIAT + GV Aan) fork=2,3,...K;
fort € Tii, |led] < 4.8 /mEVTAT.
fort € Tiyo, |led < 2.4\/775\/79\7#

Proof. Since the noise bound of Theorem 2.2 is much smaller or equal to those assumed by Corollary
2.3, if we can prove the latter, we would have also proved the former. Using the first claim of Lemma
2.11, the max-outlier-frac-col bound of Theorem 2.2 and the incoherence assumption (2.6) imply

that, for any set 7 with |T| < 2s,

I/ P,|| < 0.1 < 0.3 and || I7 Paew|| < 0.1 (2.13)



o1

(In order to simplify our assumptions, we have simplified the incoherence/denseness assumption
from what it was in the original version of this work; as a result, even the first term above is
bounded by 0.1 (not 0.3 as before). To not have to change the rest of the proof given below, we

still use the 0.3 bound in the writing below). Using (2.13), for any set 7 with |7| < 2s,

II7'P.|| < | I (I - P.P/)P.| + | I7'P.P, .|
<|I(I = P.P))P| + |17 P.|
=||(I - P,P,)P,|| +0.3

<E+0.3<0.31 (2.14)

The second row used (2.13) and the following: since P, and P, have the same dimension,
SE(P,, P,) = SE(P,, P,) (follows by Lemma 2.10, item 1). The third row follows using the defini-

tion of event I'y_1. Proceeding similarly for Prot,k,l and P,ey (both have the same dimension),

HIT/Prot,kfIH S ”(I - Pneanew/)Prot,k—lu + HIT/ newH
- H(I - Prot,kflprot,kfl/)PnewH +0.1
< ||(I - P*P*/ - If)romk—lprot,k—l/)PnewH

+ || P Paew || + 0.1

Gh +E

. +£40.1<0.04+0.01+0.1
| sin 6|

< 0.15.

The second row used item 1 of Lemma 2.10 and (2.13). The third row used triangle inequality. The

Prot— Py, cos 6
sin 0

last row follows using Pew = and the definition of event I'y_;. Using this, triangle
inequality and |cosf| < 1, we bound the first term. Using item 3 of Lemma 2.10, we bound the
second term. The final bounds use Fact 2.14.

To get the above bound, we use Py (and not P,y) because ||15*’Pnew\| < ¢ since P, is

orthogonal to P,ey. But we do not have a small upper bound on || P,/ P.o||.
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The third claim follows using the first two claims and Lemma 2.11. The fourth claim follows

from the third claim as follows:

H(‘I’T/‘Pﬁ)_lu S1C 513(\1:) S1o 5;(\11)

< — < 1.2.
—1-0.12 <

The last three claims follow the approach of the proof of [22, Lemma 6.4]. There are minor

differences because we set £ a little differently now and because we assume v; # 0. We provide the

proof in Appendix 2.13. O

Lemma 2.16 (Projection-SVD). Under the assumptions of Theorem 2.2 or Corollary 2.3,
the following holds for k = 1,2,...K. Conditioned on Tj_1, w.p. at least 1 — 12n712,

SE([P*aProt,k]aProt) < C,j, i.e., I'y holds.

Proof. Since the noise bound of Theorem 2.2 is much smaller or equal to those assumed by Corollary
2.3, if we can prove the latter, we would have also proved the former.

Assume that I'y_; holds. The proof first uses Lemma 2.15 to get an expression for e; = Et—ét—l—vt
and then applies Theorem 2.7 with the modification given in Remark 2.8. Using Lemma 2.15, for
all t € Jy,

ét = Et — €t + UV = Kt — I7;(\Il7;’\Il7;)_lI7—t'\Il(£t + ’Ut) + (%

=4 — e — ey + v

where ¥ = I — PP, — prot,k—lprot,k;—ll with If’row =]

In the k-th projection-SVD step, we use these ét’s and P, to get a new estimate of Pjot
using projection-SVD. To bound SE([Px, P k], Prot), We apply Theorem 2.7 (Remark 2.8)!! with
E =Th_q1, ¢ = ét, Wy = —€y, Bt = —€yy + UV, @ > g = ay, and J* = J. We can let
M,,; = —I7; which implies by = max-outlier-frac-row® and M;; = (¥7,'W7) " I7;'®. Using

the max-outlier-frac-row® bound of Theorem 2.2 and Lemma 2.9, the main assumption needed by

1We use Remark 2.8 with &, =T, Z = {Zl,éz, e ,ftj+(k_1)a_1}, and S(Z) =T%-1\ To.
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Theorem 2.7, (2.11), holds. With P = P; satisfying (2.5), and «, defined in (2.9), all the key
assumptions of Theorem 2.7 hold. The simpler expression of «, suffices because we treat n as a
numerical constant and so f2(rlogn) > f2(r + logn) for large n,r.

We now just need to compute gy and ¢yot for each k, ensure that they satisfy (2.12), and apply
the result. The computation for £ = 1 is different from the rest. When £k =1, ¥ = I — 15*15*’ .
Thus, using item 4 of Lemma 2.15 and the definition of event I'y,_1, || M+ P.|| < 1.2 = qo, qo < 2¢,

and

| M1 Prot|| < 1.2(|[I7;' (I = PoP.)Pyey ||| sin 0] + €)
<1.2(| L7 Poewl| + || P Paew||)| sin 0] + 1.2¢

<1.2((0.1 + €)[sin | + &) = grot.-

The third row follows using (2.13) and | P,/ Poey|| < & (folows by item 3 of Lemma 2.10). Using
€ < &f <0.01]sin 6|, clearly ¢t < 0.2]sinf|. Finally, in this interval, the bound on b, is satisfied
since b, = b, and the expression for b, ; in J; is equal to the required upper bound on b,. Applying
Theorem 2.7, SE([Px, Prot 1], Prot) < 0.4Grot + 0.118 = 0.4 - 1.2((0.1 + &) | sin 6] + &) + 0.11 = ¢
Consider k > 1. Now W = I — P,P,/ — Poyi 1Pt 1’ With this, we still have | M ;P,|| <
1.2¢ = qp and g < 2&. But, to bound ||M; P;o|| we cannot use the approach that worked for
k = 1. The reason is that H[IAJ*,IA?rOtyk,l]’ P,ew || is not small. However, instead, we can now use
the fact that [P*,Prot7k_1] is a good estimate of P, with SE([P*,Prot7k_1],Prot) < C,j_l (from

definition of event I'y_1). Thus,

HMl,tProtH S IQSE([P*7 Prot,kflL Prot) (215)

< 1'2@?,1 = Grot-

By Fact 2.14, gyot < 0.2|sin6|. Even in this interval, the required bound on b, holds. Thus, applying

Theorem 2.7, SE([Ps, Pyog k], Prot) < 0.4¢yor + 0.116 = 0.4 - 1.2¢7, +0.116 = ¢ 0
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Lemma 2.17 (Simple SVD based subspace re-estimation). Under the assumptions of Theorem 2.2
or Corollary 2.3, the following holds. Conditioned on T'x, w.p. at least 1 —12n=12, SE(P,P) <é

i.e., I'ry+1 holds.

Proof. Assume that 'k holds. Using Lemma 2.15, for all t € Jx 41,

ét =l —e +v =¥ — ITt(‘I"Tt/\I"];)_lITt,‘II(Et + Ut) =+ vy

=4 — e — ey + v

where @ = I — PP, — Prot, Klf’rot, k. Re-estimating the entire subspace using simple SVD applied
to these ét’s is an instance of correlated-PCA with y; = ét, w; = —e;; and 2y = —ey; + v We
can apply the following result for correlated-PCA [27, Theorem 2.13] to bound SE(P, P). Recall
P contains the top 7 eigenvectors of ), T étég The following is a simplified version of [27,
Theorem 2.13]. It follows by upper bounding A, p p, and )\stt by A\ and lower bound A.p by

zero in [27, Theorem 2.13].

Theorem 2.18. Fort € J%, we are given data vectors y; := €y+w;+2z where wy = My, £, = Pay
and z is small unstructured noise. Let P be the matriz of top r eigenvectors of é Zteja Yy
Assume that My can be decomposed as My = My M 4 so that [|[Ma| <1 but Hé Do MQ,tMQ’t/H <
b for ab < 1. Let q be an upper bound on maxic go ||M 1 P||. We assume that ||z¢|| < b, and define
|E[z:2/]]| < AF :=b%/r. For an esg > 0, define

ap := Cnmax (fQ(rlogn) ¢

ESE

A

—_2
A"€Sh

fr(logn),nf?(rlog9 + 10log n)> .

If o > g, and 3vVbqf + i—{ < 0.46egg, then, w.p. at least 1 — 12n~12, SE(IAD7 P) <egp. .

Apply the above result with y; = ét, Wi = —€ 4, 2t = —€y 1+, a > i, and J¢ = Jg41. From
the expression for e;, we can let My = —I7;, My, = (O5,'W7) 1 I;/®. Next we compute g. Since
T holds, SE([Py, Prot k], P) < £+(j < 28, Thus, | M, P|| < 1.2SE([Py, Pt k], P) < 1.2:28 = q.

The final desired error is esg = £. Using Lemma 2.9 and the max-outlier-frac-row® bound from
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0.52
(32.4f)2"

Theorem 2.2, the bound on the time-average of MQ’tMQ’t/ holds with b = prow = % <
Also, in this interval b2 = CrAt and so A\, = CA" and thus the second term in the g expression
equals the first term. The third term can of course be ignored in the large n,r regime. Applying
the above result with egg = €, and ¢ = 2.4€, we conclude the following: for @ > s, w.p. at least
1—12n"12 SE(P, P) < &. The simpler expression of a, suffices because 7 is treated as a numerical

constant and so f2(rlogn) > f2(r + logn) for large n,r. Also under the assumption of Corollary

2.3, the second term is dominated by the first term. O

Proof of Claim 2.13. Lemma 2.16 tells us that Pr(I'y|Tx—;) > 1 — 12n7'2.  Lemma 2.17
tells us that PF(FK+1‘FK) > 1 - 12%712. Thus, PI‘(FK_H‘F()) = Pr(FK—l—l,FK;---Pl‘FO) =
Pr(T'y|To) Pr(I'2|Ty) ... Pr(Tgy1|Tk) > (1—12n"2)K (1 —12n712). since Ty C T C T 1+ C

I'o. The result follows since (1 — 12n~12)K(1 —12n712) > 1 — (K + 1)12n~12. O

Proof of Theorem 2.2 with fj =t;. Define the events I'1y := {SE(PO,PO) <éh T =T N
{SE([Pj_1, Pjrotr]) < ¢}, for B = 1,2,...,K, Tjgy1 = Djx N {SE(P;,P;)) < &} and
Iji10 == T'jky1. We can state and prove Lemmas 2.16 and 2.17 with I'y replaced by I'j.
Then Claim 2.13 implies that Pr(I'; x1|Tj0) > 1 — 12n~12. Using Fjk+1 € Tyoiggr--- C
Figsy1 €T and Tjpi0 := Tjry1, Pr(Cyr1|T0) = Pr(Cyxg.Tox41, - - Tir1Tio) =
Pr(T'y g41|T1,0) Pr(To x41|T20) - - - Pr(Tyk11|Tu0) > (1= (K +1)12n7 %) > 1-J(K+1)12n12 >
1 —dn 2.

Event I'j k41 implies that I'; ; holds for all j and for all k. Thus, all the SE bounds given in
Theorem 2.2 hold. Using Lemma 2.15, 7, = T; for all the time intervals of interest, and the bounds

on |le:|| hold. O

2.6 Empirical Evaluation

In this section we illustrate the superiority of s-ReProCS over existing state of the art meth-
ods on synthetic and real data. In particular, we consider the task of background subtraction.

All time comparisons are performed on a Desktop Computer with Intel® Xeon E3-1240 8-core
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CPU @ 3.50GHz and 32GB RAM. And all experiments with synthetic data are averaged over 100
independent trials. All codes are available at https://github.com/praneethmurthy/ReProCS.
Similar experiments have been shown in the earlier ReProCS works (original-ReProCS) [22, 11,
16, 34]. The purpose of this section is to illustrate that, even though s-ReProCS is much simpler,
is provably faster and memory efficient, and provably works under much simpler assumptions, its
experimental performance is still similar to that of original-ReProCS. It outperforms existing works

for the same classes of videos and simulated data for which original-reprocs outperforms them.

2.6.1 Synthetic Data

Our first simulation experiment is done to illustrate the advantage of s-ReProCS over existing
batch and online RPCA techniques. As explained earlier, because s-ReProCS exploits dynamics
(slow subspace change), it is provably able to tolerate a much larger fraction of outliers per row than
all the existing techniques without needing uniformly randomly generated support sets. When the
number of subspace changes, J, is large, it also tolerates a significantly larger fraction of outliers
per column. The latter is hard to demonstrate via simulations (making J large will require a very
long sequence). Thus we demonstrate only the former. Our second experiment shows results with
using an i.i.d. Bernoulli model on support change (which is the model assumed in the other works).

One practical instance where outlier fractions per row can be larger than those per column
is in the case of video moving objects that are either occasionally static or slow moving [16, 34].
The outlier support model for our first and second experiments is inspired by this example and
the model used in [16, 34]. It models a 1D video consisting of a person/object of length s pacing
up and down in a room with frequent stops. The object is static for 8 frames at a time and then
moves down. It keeps moving down for a period of 7 frames, after which it turns back up and does
the same thing in the other direction. We let 8 = [co7] for a ¢p < 1. With this model, for any
interval of the form [(k1 — 1)7 + 1, ko7] for ki, ko integers, the outlier fraction per row is bounded
by cg. For any general interval of length o > 7, this max-outlier-frac-row® is still bounded by 2¢g

while max-outlier-frac-col is bounded by s/n.


https://github.com/praneethmurthy/ReProCS
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Model 2.19. Let § = [coT|. Assume that the T; satisfies the following. For the first T frames
(downward motion),
[1, s], tell,p]

[s+1, 2], te[p+1,20]

[(1/co —1)s+ 1, s/col, te[r—p+1,7]
for the next T frames (upward motion), Ty =
[(1/co—1)s+1, s/co], telr+1, 7+ 3]

[(1/co—2)s+1, (1/co—1)s], te[r+6+1,7+25]

1, s, te€2r—p+1,27].

Starting at t = 27 + 1, the above pattern is repeated every 27 frames until the end, t = d.

This model is motivated by the model assumed for the guarantees in older works [16, 34]. The
above model is one practically motivated way to simulate data that is not not generated uniformly
at random (or as i.i.d. Bernoulli, which is approximately the same as the uniform model for large
n). It also provides a way to generate data with a different bounds on outlier fractions per row
and per column. The maximum outlier fraction per column is s/n. For any time interval of length
a > 7, the outlier fraction per row is bounded by 2c¢g. Thus, for Theorem 2.2, with this model,
prow = 2¢o/ f2. By picking 2¢q larger than s/n we can ensure larger outlier fractions per row than
per column.

We compare Algorithm 4 and its offline counterpart with three of the batch methods with prov-
ably guarantees discussed in Sec. 2.2.3 - PCP [5], AltProj [20] and RPCA-GD [33] - and with two
recently proposed online algorithms known to have good experimental performance and for which
code was available - ORPCA [10] and GRASTA [12]. The code for all these techniques are cloned

from the Low-Rank and Sparse library (https://github.com/andrewssobral/lrslibrary).


https://github.com/andrewssobral/lrslibrary
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-~ GRASTA =5 ORPCA —&—s-ReProCS —2— NORST
—&— Offline-NORST —%— Alt Proj —— RPCA-GD

. 16—, 2
(a) SE(Py), Py) (b) Sap

2,000 4,000 6,000 8,000 0 2,000 4,000 6,000
t t

Figure 2.2: First row ((a), (b)): Illustrate the subspace error and the normalized €; error for
n = 5000 and outlier supports generated using Model 2.19. Both the metrics are plotted every
ka — 1 time-frames. The results are averaged over 100 iterations. Second row ((c), (d)) illustrate
the subspace error and the normalized £; error for n = 500 and Bernoulli outlier support model.
They are plotted every ka — 1 time-frames. The plots clearly corroborates the nearly-exponential
decay of the subspace error as well as the error in £;.

For generating data we used d = 8000, tiain = 500, J = 2, r = 5, f = 16 with ¢; = 1000,
0, = 30°, to = 4300, 65 = 1.016; and varying n. The a;’s are zero mean i.i.d uniform random
variables generated exactly as described before and so is Pj). We generated a basis matrix @ by
ortho-normalizing the first r 42 columns of a n x n i.i.d. standard Gaussian matrix. For ¢ € [1, t1),
we set P;) = Py with P being the first 7 columns of Q. We let Py yew be (r+1)-th column of Q, and
rotated it in using (2.5) with Uy = I and with angle 6, to get Pi. We set Py = Py for t € [t1,12).
We set P pnew to be the last column of Q, Uz = I, and rotate using angle 63 just as done in the

first subspace change and finally for ¢ € [t2, d] we set Py = P,. At all times ¢, we let £, = Py)a;
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Table 2.5: Average subspace error SE(Py), P(;)) and time comparison for different values of signal
size n. The values in brackets denote average time taken per frame (- indicates that the algorithm
does not work).

ReProCS  GRASTA  ORPCA Offline ReProCS PCP AltProj RPCA-GD
n =500 (in 10~4s) 0.066 (3.1)  0.996 (2.8) 0.320 (10)  8.25 x 107 (6.3) 1.0 (51) 0.176 (104)  0.215 (454)
n =500, Bern. (in 107%s) 0.044 (4.8)  0.747 (1.9) 0.078 (1.8)  3.9x 1077 (9.2)  1.2x 10~* (395) 0.0001 (32) 0.303 (329)
n = 5000 (in 10~2s) 0.048 (3.7)  0.999 (0.11) 0.322 (0.30)  6.05 x 10~ (8.5)  0.999 (8.9) 0.354 (13.0)  0.223 (47.0)
n = 10,000 (in 10~25) 0.090 (15.6) 0.999 (0.25) 0.3235 (0.68) 0.0006 (36.8) - - -

with a¢ being zero mean, i.i.d uniform random variables such that (a;); ~ unif (—v/f, V/f) for
i=1, -, r—2and (at)p_1, ~ unif(—1,1). With this the condition number is f, the covariance
matrix, A = diag(f, f,---,f,1,1)/3, AT = f/3, Ay, = A\~ = 1/3, and n = 3. We generate T;
using Model 2.19 as follows. For ¢ € [tirain, d], we used s = 0.1n, ¢g = 0.2 and 7 = 100. Thus
prow = 0.4/f%. For t € [1, tyain], we used s = 0.05n and ¢y = 0.02. This was done to ensure that
AltProj (or any other batch technique works well for this period and provides a good initialization).
The magnitudes of the nonzero entries of x; (outliers) were generated s i.i.d uniform r.v.’s between
Tmin = 10 and xpmax = 25.

We implemented Algorithm 4 for s-ReProCS (with initialization using AltProj) with o =
Cf?rlogn = 500, K = [—0.810g(0.98)] = 5, Wsupp = Tmin/2, and weyqs = 0.0025A~. We ini-
tialized using AltProj applied to Y]y, ..1- For the batch methods used in the comparisons — PCP,
AltProj and RPCA-GD, we implement the algorithms on Y[; 4 every ¢ = tirain + ka — 1 frames.
Further, we set the regularization parameter for PCP A = 1//n in accordance with [5]. The other
known parameters, r for Alt-Proj, outlier-fraction for RPCA-GD, are set using the true values. For
online methods we implement the algorithms without modifications. The regularization parameter
for ORPCA was set as with \; = 1/y/n and Ay = 1/V/d according to [10]. We plot the subspace
error and the normalized error of £; over time in Fig. 2.2(a) and 2.2(b) for n = 5000. We dis-
play the time-averaged error for other values of n in Table 2.5. This table also contains the time
comparisons.

As can be seen, s-ReProCS outperforms all the other methods and offline s-ReProCS signifi-
cantly outperforms all the other methods for this experiment. The reason is that the outlier fraction

per row are quite large, but s-ReProCS exploits slow subspace change. In principle, even GRASTA
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exploits slow subspace change, however, it uses approximate methods for computing the SVD and
does not use projection-SVD and hence it fails. s-ReProCS and offline s-ReProCS are faster than
all the batch methods especially for large n. In fact when n = 10000, the batch methods are out
of memory and cannot work, while s-ReProCS still can. But s-ReProCS is slower than GRASTA
and ORPCA.

Comparison with other algorithms - random outlier support using the i.i.d. Bernoulli model.
We generated data exactly as described above with the following change: 7; was now generated
as ii.d. Bernoulli with probability of any index i being in Ui 7Tt being ps = 0.02 for the
first tirain frames and ps; = 0.2 for the subsequent data. Notice that under the Bernoulli model,
Prow = Peol = Ps- We used n = 500. We show the results in Fig. 2.2(c) and 2.2(d). For this
experiment, the batch methods PCP and AltProj have good performance, that is better than

s-ReProCS at most time instants. Offline s-ReProCS still outperforms all the other methods.

2.6.2 Real Data: Background Subtraction

In this section we provide simulation results for on real videos on three benchmark datasets. For
all the sequences, to implement s-ReProCS, we obtained an estimate using the AltProj algorithm.
For the initialization we set r = 40 and the other parameters for the proposed algorithm, were set
as follows. We used o = 60, K = 3, & = H\I’ét,1||2 and wepars = 0.0011A7. We found that these
parameters work for most videos that we verified our algorithm on. For a more detailed empirical
evaluation on real world data-sets, please see [25]. The other state-of-the-art algorithms were
implemented using the default setting. In algorithms where we are required to provide an esimate
of the rank, we used » = 40 consistently. Additionally, for RPCA-GD we set the corruption fraction,
o = 0.2 as described in the paper. We must also mention that the performance of s-ReProCS w.r.t.
original-ReProCS is very similar, but is provably fast, and needs fewer assumptions. Again, a more
detailed comparison is presented in [25].

Meeting Room (MR) dataset: The meeting room sequence is a set of 1964 images of resolution

64 x 80. The first 1755 frames consists of outlier-free data and so we only consider the last 1209
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frames. Here and below, we use the first 400 “noisy” frames as the training data and the algorithm
parameters are set as mentioned before. This is a challenging video sequence because the color
of the person and the color of the curtain are hard to distinguish. s-ReProCS algorithm is able
to perform the separation at around 43 frames per second. The recovered background images are
shown in the first two rows of Fig. 2.3.

Switch Light (SL) dataset: This dataset contains 2100 images of resolution 120 x 160. The
first 770 frames are outlier free. This is a challenging sequence because there are drastic changes in
the subspace as indicated in the last two rows of Fig. 2.3. This causes all the batch techniques to
fail. For this sequence, s-ReProCS achieves a “test” processing rate of 16 frames-per-second. The
recovered background images are shown in the middle two rows of Fig. 2.3.

Lobby (LB) dataset: This dataset contains 1555 images of resolution 128 x 160. The first
341 frames are outlier free. This is a challenging sequence, as the background changes often due to
illumination changes, and there are multiple objects in the foreground to detect and subtract. For
this sequence, s-ReProCS achieves a “test” processing rate of 12 frames-per-second. The images

are shown in the last two rows of Fig. 2.3.

2.7 Conclusions and Future Work

We obtained the first complete guarantee for any online, streaming or dynamic RPCA algorithm
that holds under weakened versions of standard RPCA assumptions, slow subspace change, and
outlier magnitudes are either large or very small. Our guarantee implies that, by exploiting these
extra assumptions, one can significantly weaken the required bound on outlier fractions per row.
This has many important practical implications especially for video analytics. We analyzed a simple
algorithm based on the Recursive Projected Compressive Sensing (ReProCS) framework introduced
n [22]. The algorithm itself is simpler than other previously studied ReProCS-based methods, it
is provably faster, and has near-optimal memory complexity. Moreover, our guarantee removes all

the strong assumptions made by the previous two guarantees for ReProCS-based methods.
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As described earlier, our current result still has limitations, some of which can be removed with
a little more work. For example, it assumes a very simple model on subspace change in which
only one direction can change at any given change time. Of course the changing direction could be
different at different change times, and hence over a long period, the entire subspace could change.
In follow-up work [17], we have studied another algorithm that removes this limitation. Another
issue that we would like to study is whether the lower bound on outlier magnitudes can be relaxed
further if we use the stronger assumption on outlier fractions per row (assume they are of order
1/r). It may be possible to do this by borrowing the AltProj [20] proof idea.

A question of practical and theoretical interest is to develop a streaming version of simple-
ReProCS for dynamic RPCA. A preprint that studies a streaming algorithm for standard RPCA
but only for the restrictive r, = r = 1 setting is [21]. By streaming we mean that the algorithm
makes only one pass through the data and needs storage of order exactly nr. Simple-ReProCS
needs only a little more storage than this, however, it makes multiple passes through the data
in the SVD steps. Algorithmically, streaming ReProCS is easy to develop: one can replace the
projection SVD and SVD steps in the subspace update by their streaming versions, e.g., block
stochastic power method. However, in order to prove that this still works (with maybe an extra
factor of logn in the delay), one would need to analyze the block stochastic power method for the
problems of PCA in data-dependent noise, and for its extension that assumes availability of partial
subspace knowledge. Finally, as explained in [16], any guarantee for dynamic RPCA also provides
a guarantee for dynamic Matrix Completion (MC) as an almost direct corollary. The reason is that

MC can be interpreted as RPCA with outlier supports 7y being known.
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2.9 Appendix A: Proof of Theorem 2.2 or Corollary 2.3 without assuming ¢;

known

The key results needed for this and later proofs — Cauchy-Schwarz for sums of matrices, matrix
Bernstein, and Vershynin’s sub-Gaussian result — are summarized in the last appendix, Appendix
2.15. For a summary of notation used for this and later proofs, please see Table 2.4.

Here we prove Theorem 2.2 in the general case. The main idea is explained in Sec. 2.4.2. Define

fj—l,fin = t};l + Ka+a-—1,
. t. — f'fl )
i = tj—1,fin + [] ; ’fm-‘ a

Thus, fj—l, #in is the time at which the (j — 1)-th subspace update is complete; whp, this occurs
before ¢;. Under this assumption, t;, is such that ¢; lies in the interval [tj,* —a+ l,tj,*]. Recall
from the algorithm that we increment j to j+1 att = fj+Ka+a = fij. Thus, for t € [t;, fij),

® =1 P.P/, while for t € [{; fin,tj11), ® = — PP".
Definition 2.20. Define the events

1. Det0 := {&; = tj.} = {Dmax(E 3277 (I — P,P.))ef,(I — P.P.))) > wepais} and

o t=t; «—a+1

Detl := {fj =tj«+a} = {)\max(é ?:*tjﬁrl(I - RR’)@@(I - 13*15*/)) > Wevals}
2. ProjSVD := ﬁleProjSVD,y€ where ProjSVD,, := {SE([P*, prot,k]) < Clj}7
3. Del := {SE(P, P) < ¢},

4. NoFalseDets := {for all 7% C [t} fin,tj+1), Amax(Z Zteja(I—If’lf”)ét@(I—Plf”)) < Wevals }
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5. Toend := {SE(P,, P,) < &},

6. I'jend :=j_1,ena N ((DetO NProjSVD N Del N NoFalseDets) U (Det0 N Det1 N ProjSVD N DelN

NoFalseDets)).

Let pg denote the probability that, conditioned on I';_1 ¢nq, the change got detected at t =t 4,
i.e., let

po := Pr(DetO|I"j_1 end)-

Thus, Pr(Det0|I'j_1 ena) = 1 —po. It is not easy to bound py. However, as we will see, this will not
be needed.

Assume that I'j_1,end N Det0 holds. Consider the interval J< := [tj7*,tj7* + «). This interval
starts at or after ¢;, so, for all ¢ in this interval, the subspace has changed. For this interval,
v=-&6=1-PP. Applying the last item of Theorem 2.7, w.p. at least 1 — 12n~'2,

M [+ 3 ®h, i
max o tL¢
tege

> (0.97sin” @ — 0.4¢y0¢| sin 0] — 0.15¢] sin 6]) Acn

where gyot is the bound ||(%’ \Ilﬁ)_lIﬁ’ WP,.||. Theorem 2.7 is applicable for the reasons given
in the proof of Lemma 2.16. Proceeding as in the proof of Lemma 2.16 for kK = 1, we get that

drot = 1.2((0.1 4 €)|sinf| + €). Thus, using the bound on &, we can conclude that, w.p. at least

1—12n"12,
1 P .
Amax (a > <I>£te;<1>> > 0.91sin% OAgy,
teg>
> 0.98in% O™ > Wepals
and thus fj = tjs« + a. This follows since weyas = 582M\T = B5E2fAT < BEZFINT <

5(0.01 min; SE(P;_1, P;))?A~ and sin @ = SE(P;j_1, P;). In other words,
Pr(Det1|T;j_1 ena N Det0) > 1 — 120712,

Conditioned on I'j_j ¢ng N Det0 N Detl, the first projection-SVD step is done at ¢ = fj +a=

tj« + 2cc and so on. We can state and prove Lemma 2.16 with I'y replaced by I';.nq N DetO N
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Det1 NProjSVD,; NProjSVD,...ProjSVD,, and with the k-th projection-SVD interval being Jj, :=
[tj + (k — 1)a,tj + ka). We can state and prove a similarly changed version of Lemma 2.17 for the

simple SVD based deletion step. Applying Lemma 2.16 for each k, and then apply Lemma 2.17,
Pr(ProjSVD N Del|T;_1 ena N Det0 N Detl) > (1 — 12n12)K+1,

We can also do a similar thing for the case when the change is detected at ¢; ., i.e. when Det0 holds.
In this case, we replace I'y by I'j eng N DetO N ProjSVD; N ProjSVD, ... ProjSVD, and conclude
that

Pr(ProjSVD N Del|T;j_1 ena N Det0) > (1 — 12n~12)KFL,

Finally consider the NoFalseDets event. First, assume that I';_1 ¢ng N DetO N ProjSVD N Del
holds. Consider any interval J C [¢; fin,tj+1). In this interval, P(t) =P, U =®&=1-PP
and SE(P, P) < &. Also, using Lemma 2.15, e; satisfies (2.10) for ¢ in this interval. Thus, defining
ery = Iy, (U7 Ur) LWy, ey = By (U7 Wy ) 7 Boy and 2 = ey + Doy

1 - 1
- Z S04,/ = —DP <Z atat'> P&
(6] (6]

teJ> teJ«

1 1
+ - > Bley + () + - > @4z + ()

tegJ™ tegJ™
+l g €€ t/+l E zz
o T o
tege tege

We can bound the first term using Vershynin’s sub-Gaussian result (Theorem 2.28) and the other
terms using matrix Bernstein (Theorem 2.27). The approach is similar to that of the proof of
Lemma 2.24. The derivation is more straightforward in this case, since for the above interval
|TP| = |®P| <éE The required bounds on « are also the same as those needed for Lemma 2.24
to hold. We conclude that, w.p. at least 1 — 12n~12,

1 A A
Amax <a > wmg&)

teJ«
< EAT 4+ 0.01AT)[1 4 6/prowf (1.2)% + 6 f\/prowl.2]

< 26§2f>\_ < Weypals
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This follows since wepars = HE2AT = 582 fA~. Since Det0 holds, fj = t;+. Thus, we have a total

of Lthrlitj,*iKaiaJ

- intervals J¢ that are subsets of [£; fin,tj+1). Moreover, ij <

o =

Ltj+1_tj —Ka—«a
(0%

] < LtH;_tJ’J — (K +1) since a < ov. Thus,

Pr(NoFalseDets|I';_1 eng N Det0 N ProjSVD N Del)

> (1 - 120712l 1= ()

On the other hand, if we condition on I';_; ¢ng N Det0 M Detl N ProjSVD N Del, then fj =t + o
Thus,

Pr(NoFalseDets|I'j_1 ¢na N DetO N Detl N ProjSVD N Del)

> (1— 12”712)L7t9’+{tjj—(1<+2)

We can now combine the above facts to bound Pr(I'jend|I'j—1end). Recall that py :=

Pr(DetO|I';_1 end). Clearly, the events (Det0 N ProjSVD N Del N NoFalseDets) and (Det0 N Detl N
ProjSVD N Del N NoFalseDets) are disjoint. Thus,

Pr(Fj,end|Fj—1,end)
= po Pr(ProjSVD N Del N NoFalseDets|I"j_1 cng N Det0)
+ (1 — po) Pr(Det1|T'j_1 ena N Det0) x

Pr(ProjSVD N Del N NoFalseDets|I"j_1 eng N Det0 N Det1)

2 po(l _ 12n—12)K+1(1 _ 12n—12)Ltj+i_th_(K+1)

+ (1 —po)(1 —12n712)(1 — 12n~12)KF1x

(1 — 12n712) 5= (4

ti+17t

=(1-12n" ) > 1 — 122l
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Since the events I'; .nq are nested, the above implies that
Pr(FJ,end‘FO,end) - H PI‘(Fj,end’ijl,end)
J
Z H(l . 12n—12)tj+1—tj
J
=(1-12n"2)% > 1 - 12dn "2

2.10 Appendix B: Proof of Theorem 2.7: PCA in data-dependent noise with

partial subspace knowledge

We prove Theorem 2.7 with the modification given in Remark 2.8. Thus we condition on &

defined in the remark. Recall that ® := I — P,P,’. Let
R
‘i’Prot Q: Erothot (216)

denote the reduced QR decomposition of (®P,y). Here, and in the rest of this proof, we write
things in a general fashion to allow P, to contain more than one direction. This makes it easier
to understand how our guarantees extend to the more general case (Pt being an n X r, basis

matrix with re, > 1) easier. The proof uses the following simple lemma at various places.
Lemma 2.21. Assume that & holds. Then,

1. || M4 Pax|| < qo, [[M1:Pen|| < qo and ||Mi ¢ Prot|| < Grot

2. |®Pux| <& [|®Pu| <& [[®Prew| <1,

3. | Reot|| = || ®Prog|| < &| cos 6] + |sinf] < & + | sin |

4. Omin(Rerot) = Omin(PPot) > /sin? 0(1 — £2) — 22| sin 6§

5. || @L:|| < 28/nrAt + |sinf|v/nAen-

Proof of Lemma 2.21. Item 1 follows because |Mi:Py| < q < 2¢ and |M.P.| =

| M1 4[Prix, Pen]|| > || M+ Psx||. Similarly, [[M; Pyl > || M Pepl||. The first two claims of item 2
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follow because ||®Py|| < & and the bound on item 1. Third claim uses ||® Ppew|| < ||®|||| Paew|| = 1-
The fourth claim uses triangle inequality and definition of P,y. For Item 3, recall that ® P, &

E,tR.ot. Thus, 0;(Ryot) = 0i(PPiot). Thus || Rrot]| = [|PProt|| < €+ |sind|

Item 4: From above, omin(Riot) =  min(P®Prot). Moreover, opmin(®PPot) =

\/)\min(Pmt’@’@Pmt) = \/)\min (Prot’ @ Pyot). We bound this as follows. Recall that ® = I — P.P, .

Amin (Prot’ @ Prot) = Amin(cos” 0 Py’ ® Pey,)
+ Amin (sin? 0 Puey’ @ Preyw)
— 2| sinf|| cos 0| || P/ ® Poew ||
> 0 + Amin (5in? O Pyey’ @ Proy ) — 26| sin 6|
= sin? O Amin (I — PneW’P*P*'PneW) — 2£| sin 0]
= sin? 0(1 — || Poew' Py ||?) — 22| sin 6|
> sin? A(1 — &%) — 2¢|sin |

The last inequality used Lemma 2.10.

Item 5: Using the previous items and the definition of 7,

H(I)etH = ||(I)(Pﬁxa't,ﬁx + Protat,ch)H

< | @ Pixay six|| + | @ Prot @y cnll

< (é nrat + (€| cos | + | sin 0|)\/7]rch)\ch>

2.11 Appendix C: Proof of Theorem 2.7
Proof of Theorem 2.7. We have

SE(P7 P) = SE([P*, Prot]a [Pﬁxa Prot])
< SE([P*, Prot]a Pﬁx) + SE([P*, Prot]a Prot)

< e+ SE([ﬁ*, Prot}a Prot)
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where the last inequality used Lemma 2.21. Consider SE([P*, Pmt], P,o).

SE([P*7 Prot}; Prot) S H(I - Protprot/)Erot

[ Rorot |

< SE(Prot, Erot) (€ + | sin b)) (2.17)

The last inequality used Lemma 2.21. To bound SE(Prot, E..), we use the Davis-Kahan sin6

theorem [9] given below.

Theorem 2.22 (Davis-Kahan sin 6 theorem). Consider n x n Hermitian matrices, D and D such

that
r A 0 E’
D= |FE EJ_:|
- 0 Arest EL,
. I A O F’
D= FFJ
- 0 Arest FJ_I

where [E, E, ] and [F, F\| are orthogonal matrices and rank(F') = rank(E). Let
H=D-D.

If Ain(A) — Amax(Arest) — [[H|| > 0 and rank(E) = rank(F'), then,

IH|

I-FF)E| < '
I( VB < S A (A — TH

(2.18)

To use this result to bound SE(PrOt, E,.), let D:=D,, = é > Pyy/ ®. Its top eigenvector
is If’mt. We need to define a matrix D that is such that its top eigenvector is Ey.o and the gap

between its first and second eigenvalues is more than || H||. Consider the matrix

D = ErotAErot/ + Erot,LArestErot,L/ where
1
A= E, <a > wtet’q>> Eot,

1
Avest 1= Erot,L/ <Oé Z ¢’etetli)) Erot,L'
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If Amax(Arest) < Amin(A), then Ey. is the top eigenvector of D. Moreover, if Apax(Arest) <

Amin(A) — || H ||, then the gap requirement holds too. Thus, by the sin @ theorem,

SE(Protu Erot) = H (I - Protprot/> Erot

_ ]
B )\mln(A) - AmaX(AreSt) - ||H||

(2.19)

Here again, we should point out that, in the simple case that we consider where P,y is a vector (only
one direction changes), A is a non-negative scalar and A\pin(A) = A. However the above discussion
applies even in the general case when 7o, > 1. The rest of the proof obtains high probability bounds

on the terms in the above expression. |[H|| = HD - ﬁH can be bounded as follows.

Lemma 2.23. Let

termll = 1 3" B Frot/ @8/ ®E,o1 | B, 1. Then,
1
H|<2|=Y ®w,/®| + 2|term11
I < 2|2 3 @@ 42 rerm]
+ lg dw;w,/' ®|| + 2 lg Ol 2,/ P
o twe a t~t

1
=) Pz2/P
+ o Z 2zt H
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Proof of Lemma 2.23. Recall that H = D — D. Thus

a 1 l 1 !
H = (D— aZwtet <I>) + (aZwtet <I>—D)
1 1
= - P i I 0.0,/ P
<a Z Yty o Z 223 )
1
+ < (ErotErot/ + Erot,LErot,L/) a Z (I)etet/q)x
(ErotErotl + Erot,J_Erot,J_/) - D)
= lz¢>w£'@+lz<§£w’@
o ttt a t Wt
1 1
— D20,/ P+ — Ol 2,/ P
EOMETEEFITERY
1 1
— b '® + = i '®
+<az W Wy —i-az 22t )
1
+ < Z ErotErot/q)etet/q)Erot,J_Erot,J_/>
«

1
+ < Z Erot,LErot,Lli’etet/‘I’ErotErot,>
o
Using triangle inequality the bound follows. O

The next lemma obtains high probability bounds on the above terms and the two other terms

from (2.19).

Lemma 2.24. Assume that the assumptions of Theorem 2.7 with the modification given in Remark

2.8 hold. Let ¢y = 0.01]sin6|(Z + qrot), €1 = 0.01(g%; + 2), and e3 = 0.01. For an a > ag :=

Cnmax {fr logn, nf?(r+ log n)}, conditioned on &y, all the following hold w.p. at least 1—12n"12:

L[5 Xy ®lw/®|| < [vbo (28%f + (€ + |sin 0])qrot) + €] Ach,

2. |13, Bwiw/®|| < [V (422F + a2) + 1] Aan,

3. Amin(A) > (sin? (1 — &%) — 2¢]sin0|)(1 — e2) Aen, — 26(€ + | sin b)) ez Aenr,
4 Amax(Arest) < E2AT + 2ea)cn,

5. [[term11|| < [E2f + 2&%€; + & sin O]ez|] Ach.
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6. Hé Zt <I>£tzt"I’H S EO)\ch

7|2, @2z ®|| < [(4E3f + ¢2y) + 1] A

Using Lemma 2.24 and substituting for €, €1, €2, we conclude the following. Conditioned on &,

with probability at least 1 — 12n~12,

SE(prota Erot) §

2v/bo [282f + (& + | sin0])grot | + v/bo [482f + 2]
+2 [€2f + 28%¢5 + &|sin 0|€2] + 4eg + 2€;
(sin? 0(1 — £2) — 28| sin0])(1 — €2) '
—28(E + |sinf|)ea — (82 + &%¢5) — numer

where numer denotes the numerator expression. The numerator, numer, expression can be simpli-
fied to
numer < grot [24/Prowf (€ + | sinf|) + 0.04] sin 6|]
+ ot (v/0 +0.02) + E[(8/Browe f +2)2f
+ (26 + | sin6])0.01 + 0.04] sin 6| + 0.02¢].
Further, using £f < 0.01|sinf|, v/bg < 0.1 and gyt < 0.2|sin 6],

numer < | sin 0](0.242¢yo + 0.078) + 0.12¢2,

< | 5in 0](0.27¢yot + 0.072)

This can be loosely upper bounded by 0.26sin? . We use this loose upper bound when this term

appears in the denominator. Following a similar approach for the denominator, denoted denom,

denom

28 38%,  £2f  numer
|sinf] sin?0 sin?6  sin?6
numer

sin2 0

> sin? 6 [1 — &2

> gin2 0 [0.95 _ ] > 0.69sin2 0

Thus,

. (0.27grot + 0.078) | sin 6]
SE(Piot, Frot) <
(Prot, Brot) < 0.69sin2

0.39qe0; + 0.18
| sin 6|

)
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Using (2.17) and € < &f < 0.01]sin 4|,

0.39¢rot + 0.1
| sin ]

0.39¢rot + 0.1

| sin 4|

SE(P, P.o) < (£ + |sin6))
< 1.01|sin 6|

< 0.40¢yot + 0.11€.
Proof of the last claim: lower bound on Amax(Dgps). Using Weyl’s inequality,

Amax(Dobs) Z )\maX(D) - ”HH Z )\max(A) - ||H||

Using the bounds from Lemmas 2.23 and 2.24 and (2.12), we get the lower bound. O

2.12 Appendix D: Proof of Lemma 2.24: high probability bounds on the sin 6

theorem bound terms

Proof of Lemma 2.2/. Recall the definition of the event & from Remark 2.8. To prove this lemma,
we first bound the probabilities of all the events conditioned on {P,, Z}, for values of {P,, Z} € &.

Then we use the following simple fact.

Fact 2.25. If Pr(Event|{P,, Z}) > po for all {P,, Z} € &, then,
Pr(Event|&) > po.

In the discussion below, we condition on {P,, Z}, for values of {P,, Z} in &. Conditioned on
{15*, Z}, the matrices Eyo, Eror, 1, ®, etc, are constants (not random). All the terms that we bound
in this lemma are either of the form ), ;o g1 (P,, 2)/ g2(P,, Z), for some functions g1(.), g2(.),
or are sub-matrices of such a term.

Since the pair {P*,Z } is independent of the £,’s for t € J%, and these ¢;’s are mutually
independent, hence, even conditioned on {13*, Z}, the same holds: the £;’s for t € J% are mutually

independent. Thus, once we condition on {15*, Z}, the summands in the terms we need to bound are
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mutually independent. As a result, matrix Bernstein (Theorem 2.27) or Vershynin’s sub-Gaussian
result (Theorem 2.28) are applicable.

Item 1: In the proof of this and later items, we condition on {13*, Z}, for values of {13*, Z} in
&o.

Since ||®|| =1,

<

1 1
— Z <I>£twt’<I> — Z @Etwt’
o t « t

To bound the RHS above, we will apply matriz Bernstein (Theorem 2.27) with Z; = ®L,w,’. As

explained above, conditioned on {15*, Z}, the Z’s are mutually independent. We first obtain a
bound on the expected value of the time average of the Z;’s and then compute R and ¢? needed

by Theorem 2.27. By Cauchy-Schwarz,

1
E|— ®Lw,
BA

(a)
<

2 2
1
= H ~> " ®PAP' M,/ M,/
«
t

1 > (®PAP'M, ) (My;PAP'®)

(0%
t

X

1
— Z My My,
@5

) o

< bo |max |@PAP' M, /|||

< to i (| Pou P/ M|
+ H'I’ProtAchProt,Ml,t,H )2:|

< bo [EqoAT + (€ + | sin ) C]rot)\ch]2 (2.20)

where (a) follows by Cauchy-Schwarz (Theorem 2.26) with X; = ® PAP'M, ;' and Y; = My,
(b) follows from the assumption on My, and the last inequality follows from Lemma 2.21. Using

q0 < 257

1
HE |:C¥ Z i’ﬁtwt/:| H < \/% [252)\+ + (5+ ’Sin HD Qrot)‘ch] .
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To compute R, using Lemma 2.21 and using gy < 2¢ and g0 < |siné)|,

| Ze]| < (| L] [Jw]| < (5 nrat + (€ + |Sin9\)\/n>\ch>
(%\/ NrAT + Grot/ n/\ch)

< A2nrAt + | sin 0] grotNAch

+ 2en/r AT Aen (Grot + | sin6))

< 1] sin OnrAT + c2| sin 0|qrotn Ach

=R
for numerical constants ci, ca. Next we compute o2. Since w;’s are bounded r.v.’s, we have

1 1
a ; E[Zt Zt,] a ; E [(I)Etwt’wtft'il]

1
— HQE[HthQ wtet’@]H

< (maXHthg)
wt

< (88%mrAT 4+ 2¢2 mAeh)

1 > E[®44,/ D]
« t

(28°AT + sin® OAcn)
< Clqr20t sin” ‘977<)\ch)2 + 282 sin? AT A
= Ul
for numerical constants ¢; and c3. The above bounds again used gy < 2¢ and gy < |sinf|.

For bounding Hé > ElZ Zt]” we get the same expression except for the values of ¢1, co. Thus,

applying matrix Bernstein (Theorem 2.27) followed by Fact 2.25,
Pr( |1 @
ol tWt

< v Prow f [252)‘+ + (5 + |Sin0‘)Qrot)\ch} + €

5

-«
9% R
4dmax =+, =
€ €

>1—2nexp
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Let € = eg Ay, where €9 = 0.01sin6(got + €). Then, clearly,

N

o

) < enmax{l, fr} =enfr, and

B < enmax{l, fr} =ecnfr.
€

Hence, for the probability to be of the form 1 — 2n~'? we require that a > a(1) where

aqy = C-nf(rlogn)

Thus, if @ > «a(y), conditioned on &, the bound on Hé > lw, '1>H given in Lemma 2.24 holds
w.p. at least 1 — 2n~12.
Item 2: We use Theorem 2.27 (matrix Bernstein) with Z; := ®w,w,’®. The proof approach

is similar to that of the proof of item 1. First we bound the norm of the expectation of the time

average of Z;:

o |

1
— g ‘I’Mthl,tPAPIMLt,MZt/‘I’H
o

1
< —E My M, ,PAP' M, /M,
o

(a) (
<

1/2
[m?X HMQ,tMl,tPAP,Ml,t(')/HZ} )

1
—Y My, My
« t

(b)

< Vo [max || My PAP My My, ||

(c)

< Vo [AY + G Aen] < Vo [48227T + gl Aan] -

(a) follows from Cauchy-Schwarz (Theorem 2.26) with X; = My and Y; = My ;PAP' M,/ M> ',

(b) follows from the assumption on My, and (c) follows from Lemma 2.21. The last inequality
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used qp < 2. To obtain R,

2] = || @i, ®|
< 2 (|[€ M P sl + @M Prora)
< 2 (@ AT + groren)

< 8E%rmAT +2¢2 A = R

To obtain o2,

=D E[Sw(@w) (Rw,)w/'®]

1 Z]E[@wtwt’tb H<I>wt||2]

«
t

< <max H<I>'wt]2> |®@M, PAP' M, 3|
wt

< 2(ggrnA T + @ZemAen) (@A + @oopAen)

< e1gmn(Aen)? + 202 Eonr AT Ay 1= 0

Applying matrix Bernstein (Theorem 2.27) followed by Fact 2.25, we have
Pr ( 50)

>1 —ac

—nexp | =———+—
- P 2(0? + Re)
Let € = €1, €1 = 0.01(¢%; + &2). Then we get

< by [48220F + 2] + €

1
— Z i)wtwt"I’
@ t

R o?
— <cnpmax{l, rf}, and — < cpmax{l, rf}.
€ €

For the success probability to be of the form 1 — 2n~'? we require a > a(9) where
o) == Cn-13f(rlogn)

Thus, if > 05(2),

Pr (|| 3, Pwiw,/®|| < [Vbo (462f + ¢2) + €1] Aanl&0) = 1 —n~12.
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Item 8: Expanding the expression for A,
1
A= Erotlépﬁx < Z at,ﬁxat,ﬁx,> Pﬁx/(I)Erot
@

1

+ Erot/(I)Prot < Z at,chat,ch,> Prot,(i'Erot
a t

+ term1 + term1’

where term1 := E,' ® Pqy ( é > Ot fix @y cn’ ) P,/ PE,,. Since the first term on the RHS is positive

semi-definite,
Amin(A)
1
> Amin (Erot/(I)Prot ( Z at,chat,ch/> Prot/q)Erot)
-
+ Amin(term1 + term1’)

1
> Amin <Er0t/(I)Prot < Z at,chat,ch,) Prot/(I’Erot)
@ t

1
-2 Erot,q)Prot ( Z at,chat,ﬁx/> Pﬁx/(I)Erot (221)
« t

Under our current assumptions, the a; q,’s are scalars, so A and é >t Gtch@ycn’ are actually scalars.
However, we write things in a general fashion (allowing a;q,’s to be ro, length vectors), so as to

make our later discussion of the rq, > 1 case easier. Using (2.21),
A111111(44)
1
> )\min (Erot/q)ProtProth)Erot) )\min (a Z at,cha't,ch/>
t
1
-2 HErot/‘I)ProtH HPﬁx/@ErotH H (a ; at,chat,ﬁx/) H
. - o 1
> (S1n2 6(1 — 52) — 2| sin 0]) Amin (a Z atchat,ch')

¢
s 1 /
—28(€ 4+ |sind)) o Z aichlifix ||| -
t

(2.22)
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The second inequality follows using E,ot’®Prot = FErot' ErotRiot = Ryt and Lemma 2.21. The
first inequality is straightforward if a;cp’s are scalars (current setting); it follows using Ostrowski’s
theorem [13] in the general case.

To bound the remaining terms in the above expression, we use Vershynin’s sub-Gaussian result
[29, Theorem 5.39] summarized in Theorem 2.28. To apply this, recall that (a;); are bounded
random variables satisfying |(a:);| < v/n)\;. Hence they are sub-Gaussian with sub-Gaussian norm
Vi [29]. Using [29, Lemma 5.24], the vectors a; are also sub-Gaussian with sub-Gaussian norm

bounded by max; v/nA; = +/nAT. Thus, applying Theorem 2.28 with K = /nAtT, € = e\,

C(rlog9+ 10 logn)f2
€

N = a, ny =, followed by using Fact 2.25, if o > a3 = , then,

< €2)en 50> >1-—2n" 12 (2.23)

{lopeers

We could also have used matrix Bernstein to bound ||}, aa;’||. However, since the a;’s are r-length

vectors and r < n, the Vershynin result requires a smaller lower bound on «a.
If B; is a sub-matrix of a matrix B, then ||Bj|| < ||B||. Thus, we can also use (2.23) for

bounding the norm of various sub-matrices of (é Yoracay — A). Doing this, we get

( max ( Z ay fix At fix ) < AT + €2Ach gO)
go)

>1- _

( min ( Z Q¢ ch Gt ch ) > Ach — €2Ach gO)

12
>1-2n""2 and (2.26)
12

(2.24)

<>\max ( Z Q¢ chQt ch ) < Aeh + €Ak

(2.25)

>

< €e2Ach

( Zat ch@t ﬁx & >

>1—2n" (2.27)
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Combining (2.22), (2.26) and (2.27), if o > a3,

Pr (Amm(A) > (sin?0(1 — &%) — 28] sinf])(1 — €2)Aepr

—2E(€ + | sinf])eaAch

50> >1—4n~12 (2.28)
Item 4: Recall that E,, |'®Pyoy = 0. Thus,

Amax(Arest) < )\max (Erot,J_/(I)PﬁxPﬁxléErot,J_) X

1
)\max (a ; at,ﬁxat,ﬁx/) (229)

where the last inequality follows from Ostrowski’s theorem [13]. Using this and (2.24), if a > a3,

Pr (Amax(AreSt) < ENT + Be)g 50> >1—2n"12
Item 5: Recall that
termll = é Y ErotErot! ®L8)/ ®E, o | Frot, 1. As in earlier items, we can expand this into a sum of
four terms using €; = Psx@y fix + Prot@rch. Then using Eyo | '@ Proy = 0 and || Erot|| = || Evot, 1 || = 1,

we get
1
[term11|| < ||® Pgxl| HPﬁX/@H Amax (a ;at,ﬁxat,ﬁxl)

1
+ ”cI)Pro‘cH HPﬁX/@H Ha Z aft,ﬁxat,ch, (230)
t

Using (2.24) and (2.27), if o > o3), w.p. at least 1 — 4n~'?, conditioned on &, [term1l| <
E2(NT + e9hen) + (E(€ + | sinb]))e2 Ach-
Item 6: Consider Hé ot <I’£tzt’H. We will apply matrix Bernstein (Theorem 2.27). We have

HE[% Do @Etzt’] H = 0 since #;’s are independent of z;’s and both are zero mean. We obtain R as
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follows

[ @22/ = [|[®L:]] ]| 2]

< (5 nm++(5+ysiney)m) b

< (25\/W+ |sin9|m> (qu/rT“r Qrot\/le>
<48/ A + [ sin 0 grory/TAen

+ 28 /TV/TA e (gror + | sin 0])

< c1€]sin0|\/nrAT + cal sin 0| qrot /N Aeh = R

for numerical constants ¢, ca. Next we compute o2 as follows. First consider

i Z E [(I)Etzt’ztﬂt’q)]
t

1
= HaEmzt”Qq)ftetl‘ﬁ]H

1
2 /
< <mz63X||th > HO‘ Et E[®£.£, ®]

< (88%rAT + 22 Aen) (282AT 4 sin” O\ gy)

< e1¢2 sin? 0n(Aen)? + c2é2nrsin? OAT Ny, = o7

we note here that since b2 = rA}, the other term in the expression for o2 is the same (modulo
constants) as o?. Furthermore, notice that the expressions for both R and o2 are the same as the
ones obtained in Item 1. Thus, we use the same deviation, €y here, and hence also obtain the same
sample complexity, a; i.e., we let € = €Ay where ¢g = 0.01sin6(qror + €), and obtain a > a(y
derived in item 1.

Item 7: This term follows in a similar fashion as Item 2, 6 and a > «ay) suffices. 0

2.13 Appendix E: Proof of Projected CS Lemma

Proof of Lemma 2.15. The first four claims were already proved below the lemma statement.
Consider the fifth claim (exact support recovery). Recall that for any ¢ € Ji, v; satisfies

o] < C(2EVIAT + G (VAa) = by (for t € Ji and ¢t € Jy the bounds are the same) with
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C = /1, and thus b; := ¥(€; 4 v;) satisfies

[be]l = [[®(Le + ve)|| < [T + ([T [[ve]
< (BVrmT + Gy Vida)
+ /7 (25\/7~T+ + c,j_l\/ﬁ)
<27 <2éx/rT+ +0.551.0.06| sine\\/E)
=bpt = 2by

From the lower bound on Zmin in Theorem 2.2 or that in Corollary 2.3, by < Zmin,¢/15. Also, we

set & = Zminyt/15. Using these facts, and d25(¥) < 0.12 < 0.15 (third claim of this lemma), [4,

Theorem 1.2] implies that

|T1,cs — 2| < 7€ = T@min,e /15
Thus,
|(Ztes — xt)i| < ||Btes — || < T2mint/15 < Trmin,t/2
We have Weyppt = Tmin,t/2. Consider an index i € T;. Since |(¢)i| > Tmin,t,
Trmingt — [(Rr.es)il < [(@e)i] = [(Bres)il

Tmin,t

2

< |(wt - it,es)i‘ <

Thus, [(¢es)i] > % = Wsupp,t Which means i € 7. Hence T; C T;. Next, consider any j ¢ Ti.

Then, (z;); = 0 and so

[(Ztes)jl = [(Zres) )] — (@)1

Lmin,t

S Bres)j — (xe)j] < by <

which implies j ¢ 7; and so 7; € 7;. Thus 7; = T.
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With 7} = T, the sixth claim follows easily. Since 7; is the support of @y, ; = I7;I7;x;, and

SO

& = Iy, (U7, Og) ' Wy (WL, + W)

= I'Tt (‘1’7;/‘1’7;)_1 I"[;I‘I’(Et + ’Ut) + T

since Or,'¥ = I W'W = I;'W. Thus e; = & — ; satisfies (2.10). Using (2.10) and the earlier

claims,

ledll < || (@7 @)~ | 117 @ (81 + w0)

< 12 [|| 7wl + o]
When k=1, ¥ = I — P,P,/. Thus, using (2.13) and || P,/ Pyey|| < & (follows from Lemma 2.10),

|17 WLy || < [[ O P, gix | [| s six |
+ (| Py ch cos 0] + || I7,"® Poew sin ) || ar,cnl|
< Enrat
+ €| cos O]v/nAen + (0.1 + &)| sin O]/ Aen

< 28\/mrAt 4+ 0.11] sin 0|v/nAcn

also, in this interval, b, < 2&y/nrAt + 0.11]sinf|y/nAcn so that e < 24 -
<25\/m')\++0.11\sin0\\/77)\ch) When k > 1, [|I7;/ L] < |[®&| < &/rnp At + ¢ vVnAa. and
the same bound holds on b, ; so that |e:]| <2.4- (5\/1"7))\* + C;ip”ﬁ\ch) O

2.14 Appendix F: Time complexity of s-ReProCS

The time-consuming steps of s-ReProCS are either [y minimization or the subspace update
steps. Support estimation and LS steps are much faster and hence can be ignored for this discussion.
The computational complexity of {; minimization (if the best solver were used) [30] is the cost of
multiplying the CS matrix or its transpose with a vector times log(1/e) if € is the bound on the

error w.r.t. the true minimizer of the program. In ReProCS, the CS matrix is of the form I — pp
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where P is of size n x r or nx (r+1), thus multiplying a vector with it takes time O(nr). Thus, the
[1 minimization complexity per frame is O(nrlog(1/e€)), and thus the total cost for d — tiain frames
is O(nrlog(1/€)(d — tirain))- The subspace update step consists of (d — tirain — Ja)/« rank one
SVD’s on an n x a matrix (for either detecting subspace change or for projection-SVD) and J rank
r SVD’s on an n x a matrix (for subspace re-estimation). Thus the subspace update complexity
is at most O(n(d — tirain)rlog(1/€)) and the total ReProCS complexity (without the initialization
step) is O(n(d — tirain)7 log(1/e€)).

If we assume that the initialization uses AltProj, AltProj is applied to a matrix of size n X ttrain
with rank r. Thus the initialization complexity is O(ntainr? log(1/€)). If instead GD [33] is used,
then the time complexity is reduced to O(ntipainr f log(1/€)). Treating f as a constant (our discus-
sion treats condition numbers as constants), the final complexity of s-ReProCS is O(ndrlog(1/e)).

If s-ReProCS is used to only solve the RPCA problem (compute column span of the entire
matrix L), then the SVD based subspace re-estimation step can be removed. With this change, the
complexity of s-ReProCS (without the initialization step) reduces to just O(ndlog(1/¢)) since only
1-SVDs are needed. Of course this would mean a slightly tighter bound on max-outlier-frac-col is

required — it will need to be less than ¢/(r + J).

2.15 Appendix G: Preliminaries: Cauchy-Schwarz, matrix Bernstein and

Vershynin’s sub-Gaussian result

Cauchy-Schwarz for sums of matrices says the following [22].

Theorem 2.26. For matrices X andY we have

;thXtY/ ;th X, X, ;thYzY/

Matrix Bernstein [24], conditioned on another r.v. X, says the following.

2

< (2.31)

Theorem 2.27. Given an a-length sequence of ni X no dimensional random matrices and a r.v.

X Assume the following. For all X € C, (i) conditioned on X, the matrices Z; are mutually
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independent, (i) P(|Z|| < R|X) =1, and (iii) max {||2 >, E[Z/Z,|X]|, |1 >, E[Z:Z/|X]||} <

| o)

>1—(n1 + ng)exp <2(J_2a+61%)> for all X €C.

o2. Then, for an € > 0,

Y EIZX]

t

< +e

t

Vershynin’s result for matrices with independent sub-Gaussian rows [29, Theorem 5.39], condi-

tioned on another r.v. X, says the following.

Theorem 2.28. Given an N-length sequence of sub-Gaussian random vectors w; in R™, an r.v
X, and a set C. Assume that for all X € C, (i) w; are conditionally independent given X; (ii)

the sub-Gaussian norm of w; is bounded by K for alli. Let W := [wy,ws,...,wy]|". Then for an

%)

) for all X € C. (2.32)

0 < e <1 we have

Lww — Lemw
IP’(HNWW NE[WW\X]HSE

ce2N

4K4

>1—2exp <nwlog9—
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Original s- ReProCS(lG 5ms) AltProj (26 Oms) RPCA- GD(29 5ms) GRASTA (2 5ms) PCP (44 6ms)

Original s-ReProCS(85.4ms) AltProj(95.7ms) RPCA-GD(122.5ms)GRASTA (22.6ms) PCP (318.3ms)

Original s-ReProCS(72.5ms)AltProj (133.1ms)RPCA-GD(113.6ms)GRASTA (18.9ms) PCP (240.7ms)

Figure 2.3: Comparison of background recovery performance is Foreground-Background Separation
tasks for MR (first two rows), SL (middle two rows) and LB (last two rows) sequences (first two rows).
The recovered background images are shown at ¢t = tan + 140,630 for MR, ¢ = tipaim + 200,999
for SL, and ¢ = tirain + 260, 610 for LB. Notice that for the LB sequence, all algorithms work fairly
well. In the MR sequence, since the s-ReProCS is able to tolerate larger max-outlier-frac-row, it is
able to completely remove the person. Further, only s-ReProCS background does not contain the
person or even his shadow. All others do. Finally, in the SL sequence, it is demonstrated that the
changing subspace model is much more appropriate for long sequences since only s-ReProCS and
GRASTA are able to recognize that the background has changed. GRASTA contains some artifacts,
but s-ReProCS is able to clearly isolate the person. The time taken per frame (in milliseconds) is
shown in parentheses above the respective video sequence. In all the videos, notice that s-ReProCS
is also faster than all algorithms with the exception of GRASTA which only works for the lobby
sequence that involves very little background changes.
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CHAPTER 3. NEARLY OPTIMAL ROBUST SUBSPACE TRACKING

Praneeth Narayanamurthy and Namrata Vaswani
Dept. of Electrical and Computer Engineering, lowa State University, Ames, IA, 50010

Modified from a manuscript published in IEEE Journal of Selected Areas in Information Theory

Abstract

This work studies the robust subspace tracking (ST) problem. Robust ST can be simply
understood as a (slow) time-varying subspace extension of robust PCA. It assumes that the true
data lies in a low-dimensional subspace that is either fixed or changes slowly with time. The goal is
to track the changing subspaces over time in the presence of additive sparse outliers and to do this
quickly (with a short delay). We introduce a “fast” mini-batch robust ST solution that is provably
correct under mild assumptions. Here “fast” means two things: (i) the subspace changes can be
detected and the subspaces can be tracked with near-optimal delay, and (ii) the time complexity
of doing this is the same as that of simple (non-robust) PCA. Our main result assumes piecewise
constant subspaces (needed for identifiability), but we also provide a corollary for the case when
there is a little change at each time.

A second contribution is a novel non-asymptotic guarantee for PCA in linearly data-dependent
noise. An important setting where this is useful is for linearly data dependent noise that is sparse
with support that changes enough over time. The analysis of the subspace update step of our

proposed robust ST solution uses this result.

3.1 Introduction

Principal Components Analysis (PCA) is one of the most widely used and well studied dimension

reduction techniques. It is solved via singular value decomposition (SVD) following by retaining
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the top r singular vectors for getting an r-dimensional subspace approximation. Robust PCA
(RPCA) refers to PCA in the presence of outliers. According to [3], it can be defined as the
problem of decomposing a given data matrix into the sum of a low-rank matrix (true data) and a
sparse matrix (outliers). The column space of the low-rank matrix then gives the desired principal
subspace (PCA solution). A common application of RPCA is in video analytics in separating
a video into a slow-changing background image sequence (modeled as a low-rank matrix) and a
foreground image sequence consisting of moving objects or people (modeled as a sparse matrix)
[3]. The RPCA problem has been extensively studied in the last decade since [3, 5] introduced the
principal components pursuit solution and obtained the first guarantees for it. Follow-up work by
Hsu et al [13] studied it further. Later work [25, 38, 6] has developed provable non-convex solutions
that are much faster. Alternating Projections or AltProj was the first such approach [25].

Robust Subspace Tracking (ST) can be simply understood as a (slow) time-varying subspace
extension of RPCA. It assumes that the true data lies in a low-dimensional subspace that is either
fixed or changes slowly with time. We focus on slow changing subspaces because it is not clear
how to distinguish the effect of a sudden subspace change from that of an outlier. The goal is
to track the changing subspaces over time in the presence of additive sparse outliers and to do
this quickly (with a short delay). Time-varying subspaces is a more appropriate model for long
data sequences, e.g., long surveillance videos, since if a single subspace model is used, the resulting
matrix may not be sufficiently low-rank. Moreover the tracking setting (short tracking delay) is
needed for applications where near real-time estimates are needed, e.g., video-based surveillance
(object tracking), monitoring seismological activity, or detection of anomalous behavior in dynamic
social networks. While many heuristics exist for robust ST, e.g., [27, 28, 11, 9, 8, 15, 42], there has
been little work on provably correct solutions [39, 24]. The first result [39] needed many restrictive
assumptions (most importantly it required assumptions on intermediate algorithm estimates) and
a large tracking delay (the delay was proportional to 1/¢2 to get a ¢ accurate estimate). The second
one [24] significantly improved upon [39], but still required a very specific model on subspace change,

needed an e-accurate initial subspace estimate in order to guarantee e-accurate recovery at later
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time instants, and its tracking delay was r-times sub-optimal. Our work builds on [24] and removes
these, and two other more technical, limitations that we explained later.

Contributions. This work has two contributions. (1) First, we introduce a “fast” mini-batch
robust ST solution that is provably correct under mild assumptions. Here “fast” means two things:
(i) the subspace changes can be detected and the subspaces can be tracked with near-optimal delay
(the number of data samples required to track an r-dimensional subspace of R™ to e accuracy is
within log factors of r); and (ii) the time complexity of doing this is just O(ndrlog(1/¢)), which is,
order-wise, the same as that of solving the basic (non-robust) PCA problem for an n xd matrix. Our
main result assumes piecewise constant subspaces (needed for identifiability), but we also provide
a corollary for the case when there is a little change at each time. (2) Our second contribution
is a novel non-asymptotic guarantee for PCA in data-dependent noise that satisfies certain simple
assumptions. An important setting where these hold is for linearly data dependent noise that is
sparse with enough support changes over time. This problem occurs in the subspace update step of
our proposed robust ST solution. The PCA result is also of independent interest. As an example,
it is useful for analyzing PCA and subspace tracking with missing data [10].

Organization. We first summarize our notation and then provide a brief discussion of the
significance of our PCA guarantee and how it is used in analyzing our robust ST solution next. In
Sec. 3.2, we present the result for PCA in data-dependent noise and its corollary for the sparse data-
dependent noise case. In Sec. 3.3, we define the robust ST problem, state the assumptions required
to ensure its identifiability, develop the nearly (delay) optimal robust subspace tracker (NORST)
algorithm for solving it, and provide and discuss the correctness guarantee for it. Related work is
discussed in detail in Sec. 3.4. Two important extensions of our result are provided in Sec. 3.5.
We provide a proof of the correctness guarantee for NORST in Sec. 3.6. Empirical evaluation on
synthetic and real-world datasets is described in Sec. 3.7. We conclude and discuss future directions

in Sec. 3.8.
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3.1.1 Notation

We use the interval notation [a,b] to refer to all integers between a and b, inclusive, and we
use [a,b) := [a,b — 1]. |.|| denotes the Iy norm for vectors and induced Iy norm for matrices
unless specified otherwise, and ’ denotes transpose. We use My to denote a sub-matrix of M
formed by its columns indexed by entries in the set 7. In our algorithm statements, we use
ﬁt;a = [ét_a+l, bioio,. .. ,ét] and SV D,[M] to refer to the matrix of top of r left singular vectors
of the matrix M. A matrix P with mutually orthonormal columns is referred to as a basis matriz;
it represents the subspace spanned by its columns. For basis matrices Py, Py, SE(P;, Py) =
(I — P, P)P;|| quantifies the Subspace Error (distance) between their respective subspaces. This
is equal to the sine of the largest principal angle between the subspaces. If P; and P» are of the

same dimension, SE(Py, Py) = SE(Py, Py). We reuse the letters C,c to denote different numerical

constants in each use with the convention that C > 1 and ¢ < 1.

3.1.2 Significance and novelty of our PCA result and its use to analyze Robust Sub-

space Tracking

There is little existing work that explicitly studies PCA (solved via SVD) in the presence
of data-dependent noise (work that exploits knowledge of the data-dependency structure of the
noise)!. Our work provides a guarantee for one such setting; the setting is motivated by PCA
in sparse linearly data-dependent noise (PCA-SDDN). This problem occurs when studying the
SVD solution for solving (i) PCA with missing data, (ii) ST with missing data, and (iii) robust
ST (with outliers and with and without missing data). We briefly explain the technical novelty
of our result here. Let W denote the sparse linearly data-dependent noise matrix corrupting a
true low rank r data matrix L. We observe y; = £ + wy, t = 1,2,...,« with £, = Pay, P is
an n X r matrix with orthonormal columns and r < n. Since w; is linearly data-dependent and

sparse, without loss of generality, we can express it as wy = Iy, M, £; with T; = support(w;)

1Of course any work on PCA for an approximately low rank matrix makes no assumptions on true data or noise
and thus does implicitly allow data-dependent noise as well. However, this type of work does not exploit knowledge
of how the noise depends on the data.
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and M being the data-dependency matrix at time/column t. Let b denote the maximum of the
fraction of nonzero entries in any row of W. We compute the PCA estimate, P, as the r-SVD of
Y :=[yi1,Y92,...,Ya] =L+ W.

(1) The sparsity of the noise along with a careful application of the Cauchy-Schwarz inequality
implies that |[E[1 3, wyw,/]|| < Vbmax, |[E[w,w;']||, i.e., the time-averaged noise power is at most
Vb times its maximum instantaneous value. Thus, if b is small enough (noise support changes
sufficiently across columns), the former is much smaller than the latter. (2) Since w; depends on
£, this means that the data-noise correlation E[€w;’] is not zero and, its time-averaged value,
IE[L 3", &:w,]|, is in fact the dominant term in the perturbation || Y'Y’ — LL'|| that governs the
subspace recovery error, SE(P, P). Again using Cauchy-Schwarz and sparsity of w;, we can show
that |E[L 3", w,']|| < Vbmax; |E[€;w,]||. Thus, even though signal-noise correlation is not zero
(and is, in fact, proportional to signal power), its time-averaged value is /b times smaller. Since
SE(P, P) 5 I¥YY'~LL'| \}op the numerator is small enough (by Davis-Kahan sin § theorem), the

A (LL)

above two facts imply that

(2max; | M ;3| + max; | M SM] ||)
Ar(X)

SE(P,P) S Vb

Here X := E[€.£}] PYP pAP!, ¢ := max, |M;:P|, and f denotes the condition number of A ? ¢
can be understood as the noise-to-signal ratio and is thus a measure of the noise level. (3) Suppose
that the a;’s are i.i.d. and bounded, i.e., [|a¢||* < prAmax(X). Since the noise is data-dependent,
and since we assume that our data £; is generated from a low (r) dimensional subspace, we can
use the above facts and matrix-Bernstein [30] to show that SE(P, P) < e with high probability,
1 — 3n710, if the sample complexity « is Q(Z—zn% logn). Thus, in order to achieve a recovery error
e that is fraction of the noise level, ¢, the required sample complexity is near optimal (is within log

factors of r).

%If £, is not stationary, ¥ := 1 3~ E[£:£;], in this case one needs to redefine f = max; [|[E[£.£}]||/\-(Z).

@
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In the above discussion we have assumed zero uncorrelated noise, but our actual result also
handles that. This can model the fact that the true data is only approximately low rank. Moreover
it provides a guarantee for a more general setting than PCA-SDDN.

Use to analyze Robust ST. For solving the robust ST problem (recover £; and its subspace
from y; := £, + x; where x; denotes the sparse outlier at time t), we develop a mini-batch algorithm
that (a) processes the observed data to return an estimate of £, ét, at each time ¢; and (b) uses
a-mini-batches of ¢, to compute a new estimate of the current subspace. This process is repeated
K times with K new a-length mini-batches for the current subspace; after this time, the algorithm
enters a “subspace change detect” phase. Denote the estimate from the k-th iteration by p,.
Suppose that the processing is such that (i) ¢, = £, + w; where wy; is sparse and data-dependent
noise whose support equals the set of outlier entries at time t; and (ii) ¢ := maxy [|[MP|| is
proportional to the subspace recovery error from iteration £ — 1, i.e., qp = C SE(Pk_l,P) and
qr < 2. In defining g, the max is taken over the mini-batch used in iteration k. We can use our
PCA result to show that SE(Py, P) S Vb(2q, + ¢7)k < kvb6gx and thus g4y = C SE(Py, P) S
6CKVbg = 6C’/<;\/BSE(15/€,1,P). Thus, if b is small enough, clearly, gx11, and hence, SE(Pk,P),
decreases by a constant fraction in each new iteration (the decay is geometric). Since the error in

recovering £, satisfies |[€; — £;]|/|/€¢]| < qi, this also decays geometrically with each iteration.

3.2 PCA in Data-Dependent Noise
3.2.1 Problem Setting
Fort=1,2,--- & we are given y; € R" that satisfies
Yy, =€ +w; +vy, where £ = Pa;, w; = M4, (3.1)

P is an n X r basis matrix with r < n; £; is the true data vectors that lies in an r-dimensional
subspace of R", span(P); a;’s are the projections of £,’s onto this subspace; w; is data-dependent
noise with M; being the data-dependency matrix at time ¢; and v, is uncorrelated noise. This

means that E[€;v,'] = 0 for all times ¢. Here a; and v; are treated as random variables (r.v.), while
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everything else is deterministic. The goal is to estimate span(P) from the observed data stream

yt,t:1,2,...,a.

3.2.2 SVD solution and guarantee for it

SVD Solution. We compute the subspace estimate P as the matrix of top r left singular
vectors of Y := [y1,¥y2,...,Ys]. Equivalently it is the matrix of top r eigenvectors of éZt Yy
We make the following assumptions on the subspace coefficients, a;, and the uncorrelated noise,

V¢.

Assumption 3.29 (Statistical Assumption on a;). Assume that the a;’s are zero mean; mutually
independent; have identical diagonal covariance matriz A, i.e., that Elaia| = A; and are bounded:

max [|a¢||?> < prAmax(A). Define AT := Apax(A), A7 := Amin(A), f:= 5.

As we explain in Sec. 3.3, this assumption is almost equivalent to assuming p-incoherence of the
right singular vectors of the matrix L := [£1,£s,...,£,]. We call it u statistical right incoherence

there.

Assumption 3.30 (Statistical Assumption on v;). Assume that v, is uncorrelated with £, i.e.,

E[;vy'] = 0, and v ’s are zero-mean, independent and identically distributed (i.i.d.) with covariance
2

3, = E[lvw], and are bounded. Let N\ := || X, || be the noise power and let ry, := %@vt”z be the

effective noise dimension.

For a decomposition of the data-dependency matrix M; as My = My M, ; with ||May,|| =1,

let
g = max | M P, and (3.2)
b= liM My, (3.3)
=13 2,6 M ¢ :
t=1
Observe that b < max; | Ma;]|> = 1. In many settings, for example, when w; is sparse with

changing support, b is much smaller than one. Our result given below exploits this fact.
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Theorem 3.31 (PCA in Data-Dependent Noise). Consider the data y; defined by (3.1); and
assume that Assumptions 3.29 and 3.30 hold. Also assume that wy = M€; with the parameters

b,q satisfying b <1, ¢ < 2, and 4V/bqf + i—{ + H(a) + Hyenom () < 1. Here,

rlogn A rlogn
H(a) := C/maf ag + Oy T2/ ag,

rlogn

Hienom(a) == Cy/nf . (3.4)

a

Then, with probability at least 1—10n"1°, the matriz of top r eigenvectors ofé > Yy, p, satisfies

abgf + 2% + H()

SE(P, P) < -
1-— 4\/5qf - iqi - H<Oé> - Hdenom(a)

Theorem 3.31 is proved in Appendix 3.10. It uses the Davis-Kahan sin © theorem [7] followed
by matrix Bernstein [30] to bound each term. To understand Theorem 3.31 simply, first assume
that v; = 0 and H (), Hgenom () are small enough (« is large enough). From the definition of ¢,
the instantaneous signal-noise correlation |E[£;w;’]|| < gA\T and the instantaneous data-dependent
noise power |E[w;w,]|| < ¢?A*. Thus ¢ is the data-dependent noise-to-signal ratio. Also, A* and
A~ quantify the maximum and the minimum signal power respectively. The PCA subspace recovery
error depends on the ratio between the sum of (time-averaged values of) signal-noise correlation
and noise power and the minimum signal space eigenvalue A~. By Cauchy-Schwarz, it is not hard
to see that the time-averaged values of both these quantities satisfies || 3¢ | E[w,w,/]|| < NN
and |1 3¢ | E[6,w,/]|| < VbgAT. Thus, if b < 1, the time-averaged values are significantly smaller
than the instantaneous ones and this is what helps us get a small bound on the subspace recovery
error. For a constant ¢; < 1, by assuming b < (c1/4f)?, we can ensure that SE(P, P) < ciq, i.e.,
the subspace recovery error is a fraction of g.

In the general case when vy # 0, we can guarantee that SE(P, P) is at most ¢; max(g, A /A7).

3.2.3 Application to PCA in Sparse Data-Dependent Noise (PCA-SDDN)

An important application of the above result is for data-dependent noise, w;, that is sparse.

In this work we will show how a guarantee for PCA in sparse data-dependent noise (PCA-SDDN)
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helps obtain a fast and delay-optimal robust ST algorithm. If we set My = I7; then wy is sparse

with support 7;. Thus fort =1,2, - ,«
Yt = Et + w; + vy, where Et = Pat, wy = I7;M8,t£t, (35)

The assumption on b is now equivalent to a bound on the maximum fraction of non-zero entries
in any row of W := [wy, -+ ,w,]. To see why this is true, notice that b = 1|| 3% | I'.I7’||. The
matrix ), I, I7;" is a diagonal matrix with (7,4)-th entry equal to the number of times ¢ for which
1 € T¢. This is the same as the number of nonzero entries in the i-th row of W. Using this fact we

get the following corollary.

Corollary 3.32 (PCA in Sparse Data-Dependent Noise). Assume that y;’s satisfy (3.5), Assump-
tions 3.29, 3.30 hold, and q := max; || M, P| < 2. Let b denote the mazimum fraction of nonzeros

. . . + .
in any row of the noise matriz [wi, wa, ..., wy], and let g := i—i For an esg > 0, if

4Vbqf + g < 0.4esE,

and if
2 £2
a > o ;= C'max <q2f rlogn, %—f max(7y, 1) logn> ,
€SE €SE

then w.p. at least 1 — 10019, SE(P,P) < esp.

This corollary follows from Theorem 3.31 by picking « large enough so that H(«) < egg/10 and
Hienom(a) < 1/10 (since this term appears in the denominator, we do not need it to be smaller
than egg, just a constant upper bound suffices).

Corollary 3.32 shows that it is possible to achieve recovery error that is a fraction of ¢, i.e,
esg = a1q, if (i) 4V/bf < 0.8¢; (the data-dependent noise support changes enough over time so
that b is small), (ii) A} < 0.8ciesgA™ (the uncorrelated noise power is small enough), and (iii)
a > Cmax(f?rlogn, f es%«: max(r,,7)logn). Notice that the sample complexity « increases with
1/esp = 1/(c1q). However, if we can make a stronger assumption that A\ < 0.8c1e2pA~, then

we only need o > Cmax(f?rlogn, f max(r,,r)logn). Furthermore if r, < Cr, then just a >
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Cf?rlogn suffices. Treating f as a numerical constant, observe that this sample complexity is
order-wise near-optimal: r is the minimum number of samples needed to even define a subspace.
In particular, in the setting when v; = 0, if the noise support changes enough so that b is
small enough, we can estimate the subspace to a fraction of the square root of the noise level, g,
using just order rlogn samples. The reason this is possible is because the a;’s are bounded and
w; = M;Pa; and so the “randomness” in w; is only r-dimensional (this has implications for what
matrix Bernstein returns for the required sample complexity). When v; # 0, we have a similar
result: if v; has effective dimension that is of order r, we can still track to esg = cmax(q, \/g), here

g is the square root of uncorrelated noise level.

3.2.4 Generalizations of Theorem 3.31

For notational simplicity, in Theorem 3.31, we have provided a simple result that suffices for
the correctness proof of our robust ST algorithm. We state and prove a much more general result in
Appendix that relaxes this result in three ways. First, it replaces the identically distributed assump-

ok i= maxy Amax(A¢)

tion on a; and wv; by the following: let A := >, Ay/a, Ay := Amin(A), A,
and A\ = max¢ Amax(Zv,t). It requires that the distributions are “similar” enough so that

v,max
[ = Mhax/Mavg 1s bounded by a numerical constant and A/ . replaces A\ in H(a) and Hgenom ()
expressions.

Secondly, it replaces A" by ||[P'2,Py| in the numerator, while —\} in the denominator gets
replaced by —(Amax(Xy — PP'X, PP’) — Apin (P2, P)). Here again, in case of time-varying statis-
tics, the minimum eigenvalues get replaced by the minimum eigenvalue of the average covariance
matrix while the maximum ones get replaced by the maximum eigenvalue over all times ¢. Thirdly,
we also provide a guarantee for the case when a;’s and v;’s are sub-Gaussian random vectors. In
this case, the required sample complexity increases to order n instead of max(r,r,)logn that we
have for the bounded case result given above.

These last two changes allow us to recover the well known result for PCA under the Gaussian

spiked covariance model (uncorrelated isotropic noise) [21] as a special case of our most general
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result. Spiked covariance means w; = 0 and X, = A\fI. Thus, ¢ = 0, [|[P'Z,P.|| = 0 and
|X, — P’Y,P| — | P'2,P| = 0 and so we get the following corollary.

Corollary 3.33 (Spiked Covariance Model, Gaussian noise [21]). In the setting of Theorem 3.31,

if wy = 0 (no data-dependent noise), ¥, = NI, and a;, vy are Gaussian, then, w.p. at least

1—5exp(—cn), SE(P,P) < ]-_H(a)l;lg—?jeno'm(a). with H(«) = Cﬁ\/gf\/g, Hienom(a) = Cﬁf\/g

+
andgzi—”_.

If a;, v are bounded then H (), Hyenom(c) are as given in Theorem 3.31.

Notice that, under the spiked covariance model, as long as we let the sample complexity o grow
with the noise level g, we do not need any bound on noise power. For example, the noise power
A could even be larger than A\~. This is possible because, under this model, E[}", y:y;/a] =
PAP’ + X! I. Thus, its matrix of top r eigenvectors equals P. As a result, the error between p
and P is only due to the fact that we are using a finite o to approximate the expected value. In

other words, we only have statistical error. The “bias” terms are zero.

3.3 Nearly Optimal Robust Subspace Tracking (NORST)

In this section, we define the robust ST problem, explain the assumptions needed to make it
identifiable, and then explain our proposed mini-batch solution and its guarantee.
3.3.1 Problem setting and algorithm design constraints
At each time ¢, we observe a data vector y; € R"™ that satisfies
Y= +xp +vg, fort =1,2,...,d (3.6)

where v; is small unstructured noise, x; is the sparse outlier vector, and #; is the true data vector

that lies in a fixed or slowly changing low-dimensional subspace of R", i.e.,
Bt = P(t)at

where Py is an n X r basis matrix with » < n and with [|(I — P_1)P;_1)") P)|| small compared to

| P)ll = 1. We use T; to denote the support set of ;. As an example, in the video application, y; is
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the video image at time/frame t, £; is the background at time ¢, 7; is the support of the foreground
at t, and x; equals the difference between foreground and background images on 7; while being
zero everywhere else. Slow subspace change is typically a valid assumption for background images
of videos taken using a static camera. Given a good initial subspace estimate, Py, the goal is
to develop a mini-batch algorithm to track span(P(t)) and £; either immediately or within a short
delay. A by-product is that x;, and 7T can also be tracked accurately. The initial subspace estimate,
P,, can be computed by applying a few iterations of any existing RPCA solutions, e.g., PCP [3] or
AltProj [25], on the first order  data points, i.e., on Y}, 1, with fipain = C7.

Dynamic RPCA. This is the offline version of the above problem. Define matrices L, X,V,Y
with L = [€1,£s,...£4] and with Y, X, V similarly defined. The goal is to recover L and its column
space with accuracy €. We use r;, to denote the rank of L. The maximum fraction of nonzeros in
any row (column) of the outlier matrix X is denoted by max-outlier-frac-row (max-outlier-frac-col).

Algorithm constraints.  We will develop a nearly real-time tracking algorithm that (i)
computes an online estimate of x; and its support 7z, and of £; immediately at each time ¢ using
the previous subspace estimate, P(t_l), and observed data y;; (ii) it updates the subspace estimates
in a mini-batch fashion; and (iii) it provides improved smoothing estimates of all quantities after a
delay that is within log factors of r. As we explain in Sec. 3.3.5, recovering x;, 7;, and £; one at a
time is the only way to obtain improved row-wise outlier tolerance compared to standard RPCA.
However with doing this, correct recovery requires one extra assumption: slow enough subspace

change compared to the minimum outlier magnitude.

3.3.2 Nearly Optimal Robust ST (NORST) via Recursive Projected Compressive

Sensing (CS): main idea

The algorithm begins with an initial subspace estimate P,. At each time ¢, we use P(t—l) and
y¢ to solve a noisy projected compressive sensing (CS) problem to estimate x; and its support 7y
from ¢y, = Yay + b,. Here ¥ =T — 15(,5,1)15(15,1)’, vt = Py, and by = WL, + Yo, (is small under

the slow subspace change assumption). This step uses /; minimization followed by thresholding to
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estimate 7;, and Least Squares (LS) on ’f; to get ;. We compute ét by subtraction as ét = Y — L.
Every a time instants, we update the subspace estimate by solving the PCA problem using the
previous « £,’s as observed data, i.e., by 7-SVD on IALM. This is repeated K times, each time with
a new set of « ét’s. At this point, the algorithm enters the subspace change detect phase. The
complete algorithm is specified in Algorithm 6, and explained in detail in Sec 3.3.7. Besides o and
K, it has two other parameters: ¢ (assumed upper bound on ||b:||) and wgyp, (threshold used for

support recovery).

3.3.3 Identifiability and other assumptions

For this discussion assume that v; = 0. At each time ¢ we have just one n-length observed
data vector y; but the subspace P; is specified by nr scalars (it is an r-dimensional subspace of
R™). Thus, even if we had perfect data y; = £; available, it would be impossible to estimate each
different P;. One way to address this is by assuming that the P,’s do not change for at least r time

instants.

Assumption 3.34 (Piecewise Constant Subspace Change). Let t1,...t;,...t; denote the subspace

change times. Let to =1 and tj+1 = d. Assume that
Py = Pj for allt € [tj,tjy1), j=1,2,...,J,

with tj4 1 —t; > r. Since yy = £+ xy (is imperfect), our guarantee needs a larger lower bound than

T.

Even with the above assumption, a sparse x; and its support 7; cannot be correctly distinguished
from £, = Pja; without more assumptions. Correct recovery of ; and 7; requires that (i) the x;’s
are sparse enough (ensured by bounding the maximum allowed outlier fractions per column), (ii)
the columns of P; are not sparse (ensured by the standard incoherence/denseness assumption from
the RPCA literature [4, 3, 25]), and (iii) the a;’s are bounded. (iv) Correct support recovery
also requires subspace change that is slow enough compared to the minimum nonzero entry of ay

(minimum outlier magnitude), denoted x,i,. Correct subspace update requires that (v) the r x «
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sub-matrices formed by a mini-batch of a;’s are well-conditioned, and (vi) the outlier support 7;
changes enough over time so that there is at least one outlier-free observation of each scalar entry
of £; in each mini-batch of y;’s. One way to ensure (v) is to assume that the a;’s are i.i.d. while
(vi) can be ensured by bounding the maximum fraction of outliers in any row of any a-mini-batch
sub-matrix of X. We use max-outlier-frac-row(«) to denote this quantity. We summarize the above
assumptions on P;’s and a;’s in Assumption 3.35, those on the outlier fractions in Assumption 3.36,

and slow subspace change compared to Zpy;, in Assumption 3.37.
Assumption 3.35 (u-Incoherence). Assume the following.

1. (Left Incoherence) Assume that P;’s are p-incoherent with p being a numerical constant. This

means that maxi—12_n ||(P;)®|? < pr/n. Here PY) denotes the i-th row of P.

2. (Statistical Right Incoherence) Assume Assumption 3.29, i.e., the subspace coefficients a; are
zero mean, mutually independent, have identical diagonal covariance matriz A := Ela.aj],
and are bounded: max; ||a¢||? < prdmax(A). Let AT (A7), f:= AT /X~ denote the mazimum

(minimum,) eigenvalue and condition number of A.

The second assumption above allows us to obtain high probability upper bounds on the tracking
delay of our approach. As we explain later in Sec. 3.3.6, it can be interpreted as a statistical version
of right singular vectors’ incoherence. The incoherence assumption on P; is nearly equivalent to
left singular vectors’ incoherence. It is exactly equivalent if we consider the sub-matrices L; :=

[etjazthrla s 7£tj+1*1]'

Assumption 3.36 (Outliers are spread out). Let maz-outlier-frac-col := max;|T|/n; let
mazx-outlier-frac-row(a)) be the mazimum fraction of nonzeros per row of any sub-matriz of
X(tirain,d] With a consecutive columns, and let maz-outlier-frac-row,;; be the mazimum fraction

Assume that maz-outlier-frac-col < <&

of outliers per row of any sub-matriz of X4 .- T
maz-outlier-frac-row(a) < %, and maz-outlier-frac-row,;; < .
Assumption 3.37 (Slow subspace change). Let Tmin = mingminer; |(2¢);| and let SE; :=

SE(P;_1, Pj). Assume that SE; < 0.8 and SE; < %f/";\‘%
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The order notation used here and below assumes that f, u are constants.

3.3.4 Guarantees

Before stating our main result, we define a few terms next.

Definition 3.38. Let the mini-batch size o := C f?rlogn, the number of subspace update iterations
needed to get an € accurate estimate, K = K(e) := C'log(A/e), where A := max; SE;, noise power
AF = maxy ||[E[vv]||, and effective noise dimension, 1, := %W Recall from Algorithm 6

that fj denotes the time at which the j-th subspace change is detected.
We have the following result.

Theorem 3.39. Assume that Assumptions 3.34, 3.35, 8.36, and 3.37 hold. Assume that the noise
vy is bounded, i.i.d. over time, independent of T¢, uncorrelated with £, i.e., B[] = 0, and with

ry < Cr, and \/W < 0.01. Also, assume that £;’s and T¢’s are independent.

Pick an e that satisfies c\/A\f /A~ < & < min (c;;# 3“/‘\%,0.01). Consider Algorithm 6 with

K — K(E) as deﬁned ClbO’Ue, a = CfQ,r, log N, Wepals = 252)\4') g = Qjmin/]_l{.) and wsupp = $min/2. -[f
1. maxy ||v¢]| < e5Tmin,

2. tiy1 —t; > (K + 2)a, and SE; > 9¢/fe

3. initialization®: SE(PO, Py) < min (Cﬁ# f/’;‘%, 0.25) ;

then, w.p. at least 1 — 10dn=19,

(e + SE;) ift € [tj, t; + ),
(0.3)k=1(e + SE;) ift € [tj + (k — Do, t; + ka),
5 ifte€lt; + Ka+a,tjn),

and ||€; — & < 1.2SE(Py), Pyy)l€c] + [lve|;

3 This can be satisfied by using Clogr iterations of AltProj [25] on the first toain = Cr data samples.
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2. T, = T; and the bound on ||&, — x4|| is the same as that on |, — £]).
The time complexity is O(ndrlog(1/€)) and memory complezity is O(na) = O(f?nrlogn).

Proof. We prove this in Sec. 3.6. O

We have the following corollary for the smoothing NORST algorithm (last few lines of Algorithm

6). This is also a mini-batch approach with mini-batch size (K + 2)a (instead of a for NORST).

Corollary 3.40. [Smoothing NORST for dynamic RPCA] Under the assumptions of Theorem 3.39,
the following also hold: SE(P(SSIOOthmg, Py)) <e, ||é§m00thing — || < ellle]| + ||ve]| at all times t. Its
time complexity is O(ndrlog(1/e)) and memory complezity is O(Kna) = O(nrlognlog(l/e)). All

these quantities are computed within a delay of at most (K + 2)a.

The above result guarantees that NORST can detect subspace changes in delay at most a =
Crlogn and track them to e accuracy in delay at most (K +2)a = Crlognlog(A/e). The corollary
for smoothing NORST guarantees that, with this delay, each column of L, £, is recovered to e
relative accuracy. The minimum delay needed to compute an r-dimensional subspace even with
perfect data y; = £; is r. Thus, our result guarantees near optimal detection and tracking delay
(“near optimal” means that it is within log factors of the minimum delay). Moreover, the required
lower bound on the delay between subspace change times is also near optimal. Quick and reliable
change detection is an important feature, e.g., this feature has been used in [26] to detect structural
changes in a dynamic social network.

When the extra unstructured noise vy = 0, we can track to any € > 0 otherwise we can track
to € > /A /A~ (square root of the noise level). It is possible to slightly relax this requirement to
e > A\l /A\~ by picking a larger a, a = C(rlogn)(A~/\}), but it cannot be eliminated. The reason
is that at each time t, we have an under-determined set of equations corrupted by unstructured noise
v;. Even assuming the subspace is known or has been perfectly estimated, it is under-determined:
we have n + r unknowns at each time ¢ but only n observed scalars. This is also true for any other

under-determined problem as well, e.g., standard RPCA or CS*.

4To address a reviewer comment, one cannot get a consistent estimator for our problem, nor for standard RPCA or
CS. Consistent estimator means that the recovery error goes to zero as the number of observed data points increases.
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Notice also that we have assumed that the “effective noise dimension”, r,, € O(r). This require-
ment can be eliminated if we set a = C'f? max(r,r,) logn.

From the perspective of recovering the true data £;, both v; and x; are noise or perturbations.
The difference is that v; is a vector of small disturbances or modeling errors, while x; is a sparse
outlier vector with few nonzero entries. By definition, an outlier is an infrequent but large distur-
bance. Our result tolerates what can be called “bi-level perturbations”: the small perturbation v,
needs to be small enough and the minimum outlier magnitude x;, needs to be large enough so
that ||vg]| < 0.22min (minimum outlier magnitude). Moreover, zmi, also needs to be large enough to
satisfy Assumption 3.37. The need for both these assumptions is explained in Sec. 3.3.5. Assuming
that 22, is of order AT (signal power), Assumption 3.37 requires that SE; be O(1//r). However
this is not as restrictive as it may seem. The reason is that SE(.) is only measuring the sine of the
largest principal angle. If all principal angles are roughly equal, then, this still allows the chordal
subspace distance (l2 norm of the vector of sines of all r principal angles) [37] to be O(1).

Our result assumes a minor lower bound on SE;. This is needed to guarantee reliable subspace
change detection. Changes that are smaller than order € cannot be detected when the previous
subspace is only tracked to accuracy €. However, such changes also increase the tracking error only
by an extra factor of € and hence can be treated as noise. If change detection is not important,
then, as we explain in Sec. 3.5, we can use a simpler NORST algorithm that does not need the
lower bound.

Consider the piecewise constant subspace change assumption. In practice, e.g., in the video
application, typically the subspaces change by a little at each time. This can be modeled as
piecewise constant subspaces plus modeling error v;. We explain this point in Sec. 3.5 where we
also provide a corollary for this setting. This corollary explains why the NORST algorithm “works”

(gives good, but not perfect, subspace estimates and estimates of £;) for real videos or for simulated

For example for Least Squares estimation, one can show the estimator is consistent. But this is true because number
of observed data points increases while the number of unknowns remains constant. In our case, the number of
unknowns also increases with time ¢: at each ¢, we have (n + r) unknowns even if P; has been estimated.
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data generated so that P; changes a little at each t; see Sec. 3.7 and more detailed experiments in
[32].

To keep the theorem statement simple, we have used tighter bounds than required. Define
the intervals Jj1 = [tj,t; + a), Tjx = [tj + (k — D tj + ka) for k = 2,3,.... K, and Jj x+1 =
[t; + (K + 1)a,tj41). Fort € Jjx, for k = 1,2,..., K, we only need 0.3*7!(¢ + SE;)vrAT <
cmine7; |(@4)i, .., the required lower bound on the minimum outlier magnitude at time ¢ decreases
as the subspaces get estimated better. For the outliers x; for ¢ € J; k41, we do not require any
lower bound. Secondly, if the outlier vector is such that some entries are very small while the
others are large enough, then we can treat the smaller entries as “noise” wvy. This will work
as long as these small entries are small enough so that the sum of their squares is sufficiently
smaller than the square of the magnitude of the larger entries, i.e., for t € Jj, we can split x;
as Tt = (T¢)small + (Tt)iarge With the two components being such that cx¢iargemin > ||(Tt)smait|
and cxy jarge,min > 0.3 1 (e + max; SEj)\/r)\j. Finally, if we also state the PCA-SDDN result in
its most general form, the subspace error decay rate of 0.3 can be replaced by (61/bgf) with by :=
max-outlier-frac-row, so this requirement becomes ¢ jarge,min > (6v/0o f Ve=1(e + max; SEj)\/r/\iJr )
With this change, the expression for K becomes K = [%1 . Thus, a smaller by means that
the subspace error decays faster. This, in turn, means that a smaller K suffices (faster tracking

and a smaller required lower bound on ¢;;1 — t;). It also means a smaller lower bound is needed

on the outlier magnitudes at most times.

3.3.5 How slow subspace change (Assumption 3.37) enables improved outlier toler-

ance

We explain here how the use of Assumption 3.37 enables improved outlier tolerance. Briefly, the
reason is we recover each outlier x; and its support 7; individually. To understand things simply,
assume vy = 0.

Given a good previous subspace estimate, Pj;_1), slow subspace change implies that

SE(P(t_l),Pt) is small. Consider an « length interval J during with P(t—l) =P (computed
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in the previous « interval). To exploit slow subspace change, we project each y; orthogonal to p
to get y; := Wx, + by where b, := W¥; is small because of above. Here ¥ := I — PP'. Now
b, itself does not have any structure. But, the matrix By formed by the b;’s for ¢t € J, is low
rank with rank r °. Accurately recovering X from Y; := WX 7 + B, when B has rank 7 is
impossible if the fraction of outliers in any row or in any column of X 7 is more than ¢/r. The
reasoning is the same as that used for standard RPCA [25]: we can construct a sparse matrix X 7
with rank 1/ max(max-outlier-frac-row, max-outlier-frac-col). Thus if max-outlier-frac-row = ¢, we
can construct a sparse X 7 with rank 1/¢ = C < r ®. If the rank of X 7 is less than r, that of ¥ X 7
will also be less than r, making the recovery problem un-identifiable: if we try to find a matrix B 7
of rank at most r and a matrix Xj that is the sparsest and both satisfy Y := \IlXj + Bj, it is
possible that we get the solution Bj = Bs+ ‘I’Xj and Xj = 0. Because rank of \IJXJ is less
than r and that of B is r, it is possible that the sum still has rank r.

Thus, if we would like to improve row-wise outlier tolerance to O(1), we cannot jointly recover
all columns of X 7 by exploiting the low rank structure of Bs. The only other way to proceed
is as we do: recover them one x; at a time from g;. Here we can only use the fact that ||b;]| is
small due to slow subspace change. The problem of recovering a single x; from g, is a standard
noisy CS problem [2], with small noise b;. To our best knowledge, there are no entry-wise recovery
guarantees for CS. One can only bound ||&; s — || by a constant (that depends on the restricted
isometry constant of ¥), C, times ||b;||. Here &; ., is the output of the CS step (line 7 of Algorithm
6). With this, correct support recovery, T; = 7T, is ensured only if 2y, > 2C||bs||. The worst case
bound on ||b|| comes from when the subspace has changed but the change has not been detected

so that P(t_l) = P, and P, = P;. At this time, ||b;| < max; SE(P;_1, P;)/rvVA*. Also, we can

show that SE(Pj_1, Pj) < SE; 4+ €. Thus, exact support recovery is guaranteed if Assumption 3.37

5The effective (stable) rank, of By will be less than r only if we assume more structure on subspace change, e.g.,
if we assume that only a few subspace directions change. Its exact rank will still be 7.

S A simple way to do this would be as follows. Let by = max-outlier-frac-row and suppose by is a constant (is more
than order 1/r). Let the support and nonzero entries of X s be constant for the first bpa columus; after this, move
the nonzero entries down in such a way that there is no overlap of supports; and repeat this every bpax columns. With
this, the max-outlier-frac-row = by and the rank of X7 is a/(boar) = 1/bo since there are only 1/by unique vectors in
this matrix construction.
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holds and ¢ is chosen as specified in the theorem. When v; # 0, the bound on ||b;|| contains a ||v;]]
term. In this case, exact support recovery also needs ||v;|| < ¢5&min-
Exact support recovery followed by LS on the recovered support and then subtraction to get A

implies that ¢, satisfies €, = £, + e, with e; := —Iy (I7;'\I’I7;)*1I7;\I’£t. Notice that e; is sparse

N~
M ¢

and linearly data-dependent and, conditioned on P and the support sets 7;, the matrix M, is
deterministic. So we can apply the PCA-SDDN result from the previous section. It also needs
statistical right incoherence, ¢ := max; || M, P;|| < CSE(P,IJj) (holds by left incoherence and
max-outlier-frac-col < ¢/r), and max-outlier-frac-row(a) < ¢ (constant row-wise outlier fraction
bound). If the support recovery were incorrect, the estimated support 7; would depend on b; and
hence on #;. This would mean that, even conditioned on P and T¢, the matrices M,; are not
deterministic making the PCA-SDDN result inapplicable.

3.3.6 Understanding Statistical Right Incoherence

Let Lj:= Ly, ,,,)- From our assumptions, L; = P;A; with A; := lai;,at; 41, .. a,,, 1], the

1
columns of A; are zero mean, mutually independent, have identical covariance A, A is diagonal,
and bounded. Let d; := tj41 —t;. Define a diagonal matrix ¥ with (7,7)-th entry o; satisfying
o? :=",(a;)?/d;. Define a d; x r matrix V with the ¢-th entry of the i-th column being (9;) :=
(a)i/(0i+/d;). Clearly, L; = P;%V' and each column of V' is unit 2-norm. This can be interpreted
as an approximation to the SVD of L;; we say approximation because the columns of V are not
necessarily exactly mutually orthogonal. However, if d; is large enough, one can argue using scalar
Hoeffding inequality (applicable because a;’s are bounded), that, whp, (i) the columns of V are
approximately mutually orthogonal, i.e. |9/0;] < € for all i # j; and (ii) 0.99); < o7 < 1.01\
for all i = 1,2,...,r. Thus, by the boundedness assumption on the a;’s, the t-th row of \%
satisfies 1 (0;)? < (1/d;)(1/ min; o2)|lai|* < (1/d;)(1/A")urAT = fur/d;. This is the standard
incoherence assumption with parameter fu. Thus, whp, the approximate right singular vectors’

matrix V of L; satisfies the standard incoherence assumption.
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3.3.7 Nearly Optimal Robust ST via ReProCS (NORST-ReProCS): details

Algorithm 6 uses the Recursive Projected Compressive Sensing framework introduced in [28].
It starts with a “good” estimate of the initial subspace. This can be obtained by using a few
iterations of AltProj applied to Y[y, . ] With ttrain = Cr. It then iterates between (a) Projected

7 in order to estimate the sparse outliers, x;’s, and

Compressive Sensing (CS) / Robust Regression
hence the €;’s, and (b) Subspace Update to update the estimates P(t). Projected CS proceeds as
follows. At time ¢, if the previous subspace estimate, P(t_l), is accurate enough, because of slow
subspace change, projecting y; onto its orthogonal complement will nullify most of £;. We compute
Yyt := Py, where ¥ :=1 — P(t_l)P(t_l)’. Clearly g = Wy + ¥ (€, + v;) and || ¥(€; + vy)]| is small
due to slow subspace change and small v;. Recovering x; from g; is now a CS / sparse recovery
problem in small noise [2]. We compute &; ., using noisy {; minimization followed by thresholding
based support estimation to obtain T;. A Least Squares (LS) based debiasing step on 7; returns
the final &;. We then estimate £; as ft =Y — &y.

The £;’s are then used for the Subspace Update step which toggles between the “detect” phase
and the “update” phase. It starts in the “update” phase with to = tirain. We then perform K
r-SVD steps with the k-th one done at ¢t = o + ka — 1. Each such step uses the last o estimates,
i.e., uses f/t;a. Thus at t = o + Ka — 1, the subspace update of Py is complete. At this point,
the algorithm enters the “detect” phase. For any j, if the j-th subspace change is detected at time
t, we set fj = t. At this time, the algorithm enters the “update” (subspace update) phase. We
then perform K r-SVD steps with the k-th »-SVD step done at t = fj + ka—1on it;a. Thus, at
t= ij fin = fj + Ka —1, the update is complete. At this ¢, the algorithm enters the “detect” phase.

To understand the change detection strategy, consider the j-th subspace change. Assume
that the previous subspace P;_1 has been accurately estimated by ¢ = fj_17 fin = fj,1 + Ka—1

and that fjfl, fin < tj. Let 15j_1 denote this estimate. At this time, the algorithm enters the

"Robust Regression (with a sparsity model on the outliers) assumes that observed data vector y satisfies y =
Pa+x+b where P is a tall matriz (given), a is the vector of (unknown) regression coefficients, @ is the (unknown)
sparse outliers, b is (unknown) small noise/modeling error. An obvious way to solve this is by solving ming & A||x||1 +
ly — Pa - x||?. In this, one can solve for a in closed form to get & = P’(y —x). Substituting this, the minimization
simplifies to ming A||x||1 4 ||(I — PP')(y — @)||>. This is equivalent to the Lagrangian version of the projected CS
problem that NORST solves (given in line 7 of Algorithm 6).
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“detect” phase in order to detect the next (j-th) change. Let B, := (I — 13]»_113]-_1’)1A;t;a. At
every t = fj_lyfm +ua—1,u=1,2,..., we detect change by checking if the maximum singular
value of By is above a pre-set threshold, \/Weyascr, or not. We claim that, with high probability
(whp), under assumptions of Theorem 3.39, this strategy has no “false subspace detections” and
correctly detects change within a delay of at most 2a samples. The former is true because, for
any t for which [t — a + 1,] C [t;_1, fin,t;), all singular values of the matrix B, will be close to
zero (will be of order ev/A+) and hence its maximum singular value will be below ,/Wepasc. Thus,
whp, fj > t;. To understand why the change is correctly detected within 2o samples, first consider
t = tAj_l,fm + [MT’”Z"]CM = t;+. Since we assumed that tAj_Lfm < t; (the previous subspace
update is complete before the next change), ¢; lies in the interval [tj. — o + 1,¢;.]. Thus, not
all of the £;’s in this interval satisfy £; = Pja;. Depending on where in the interval ¢; lies, the
algorithm may or may not detect the change at this time. However, in the next interval, i.e., for
t € [tj«+1,tj4+ af, all of the £’s satisfy €, = P;a;. We can prove that, whp, B; for this time ¢
will have maximum singular value that is above the threshold. Thus, if the change is not detected
at t;«, whp, it will get detected at t;. + a. Hence, whp, either fj = tj«, Or fj = tj« + a, ie.,
t; <tj <tj+2a.

Algorithm parameters. Algorithm 6 assumes knowledge of 4 model parameters: r, AT,
A7 and zni, to set the algorithm parameters. The initial dataset used for estimating P, (using
AltProj) can be used to get an accurate estimate of 7, A~ and A\* using standard techniques. Thus
one really only needs to set xyiy. If continuity over time is assumed, we can let it be time-varying
and set it as min;_+ |(&:-1)i| at ¢.

Time complexity. The time complexity is O(ndrlog(1l/e)). We explain this in Supplement

Appendix 3.12.1.

3.4 Related Work

We first briefly discuss related work on PCA and then discuss robust PCA and subspace tracking

papers. While there has been a large amount of work in the last decade on finite-sample guarantees
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for PCA [21, 17] and related problems, such as sparse PCA [35, 1] and kernel PCA [29, 43] most of
these assume either the spiked covariance model (noise is modeled as being isotropic) [21, 43] or that
the observed data y; is i.i.d. [21, 17] or consider noiseless settings [35, 1] (typical in sparse PCA).
The setting that we study involves linearly data dependent noise w; = M;€; with the dependency
matrix My being time-varying. Thus, the noise is clearly not isotropic. Moreover, this also means
that the observed data y; = € + w; + v; cannot be identically distributed over time. In fact,
our guarantee is interesting only in the setting where M, changes enough over time so that the
time-averaged expected value of signal-noise correlation and of noise power is sufficiently smaller
than their respective instantaneous values.

We should mention also that, while many sophisticated eigenvector perturbation bounds exist
in the literature [16, 18, 14], these are designed for different settings than the one we are interested
in. For our setting, only the classical Davis-Kahan sin theta theorem [7] applies. In our analysis,
we need to bound the sine of the largest principal angle between the true and estimated subspaces,
because this helps us get a bound on the “noise” /error seen by the projected compressed sensing
step at the next time instant. Thus, [16], which only provides coordinate-wise bounds, cannot be
used. The perturbation seen by our sample covariance matrix is additive and our observed data y;
is not identically distributed, and thus the results of [18, 14] do not apply either.

The robust PCA (RPCA) problem has been extensively studied since the first two papers by
Candes et al and Chandrasekharan at al [3, 5] and follow-up work by Hsu et al [13] all of which
studied a convex optimization solution, called Principal Components Pursuit or PCP. A faster
non-convex solution, called Alternating Projections or AltProj, was introduced in [25]. Later work
has studied a projected gradient descent based approach, RPCA-GD [38]. The problem of RPCA
with partial support knowledge was studied in [40]. All RPCA guarantees assume pu-incoherence
of left and right singular vectors of L (needed to ensure that L is not sparse). One way to ensure
that X is not low rank is to assume that an entry of X is nonzero with probability p independent
of all others (Bernoulli model) and to assume a bound on p. This was assumed in [3]. This can

sometimes be a strong assumption, e.g., in the video setting, it requires that foreground objects are
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one pixel wide and jump around completely randomly over time. But, if it holds, and if another
stronger left-right incoherence assumption holds®, then p € O(1) (linear sparsity) can be tolerated
while also allowing the rank of L, r, to be grow nearly linearly with min(n,d) [3]. The other
approach to ensure that X is low rank is to assume a bound of O(1/7;) on the maximum fraction
of nonzeros (outliers) in any row or in any column of X . This is assumed in most of the later works
[5, 13, 25, 38, 6].

Our work provides a fast mini-batch solution to the related problem of robust subspace tracking
(RPCA with explicitly assuming slowly changing subspaces). Because we replace right incoherence
by its statistical version, we are able to obtain guarantees on detection and tracking delay of our
approach and show that both are nearly optimal (are within log factors of the minimum required
delay r). This also means that the memory complexity of NORST is also near optimal: we only
need to store a n-length vectors in memory with o = Crlogn. Of course, any RPCA approach
could also be applied in a mini-batch fashion on a-consecutive column sub-matrices, and then it
will also have the same memory complexity. We assume this here in our discussion. With this
assumption, max-outlier-frac-row gets replaced by max-outlier-frac-row(«) and r,, gets replaced by
r for the RPCA guarantees as well.

Because we assume a lower bound on the minimum outlier magnitudes that is pro-
portional to SE;, we obtain the following improvement in outlier tolerance (explained in
Sec.  3.3.5). Treating f as a constant, for any mini-batch after tiam, we only need
max-outlier-frac-row(a) € O(1). For standard RPCA, unless a random model on outlier support is
assumed, max(max-outlier-frac-col, max-outlier-frac-row(a)) € O(1/r) is needed [25]. For the video
application, this implies that NORST tolerates slow moving and occasionally static foreground ob-
jects much better than standard RPCA methods that do not assume slow subspace change. This
is also corroborated by our experiments on real videos, e.g., see Fig 3.4 in Sec. 3.7 and also see
a more detailed and quantitative evaluation on real data provided in [32]. Since our algorithm

needs to be initialized with a standard batch RPCA approach such as AltProj [25] applied to the

*max; ; [UV")i ;| < /EZ where U,V are the matrices of left and right singular vectors of L
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first tirain = C7r data points, for this initial short batch, we do need AltProj assumptions to hold
and this is why we need max-outlier-frac-rowj,;; < 673 For the per column fraction, we also need
max-outlier-frac-col € O(1/r). Thus, the overall fraction of outliers allowed in a given matrix is
still O(1/r), which is the same as standard RPCA, but these can be less spread out row-wise (some
rows could have many more outliers than others).

Moreover, we are able to guarantee that each column of L, £;, is recovered to ¢ relative accuracy
and that the support of outliers can be recovered exactly. Neither is guaranteed by existing RPCA
results, these only guarantee | L — L|| < ¢.

Finally, in terms of time complexity, the NORST complexity of O(narlog(1/¢)) per mini-batch
is comparable to that of simple (non-robust) PCA. In comparison to RPCA solutions, this is much
faster than PCP [3, 5, 13] which needs O(na?1) and r-times faster than AltProj [25] which needs
O(nar?log(1/€)). RPCA-GD [38] is as fast as NORST but requires an even tighter outlier fractions’
bound than other RPCA solutions: max(max-outlier-frac-row, max-outlier-frac-col) € O(1/r3/2).

Our work builds upon the simple-ReProCS (s-ReProCS) solution and guarantee [24] and re-
moves many of its limitations. S-ReProCS assumes a specific model of slow subspace change: only
one subspace direction can change at each change time, and the amount of change needs to be
bounded. Even with this assumption, its tracking delay is of order rlognlog(1l/e). Since only one
direction is changing, this delay is r-times sub-optimal. The same is true for its required lower
bound on subspace change times. A second limitation of s-ReProCS is that, in order to track
subspaces to € accuracy, it requires the initial subspace estimate to also be € accurate. This, in
turn, implies that one needs to run the AltProj or PCP algorithm on the initial mini-batch to con-
vergence. Instead, our approach only requires the initial subspace error to be O(1/4/r). Thus, only
order logr iterations of AltProj suffice to initialize our algorithm. Thirdly, the s-ReProCS guar-
antee needs a stronger statistical right incoherence assumption than ours: it needs an entry-wise
bound of max; max;—i12, ., |(a;)i]> < nAt. Lastly, we develop important extensions of our main
result for (i) only tracking subspace changes (without detecting the change), and (ii) for subspaces

changing by a little at each time ¢.
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An earlier version of Theorem 3.39 appeared in ICML 2018 [23], but that was a conference
paper and the proof of that result is only provided in an unpublished supplement on ArXiV.
The results of the current manuscript improve upon the ICML result in various ways: we need a
weaker statistical right incoherence assumption, a weaker lower bound on SE;, and we develop two
important extensions of our main result for subspace changes at each time and for applications
not requiring change detection. Moreover, [23] did not prove the result for PCA in data-dependent
noise, but only used the result proved in our older ISIT paper [34]. The problem of ST with missing
data is a special case of robust ST, while ST with missing data and outliers is a simple generalization
of robust ST. Interesting guarantees for both of these follow as easy corollaries of either our current
result or of its earlier version from [23]. A corollary of the result of [23] for ST-miss is presented in
[22]. In comparison to the result of [22], a similarly derived ST-miss corollary of our current result

has all the advantages mentioned earlier in this paragraph.

3.5 Extensions: subspace change at each time, subspace tracking without

detection

3.5.1 Subspace changing at each time

Suppose y; = ¢, + x; where £, = Pyyat, P; changes by a little at each time ¢, but has more
significant changes at certain times t;. We show here how this case can be handled by treating
the error generated by changes at each time t as extra unstructured noise v;. Assume that a;’s
are zero mean, bounded, and i.i.d. with diagonal covariance matrix A. Let AT be its maximum
eigenvalue and f the condition number. Define P; as the matrix of top r left singular vectors
of the matrix f)j = [Etj,fth, . 7’e~tj+1_1]7 or equivalently of [P(tj), Pi1ys - P(tjﬂ—l)]- Let
a; = Py, £ := Pjay and vy := £ — £, = P | £,

Another way to understand the above is that we are expressing Ej = L; + V; where L; is the
rank-r SVD of L, while V; is the rest. While L; Vj’ = 0, we cannot say anything about individual
vectors £yv; or their expected value. In general, E[£v,/] # 0. But even then, we can always use

Cauchy-Schwarz to get the bound ||E[£wvl]||| < VATAS. Thus, to analyze this case, we need to
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modify Corollary 3.32 for PCA-SDDN as follows: we now need 4\@qf+§—§—|—\/ i—;f < 0.4egg. There
is no change to the required lower bound on «. From our definition of v, A7 < SE(P;, P2\t
Using AT < A*, A= < A~, a simple sufficient condition to ensure that the third term is small

(AH/A™ <0.01e2/f) is SE(P;, P)? < 0.01¢%/ f2.

Corollary 3.41 (Subspace changing at each t). Consider the setting defined in the first paragraph
above. If SE(Pj, P)? < 0.0152/f2, Theorem 3.39 applies with Pj, £, and vy as defined above.

3.5.2 NORST-NoDet: NORST without subspace change detection

A simpler version of the NORST algorithm that does not detect change is as follows. The
robust regression (projected CS) step is exactly as explained earlier. The subspace update step is
much simpler: it just updates P(t) as the top r left singular vectors of IZm once every « frames.

We refer to it as NORST-NoDet. We have the following guarantee for it.

Theorem 3.42. Consider Algorithm 7 with parameters set as o = Cf2urlogn, ¢ = Tmin/15 and
Wsupp = Tmin/2. Assume everything stated in Theorem 3.39 except the lower bound on SE;. Then,

w.p. at least 1 — 10dn~1°,

min(4fSE;, 1) ift e Jh,
SE(Py), Pyy) < { (0.3)* ' min(4fSE;,1) if t € .,
£:=c\/ /A ift € Ik,
where Ji = [[t;/aa, (|t5/a) + 1)), Ji = [Lt/a) + 1)a) + ( — Day ([t;/a) + (ks + 1))a] for
kE=23,--- K —-1and Jx = [([t;/a] + (K + 1)), [tjt1/o]a).

The time complexity is O(ndrlog(1/€)) and memory complexity is O(na) = O(f*nrlognlog(1/e)).

The advantage of NORST-NoDet is that it does not require a lower bound on the amount of
change, SE;, and it needs fewer algorithm parameters (does not need K or weyqis). The disadvantage
is it does not detect subspace change, we cannot obtain a “smoothing” version of it that solves the

dynamic RPCA problem to ¢ accuracy at all times, and its subspace error bound is larger for the
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intervals during which the subspace changes, [|t;/a]a, ([t;/a] + 1)a). For times ¢ in this interval,
the bound is min(4fSE;,1). Assuming small enough e, this is larger than (e + SE;) which is the
NORST bound for this interval. The reason is NORST stops tracking after the current subspace
has been estimated accurately enough and until the next change is detected. During this period,
it uses 1-:’]-,1 as the estimate. But NORST-NoDet updates the subspace in every interval. For the
change interval, the rank of Ly, is more than r. It can be 2r in general. This is why it is not
possible to guarantee a better bound for the m-SVD estimate. At the same time, without extra
assumptions, it is not possible to obtain a guarantee for 2r-SVD estimate either.

For analyzing the change interval we use the following modification of PCA-SDDN. Its proof is

in Appendix 3.10. The proof of Theorem 3.42 is given in the Supplement Appendix 3.12.

Corollary 3.43. Assume that y; = € + w; + vy with wy = Mo M, 4, with €, = Pyay for

t € [1,ap] and €, = Pay fort € [ap + 1,a], and SE(Py, P) < A. Assume also that Assumptions

3.29, 3.30 hold, max; max(|| M Py, ||M1.P||) < q <1, and the fraction of nonzeros in any row

of the noise matriz [wi,wa,...,wy,] is equal to b. Let g := f\‘—é IfA<c/f, and if « > a* =
gf -10

C max (q;—erlog n, %-max(ry, r)log n) then w.p. at least 1 — 10n~"",
SE SE

~ At
SE(P,P)<1.1 <3((a0/a)A + 4vVbq) f + AZ)
+

A
< 33Af +4.4Vbqf + L1

3.6 Proof of correctness of the NORST algorithm

In this section we state the three main lemmas and explain how they help prove Theorem 3.39.

After this, we prove the three lemmas.

3.6.1 Main Lemmas

We define or recall a few things first.

1. Recall A = max; SE(Pj_1, Pj), let Ag = SE(PO, Py); recall ¢/ A\ /A~ <e<0.01 <0.2



117

2. Let Pj’o = ﬁ’j_l and recall (from Algorithm) that 13]'_1 = 1%_17K:

3. Constants for  Theorem  3.39: c1 = 2 = 0.001  (bounds on
max-outlier-frac-col, max-outlier-frac-row()), and ¢z = 1/(30\/n). We use by = co/f?

to denote the bound on max-outlier-frac-row(«).
4. Let qo := 1.2(e + SE;), ¢ = 1.2max(qr—1/4,¢). Clearly ¢, = max(0.3%qo, 1.2¢).
First consider the simpler case when ¢;’s are known. In this case fj = t;. Define the events
e g := {assumed bound on SE(Py, Py)},
o T :=Tos_1N{SE(Py s, Py) < SE(Py, Py)},
o Tjo:=T 15, Tjp =D 1N{SE(Pjs, P}) < q_1/4} forj =1,2,...,Jand k= 1,2,..., K.

e Using the expression for K given in the theorem, and since 15] = Iajk (from the Algorithm),

N

it follows that I'; x implies SE(Pj, P;) = SE(Pj i, Pj) <e.

Observe that, if we can show that Pr(I'; x|T'o0) > 1 — dn~'0 we will have obtained all the subspace
recovery bounds of Theorem 3.39. The next two lemmas, Lemmas 3.44 and 3.45, applied sequen-
tially help show that this is true. The first one proves that Pr(I';1|Tj0) > 1 — 10n7!0, the second
one proves that Pr(Tjx|Tjx—1) > 1—10n71% for k = 1,2,..., K. The bounds on ||£; — 4, follow
easily.

To prove the actual result with ¢; unknown, we also need Corollary 3.47 and Lemma 3.48 which
proves that the change detection step works as desired. Moreover, we will need a different definition

of I'j 0; we cannot set it equal to I';_; . The proof is given in Appendix 3.11.
Lemma 3.44 (first update interval). Under the conditions of Theorem 8.39, conditioned on I'j,

1. for all t € [tj,t; + ), ¥ +vo)|| < (e + A)V/urAt + VrpAd < Tmin/15, || #tes — 2| <

TZmin/15 < Tpmin/2, T, = T,, the error e; :== & — x; satisfies
-1
e = ITt (‘I’Tt/‘I’Tt) I7;’\Il(£t + ’Ut) (3.7)

and ||les|| < 1.2[(e + A)\/pr AT + /T \]. Here W = T — 13j7015j,0’. Recall we let 15]',0 = Pj,l.
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2. w.p. at least 1 — 10019, 13’3-71 satisfies SE(Pj,l,Pj) < max(qo/4,¢), i.e., I';1 holds.
Lemma 3.45 (k-th update interval). Under the conditions of Theorem 3.39, conditioned onT'j 1,

1. for all t € [t; + (k — V)a,t; + ka — 1), all claims of the first part of Lemma 3.44 holds,
H\I!(Et—i—vt)H < max(0.3¥"1(e + A), purAt 4+ /o, ey satisfies (3.7), and e <

max((0.3)¥71-1.2(c + A), \/W—i- \/7“1;7 Here ¥ =1 — Pj,k_113j7k_1’.

2. w.p. at least 1 — 10019, If’Jk satisfies SE(IE’Jk,PJ) < max(qy—1/4,¢€), i.e., I holds.
Remark 3.46. For the case of j =0, in both the lemmas above, A gets replaced by SE(PO, Py).
Corollary 3.47. Under the conditions of Theorem 3.39, the following also hold.

1. For allt € [tj,fj), conditioned on I'j_1 g, all claims of the first item of Lemma 5.44 hold.

2. For allt € [t; + Ka,tj41), conditioned on Lk, the first item of Lemma 3.45 holds with
k=K.

Thus, for all times t, under appropriate conditioning, e; satisfies (3.7).

The following lemma shows that, whp, we can detect subspace change within 2« time instants

without any false detections. Recall that the detection threshold weyqrs = 262A7.
Lemma 3.48 (Subspace Change Detection). Assume that the conditions of Theorem 3.39 hold.

1. Consider an a-length time interval J* C [tj,t;4+1] during which p(t—1) = 15]-,1 so that ¥ =
I— 1%_113]'_1’. Let ® = ¥. Assume that SE(Pj_l,Pj_l) < ¢ and e; satisfies (3.7). Then,
w.p. at least 1 — 10010,

Amax ( > @i ) > 0.59\"SE; (SE; — 82) > Weats
[ASVAS

since SE; > 9¢/fe.

2. Consider an a-length time interval J C [t;,tj41] during which 15(,5,1) = 15J so that ¥ =

I - 1%13/ Let ® = ¥. Assume that SE(IAJJ,PJ) < ¢ and e; satisfies (3.7). Then, w.p. at



119

least 1 — 10n~10,

1 ~ A
A ( 2 <I>£t£t’<1>> < 137N < wevats
X e

3.6.2 Proof of the first two lemmas

The projected CS proof (item one of the first two lemmas) uses the following lemma from [28]

that relates the s-Restricted Isometry Constant (RIC), d5(.) [2] of I — PP’ to incoherence of P.

Lemma 3.49. [[28]] For an n X r basis matriz P, (1) §;(I — PP") = maxy<; || I7'P|]*; and (2)

max|r|<, [ I7'P|* < smaxi—10,. 5 [|1L'P||* < sur/n.

The last bound of the above lemma used the definition of the incoherence parameter . We
will apply this lemma with s = max-outlier-frac-col - n. The subspace update step proof (item 2 of
the first two lemmas) uses Corollary 3.32 for PCA-SDDN and the following simple lemma proved

in the Appendix.

Lemma 3.50. Let Q1, Q2 and Q3 be r-dimensional subspaces in R™ such that SE(Q1, Q2) = Ay

and SE(Q2,Q3) = Aa. Then, Ay — 283 < SE(Q1,Q3) < A + As.

Proof of Lemma 3.44. Proof of item 1. First consider j > 0. We have conditioned on the event
I'jo :=T'j_1,k. This implies that SE(IE’]-,M P;_) <e.

For the interval t € [t;,t; + a), P(t—l) = P;_; and thus ¥ = I — P;_; P;_’ (from Algorithm).
Let s := max-outlier-frac-col - n. For the sparse recovery step, we need to bound the 2s-RIC of

. To do this, we obtain bound on max|7|<s, [ I7' P;_1|| as follows. Consider any set 7 such that

|T] < 2s. Then,
i < om0 o e
< SE(Pj-1, Bj1) + [[I7' P |
= SE(Pj1, Pj1) + | I P |

Using Lemma 3.49, and the bound on max-outlier-frac-col from Theorem 3.39,

2sur
n

max | Ir'Pj_y]]” < 2s max |1/ Pyy |2 <
T

<0.01 (3.8)
|T|<2s
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Thus, using SE(Pj_1, Pj_1) < ¢, (where cy/A\d /A~ < e <0.01),

max
|TI<2s

I'Pi| <e+ max || F7/Pya] <2401

Finally, using Lemma 3.49, 62,(%¥) < 0.11%2 < 0.15. Hence

1.2.

o N1 1 1 1
< < <
H(‘I'ﬁ ¥r) H ST 0,(®) S 1= 05s(®) 1015

When j = 0, there are some minor changes. From the initialization assumption, we have

SE(Py, Py) < 0.25. Thus, max7|<s

IT’POH < 025+ 0.1 = 0.35. Thus, using Lemma 3.49,
825(¥o) < 0.352 < 0.15. The rest of the proof given below is the same for j = 0 and j > 0.

Next we bound norm of by := ¥ (€, + vy).
180 = 12 (& + )| < [[(2 = PrsByr ) Pjas| + lwel] < SE(Pyoa, ) ] + v/ A
(a)
< (e + SE(Pj_1, Py))\/ urAt + VryAd

where (a) follows from Lemma 3.50 with Q1 = laj,l, Q2 = Pj_; and Q3 = P;. Under the
assumptions of Theorem 3.39, the RHS of (a) is bounded by @min/15. This is why we have set
€ = Tpin/15 in the Algorithm. Using these facts, and d25(¥) < 0.15, the CS guarantee from [2,

Theorem 1.3] implies that
| Zt,cs — xe]| < 7€ = TTmin/15 < Timin/2
Consider support recovery. From above,
|(&tcs — xt)i|l < ||Btes — || < TZmin/15 < Tmin/2
The Algorithm sets wsypp = Tmin/2. Consider an index i € T;. Since |(2¢)i| > Tmin,

Tiin — |[(@t,e)i| < [(@e)i] = [(@1,5)il

Lmin

2

S |($t - :ﬁt,cs)i‘ <

Thus, |(£tes)i] > "5 = Wsupp Which means i € 7,. Hence T; C T,. Next, consider any j ¢ Ti.

Then, (x;); = 0 and so

Lmin

2

(Zres)il = [(res) )| = [(@0)] < [(Bres)j — (®0)5] <
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which implies j ¢ T, and T, C T, implying that T =T.

With 7; = 7; and since 7T is the support of @, &, = I, I1;'x;, and so

o -1
Ty = I'Tt (\1177,‘117;) \Ith’(\Ilet + ‘I’Q?t + ‘I"l)t)

-1
=I5, (U7, ¥7) I7'®(l +vy) + @y
since U 7,'¥ = I%‘IJ’\II = I7;/®. Thus e; = &; — x; satisfies

er = Iy (‘1’7;/\1’7;)_1 ITt/‘I’(Et +vy) = (ep)r + (ew)t,
ledl < || (w7 @) || |27 @ €+ w0)|

< 12| I5"® (8 + vy

Proof of Item 2: Recall that g := 1.2(¢ + SE;), qx = 1.2max(gx_1/4,¢) = max(0.3%qp, 1.2¢).
From our definition of K, 0.3%¢y = . Thus, for k < K, max(qx_1/4,¢) = qu_1/4.

We are considering the interval [fj, t} +«). Since b, = £, — e, +v, with e satisfying (3.7), updat-
ing P(t) from the ét’s is a problem of PCA in sparse data-dependent noise (SDDN). To analyze this,

we use Corollary 3.32. Define (ep); = I7; (U7 ®1) " I7./®8, and (ey); = I7; (U7 ¥ 1)~ I/ Qo

Recall from the Algorithm that we compute 15j71 as the top r eigenvectors of é Z?Z Jgja*l 2,4/ In the
notation of Corollary 3.32, y, = £, w;, = (ee)t, V¢ = (ey)r+vp, &y = £y, Mgy = — (\117;’\117;)_1 A
P = Pj;, P = P;, and so |[MP| = || (95 ®7) " ®r'Pj| < 1.2(c + SE;) := qo. Also,
AF = 2.2)\F since E[(ey)i(er)d] < (1.2)2AF. And b = by which is the upper bound on
max-outlier-frac-row(a). Applying Corollary 3.32 with ¢ = qg, b = by and using esg = max(qo/4, ),

observe that we require

4/ boqo f + (2.2)AF /A~ < 0.4 max(qo /4, €).

From above, max(qo/4,¢) = qo/4 (if the max is € we stop the tracking). The required bound
holds since qo/4 > & > cy/ A /A~ (from Theorem) and /by = 0.01/f. Corollary 3.32 also requires
« > a, which is defined in it. Our choice of o = C'f?urlogn satisfies this since ¢3/e3; = 4% and
(\f /A7) /edy < C. Thus, by Corollary 3.32, with probability at least 1 — 10n~'0, SE(P; 1, P;) <

max(qo/4,¢). O
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Remark 3.51 (Clarification about conditioning). In the proof above we have used Corollary 3.32
for 4,’s fort e J¢ = [fj,fj + «). This corollary assumes that, for t € J<, a;’s are mutually
independent and Ms;’s are deterministic matrices. Let Yoiq = {yl,yg,...,yijfl}. We apply
Corollary 3.32 conditioned on Yoid, for a Yoia € I'jo. Conditioned on yola, clearly, the matrices
M ; used in the proof above are deterministic. Also yoq is independent of the a;’s fort € J* and
thus, even conditioned on yYoiq, the a;’s fort € J are mutually independent. Corollary 3.32 tells us
that, for any yoa € L'jo, conditioned on youq, w.p. at least 1—10n"10, SE(I—C’jJ, P;) < max(qo/4,¢).
Since this holds with the same probability for all yoa € I'j 0, it also holds with the same probability
when we condition onI'j . Thus, conditioned on I'; o, with this probability, I'; 1 holds. An analogous

argument also applies for the next proof.

Proof of Lemma 3.45. We first present the proof for the k = 2 case and then generalize it for an
arbitrary k. Consider k = 2. We have conditioned on I'; ;. This implies that SE(PJJ, P;) < qo/4.
We consider the interval ¢ € [t; + a,%; + 2a). For this interval, P(t_l) — P;; and thus & =

I-— }5]-’11571’. Consider any set 7 such that |7] < 2s. We have
HIT/IAJJ”H < HIT'(I - Pij')Pj,lH + HIT’PJ-PJ»’I%H
< SE(P;, Pj1) + || 17/ By|| = SE(Py1. By) + || I7' Py

N

The equality holds since SE is symmetric for subspaces of the same dimension. Using SE(P; 1, Pj) <
max(qo/4,¢), (3.8),

max HIT/Pj’lH < max(qo/4,¢) +

/ .
e 1B

max |
IT|<2s

< max(go/4,¢) + 0.1.
By the assumptions of Theorem 3.39, ¢ < 0.96 and € < 0.2. Using this and Lemma 3.49,

d2s(¥;) = max

~ 2
ma IT’PMH <0.352 < 0.15
<2s

— ||(wren) | <12



123

Finally,

B2 = 1@ (8 + w0l < ||( = PP Pyas]| + o]

< max(qo/4, )/ urAt + VoL

The rest of the proof is the same” and this ensures exact support recovery and the expression for
€t.

Proof of Item 2: Again, updating P(t) using 4;’s is a PCA-SDDN problem. We use Corol-

tj+2a-1

s )
WS £:£,'. From item 1, e; sat-

lary 3.32. We compute 13’]',2 as the top r eigenvectors of éz
isfies (3.7) for this interval. In the notation of Corollary 3.32, y, = b, w, = (ee)t, € = £y,
v = (en)t + v, P = Pj, P = Pjy, and My; = —(¥7/%®7) ' ¥/, So |M,.Pj| =
| (U7 @) W/ Pj|| < 1.2max(qo/4,¢) := q1. Applying Corollary 3.32 with ¢ = ¢1, b = bo

(bg bounds max-outlier-frac-row(«)), and setting esgp = max(q; /4, €), observe that we require

AN/bogr f + (2.2)°AF /A~ < 0.4 max(q1 /4, €)

Once again recall that the max is ¢; /4. The above bound holds since v/byf < 0.01 and ¢1/4 >
e > /Ay /A~. Corollary 3.32 also requires a > a,. Our choice of a = Cf2urlogn satisfies this
requirement since ¢%/en = 42 and (A /A7) /edg < C. Thus, from Corollary 3.32, with probability
at least 1 — 10n~'0, SE(Pj, P;) < max(q1 /4, ¢).

(B) General k:  We have conditioned on I'j,_;. This implies that SE(IAJj,k_l,Pj) <
max(qg_1/4,¢). Consider the interval [t; + (k — 1)a,t; + ka). In this interval, 15(,5,1) = Pjy

and thus ¥ =T — I%’k_llaj?k_l’. Using the same idea as for the k = 2 case, we have that for the

9Notice here that, we could have loosened the required lower bound on Zmin for this interval in the case when
there is no noise
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k-th interval, qx_; = max(0.3¥"1qp, ). Pick esg = max(qx_1/4,¢). From this it is easy to see that

2
b2s(P) < (maX I Py 1H>

|T|<2s

< (SE(Pji_1, Pj) + max |17 P ||)?

—~

a

< (SE(Pys 1, Py) +0.1)?

~

IN

[max (0 3¢=1(c + SE(P;_,, P)), ) +o. 1} <0.15
where (a) follows from (3.8). Also, as before,

12 (& + v0)|| < SE(Pji—1, Fy) llac] + |l

§max<03k Y(e + SE(P;_1, P, ) prAt + VAL

(a)
< max(()?)k 1 (e 4+ A), ) urAt + Tolg

Proof of Item 2: Again, updating P(t) from £,’s is a problem of PCA in sparse data-dependent

noise given in Corollary 3.32. From Item 1 of this lemma we know that, for ¢ € [t;+(k—1)a, t;+ka],

tj+ka—1
t=t;+(k—1)a

In the setting above y; = ét, wy = (ep)t, by = £y, vr = (ey)t + v¢, and My, = — (\117;’\117;)71 v/,

e, satisfies (3.7). We update the subspace, P k as the top r eigenvectors of 1 S 0.6,
and so ||M,P;| = | (U7 )" W7 Pj|| < 1.2max(gx—2/4,€) := qx—1. Applying Corollary 3.32
with ¢ = gx—1, b = by (by bounds max-outlier-frac-row(«)), and setting esp = max(qx—1/4,¢), we
required/boqr_1f + A\ /A~ < 0.4max(q_1/4,¢). This holds as explained earlier and hence, by

Corollary 3.32, the result follows. O

3.6.3 Proof of Lemma 3.48

Proof. Proof of Item 1: We are considering an a-consecutive frames interval J¢ in [t;,t;41) during
which P(t,l) = Aj_l. Thus ¥ = & = I — 15j_115j_1’. Recall from earlier that at all times
t, & = £ — e, + vy, where e; = (eg); + (€u)i, wi = (eg); = Iy, (V7" ¥r,) " I/ We, is sparse
and data-dependent noise, and vy = (ey): + v; is small unstructured noise. As in the earlier

proofs, w; = (eg); can be expressed as w; = I M, £, where M, = (®'®)" ' I./®. Thus,
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N

q=qo=12SE(P;j_1, P;) <1.2(¢ + SE;) and b = by. Let
1 P 1
— Z PO/ P =~ Z ®L.0, D + Pnoise® + Pcross®
@ @5

feo — 1 11 / : o -
where noise = = 3, wyw; + - >, v;v; and cross contains the cross terms. By Weyl’s inequality,

1 PO 1
Amax | — B/ D | > Mpax | — $0,6,/D| — | 1] .
(a Z tLt ) = (azt: 1€t ) || ®@cross®|| (3.9)

teg«

Using Corollary 3.54 from Appendix 3.10, w.p. at least 1 —10n~19, if o is as given in our Theorem,
|| ®cross®’|| < 2.02V0|®Pj||goA* (3.10)

Since ||®P;|| < g = 1.2(¢ + SE;), using the above two inequalities,

1 .
)\max (Ot Z <I)et‘etl<b> >

teg«

1
Amax | = Y ®Pjaya/P/'® | —2.02vb(1.2(c + SE;)*)A* (3.11)
(6%
teg«

Term1

We bound the first term of (3.11), Terml, as follows. Let ®P; @k E;R; be its reduced QR
decomposition. Thus E; is an n X r matrix with orthonormal columns and R; is an r X r upper
triangular matrix. Let

1
A= Rj (a Z atat,> Rj,.

tege

Observe that Term1 can also be written as

A0 E;
Terml = {E’j Ej74 (3.12)
0oo| |E;.’
and thus Apax(A) = Amax(Term1). We work with Apax(A) in the sequel. We will use the following

simple claim.

Claim 3.52. If X = 0 (i.e., X is a p.s.d matriz), where X € R"™", then RXR' = 0 for all
R e R™",
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Proof. Since X is p.s.d., y’ Xy > 0 for any vector y. Use this with y = R’z for any z € R". We
get 2’ RX R'z > 0. Since this holds for all 2, RXR' = 0. O

By Lemma 3.55 from Appendix 3.10, with ¢ = 0.01A™,

1 _ _
Pr <azt:atat’—()\ —60)I§0> >1—2n"10

By Claim 3.52 from above, with probability 1 — 2n=19,

1 _
Rj <a ;atat/ — ()\ — 60)I> Rj, E 0
1 _
— >\min (Rj (a Zt:atat’ — ()\ — 60)1) Rj/> > 0
Using Weyl’s inequality, with the same probability,
1 / — /
)\min Rj a zt:atat - ()\ - 60)1 Rj
1 _
and so,
Amax(A) > (A7 — €0) Amax (R R;'). (3.13)
Using Lemma 3.50 and since SE(P;j_1, Pj_;) < & we get
AmaX(RjRj,) = HR]||2 = SEZ(IADJ'*MPJ') > (SEj - 25)2 (3.14)

Thus, combining (3.11), (3.12), (3.13), (3.14), w.p. at least 1 — 10n~10,

1 A
Amasx (a > @etet’@>
[ASVAS

> 0.99A7(SE; — 2¢)2 — 2.02¢/by(1.2(¢ + SE;))A*

20.99)\_SE]'(0.68EJ' — 4.85) = 0.59>\_SEj(SEj — 88)

In the above, we used v/byf = 0.1. Since SE; > 9/fz, 0.59\"SE;(SE; — 82) > 5A"e? > wepais-
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Proof of Item 2: We proceed as in the proof of item 1 except that now ® =¥ =T — 1%13’; Thus,
¢ = gk = ¢ and |[®P;| < gx. Using Weyl’s inequality and Corollary 3.54 from Appendix 3.10,
w.p. at least 1 — 10n~10,

1 .
Amasx (a > M%/@)

tege

1
< Amax (a Z <I>£¢/<I>> + || ®cross® || + Apax (Pnoised®)
t

1
S AmaLx a Z <I>Pjatat’Pj'<I>
tege

Terml

+2.02Vb||®Pj|lgre AT + 1.01Vbg2 AT 4 220~

Proceeding as before to bound Apax(Terml), define ®P; Qf E;R;, define A as before, we know
Amax (Terml) = Apax (E;' (Term1) E;) = Apax(A). Further,

1
)\max(A) - >\max <Rj (Oé Z a'tat/) Rj/>

tege

(a) 1
< >\max (a Z atat> )\max(RjRj/)

teJge

where (a) uses Ostrowski’s theorem [12, Theorem 5.4.9]. We have
Amax(RjR;") = 050 (Ry) = |@Fy||* < €2

and we can bound )\max(é > ic7e aray’) using the first item of Lemma 3.55. Combining all of the
above, and using ||®P;|| < gk < € and by f? = 0.01, w.p. at least 1 — 10n~1,
1 o
Amax (a tezj:a <I>£t£t’<1>> <1.3722%

Recall that weyars = 262X and thus, 1.37e2A1 < Wepals- O
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-6 GRASTA -5 ORPCA —&— s-ReProCS —&— NORST —&— Offline-NORST

log(SE(Py), Pyy))

2000 4000 6,000 8000 10,000 2000 4000 6,000 8,000 10000
t t

Outlier Model GRASTA s-ReProCS ORPCA NORST RPCA-GD AltProj smoothing-NORST

(0.02ms) (0.9 ms) (1.2ms) (0.9 ms) (7.8ms) (4.6ms) (1.7ms)
Moving Object 0.630 0.598 0.861 4.23 x 1074 4.283 4.441 8.2 x 1076
Bernoulli 6.163 2.805 1.072 0.002 0.092 0.072 2.3 x 1074

Figure 3.1: Top: Left plot illustrates the £; error for outlier supports generated using Moving
Object Model and right plot illustrates the error under the Bernoulli model. The values are plotted
every ka — 1 time-frames. Bottom: Comparison of ||L — L||r/||L|| for Online and offline RPCA
methods. Average time for the Moving Object model is given in parentheses. The offline (batch)
methods are performed once on the complete dataset.

3.7 Empirical Evaluation

In this section we present numerical experiments on synthetic and real data to validate our
theoretical claims. Extra experimental details are presented in the Supplementary Material.

Synthetic Data. First we compare the results of NORST and smoothing-NORST with RST,
Online RPCA, and static RPCA methods. We generate the changing subspaces, P; = eViBi P;_; as
done in [11] where ~y; controls the amount of subspace change and B;’s are skew-symmetric matrices.
In the first experiment we used the following parameters. n = 1000, d = 12000, J = 2, ¢t; = 3000,
to = 8000, » = 30, v1 = 0.001, 72 = 1. We set a = 300. Next, we generate the coefficients
a; € R" as independent zero-mean, bounded random variables. They are (a;); i fl—ai, 4
where ¢; = /f — /f(i —1)/2r for i = 1,2,--- ;7 — 1 and ¢, = 1. thus the condition number
is f and we selected f = 50. For the sparse supports, we considered two models according to
which the supports are generated. First we use Model G.24 [24] which simulates a moving object

pacing in the video. For the first iy = 100 frames, we used a smaller fraction of outliers with
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parameters s/n = 0.01, by = 0.01. For t > tiain we used s/n = 0.05 and by = 0.3. Secondly,
we used the Bernoulli model to simulate sampling uniformly at random, i.e., each entry of the
matrix, is independently selected with probability p = 0.01 for the first tiyan frames and with
probability p = 0.3 for subsequent frames. The sparse outlier magnitudes for both support models
are generated uniformly at random from the interval [Zmin, Tmax] With zni;n = 10 and zpax = 20.

We initialized the s-ReProCS and NORST algorithms using AltProj applied to Y, .1 with
tirain = 100. For the parameters to AltProj we used used the true value of r, 15 iterations and
a threshold of 0.01. This, and the choice of 71 and 7o ensure that SE(IE’init, Py) = SE(Py, Py) =~
SE(P;, P;) ~ 0.01. The other algorithm parameters are set as mentioned in the theorem, i.e., K =
[log(c/e)] =8, a = Crlogn = 300, w = Tyin/2 = 5 and € = Tomin/15 = 0.67, Wepars = 262AT =
7.5 x 10™%. For the other online methods we implement the algorithms without modifications. The
regularization parameter for ORPCA was set as with A; = 1//n and Ay = 1/+/d according to [9].
Wherever possible we set the tolerance as 107% and 100 iterations to match that of our algorithm.
As shown in Fig. 3.1, NORST is significantly better than all the RST methods - s-ReProCS [24],
and two popular heuristics - ORPCA [9] and GRASTA [11].

We also provide a comparison of smoothing techniques in Fig 3.1. To ensure a valid time
comparison, we implement the static RPCA methods on the entire data matrix Y. Although,
we could implement the static techniques on disjoint batches of size a, we observed that this did
not yield significant improvement in terms of reconstruction accuracy, while being considerably
slower, and thus we report only the latter setting. As can be seen, smoothing NORST outperforms
all static RPCA methods, both for the moving object and the Bernoulli models. For the batch
comparison we used PCP, AltProj and RPCA-GD. We set the regularization parameter for PCP
1/4/n in accordance with [3]. The other known parameters, r for Alt-Proj, outlier-fraction for
RPCA-GD, are set the ground truth. For all algorithms we set the threshold as 10~% and the
number of iterations to 100. All results are averaged over 100 independent runs.

In Fig. 3.2 we validate our claim of NORST admitting a higher fraction of outliers per row. We

only compare with AltProj since it is has the highest tolerance among other methods. We chose 10
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(a) Phase Transition for Alt Proj (b) Phase Transition for NORST
30 T
20 |
~
10 |
| | | | | | | | | | | |
0.1 02 0.3 b 04 05 06 0.7 0.1 02 0.3 b 04 05 06 0.7
0 0

Figure 3.2: Empirical probability that |[L — L|z/|L||r < 0.5 for AltProj and for smoothing
NORST. Note that NORST indeed has a much higher tolerance to outlier fraction per row as
compared to AltProj. Black denotes 0 and white denotes 1.

AltProj smoothing NORST

-B- Tnin = 0.5 -6~ Tmin = 5 == Tmin = 10 ‘

log(SE(IE’(t), Pyy))

2,000 4,000 6,000 8,000 10,000 2,000 4,000 6,000 8,000 10,000
t t

Figure 3.3: In the above plots we show the variation of the subspace errors for varying xiy.
In particular, we set all the non-zero outlier values to xyi,. The results are averaged over 100
independent trials.

different values of each of r and by (we slightly misuse notation here to let by := max-outlier-frac-row
for this section only). For each pair of by and r we implemented NORST and ALtProj over 100
independent trials and computed the relative error, |L — L||z/|| L]z for each run. We illustrate
the fraction of times the error seen by each algorithm is less than a threshold, 0.5. We chose this
threshold since for smaller values, AltProj consistently failed. As can be seen, NORST is able to
tolerate a much larger fraction of outlier-per-row as compared to AltProj.

In the third experiment we analyze the effect of the lower bound on the outlier magnitude
Tmin With the performance of NORST and AltProj. We show the results in Fig. 3.3. The only

change in data generation is that we now choose three different values of zn;, = {0.5,5,10}, and
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we set all the non-zero entries of the sparse matrix to be equal to xmi,. This is actually harder
than allowing the sparse outliers to take on any value since for a moderately low value of zyiy
the outlier-lower magnitude bound of Theorem 3.39 is violated. This is indeed confirmed by the
numerical results presented in Fig. 3.3. (i) When 2, = 0.5, NORST works well since now all the
outliers get classified as the small unstructured noise v;. (ii) When zp,;, = 10, NORST still works
well because now Zyiy is large enough so that the outlier support is mostly correctly recovered. (iii)
But when zpmin = 5 the NORST reconstruction error stagnates around 1073, All AltProj errors are
much worse than those of NORST because the outlier fraction per row is the same as in the first
experiment and thus the effect of varying xi, is not pronounced.

Real Data. We also evaluate our algorithm for the task of Background Subtraction. For the
AltProj algorithm we set » = 40. The remaining parameters were used with default setting. For
NORST, we set a = 60, K = 3, & = |]qlét,1\|2. We found that these parameters work for most
videos that we verified our algorithm on. For RPCA-GD we set the “corruption fraction” a = 0.2
as described in their paper.

We use two standard datasets, the Meeting Room (MR) and the Lobby (LB) sequences. LB
is a relatively easy sequence since the background is static for the most part, and the foreground
occlusions are small in size. As can be seen from Fig. 3.4 (first two rows), most algorithms perform
well on this dataset. MR is a challenging data set since the color of the foreground (person) is very
similar to the background curtains, and the size of the object is very large. Thus, NORST is able

to outperform all methods, while being fast.

3.8 Conclusions and Future Directions

In this work we developed a fast and (nearly) delay optimal robust subspace tracking solution
that we called NORST. NORST is a mini-batch algorithm with memory complexity that is also
nearly optimal. It detects subspace changes and tracks them to € accuracy with a delay that is
more than the subspace dimension r by only log factors: the delay is order rlognlog(1/¢). The

memory complexity is n times this number while nr is the amount of memory required to store the
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Original

Original NORST(72.5ms)AltProj(133.1ms)RPCA-GD(113.6ms)GRASTA(18.9ms) PCP(240.7ms)

Figure 3.4: Comparison of visual performance in Foreground Background separation. The first two
rows are for the LB dataset and the last two rows are for the MR dataset. The time taken by each
algorithm (per frame) in milliseconds is provided in parenthesis.

output subspace estimate. Our guarantee for NORST needs assumptions similar to those needed
by standard robust PCA solutions. Different from standard robust PCA, we need slow subspace
change, we replace right singular vectors’ incoherence by a statistical version of it, but we need a
weaker bound on outlier fractions per row.

Slow subspace change is a natural assumption for background images of static camera videos
(with no sudden scene changes). Our statistical assumptions on a; are mild and can be relaxed
further. As already explained, the identically distributed requirement can be relaxed. In the video
application, the zero mean assumption can be approximately satisfied if we estimate the mean
background image by computing the empirical average of the first tiain frames, ﬁ[lztmm], obtained
using AltProj. Mutual independence of a;’s models the fact that the changes in each background
image w.r.t. a “mean” background are independent, when conditioned on their subspace. This is

valid, for example, if the background changes are due to illumination variations or due to moving
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curtains (see Fig. 3.4). Mutual independence can be relaxed to instead assuming an autoregressive

model on the a;’s: this will require using the matrix Azuma inequality [30] to replace matrix

Bernstein. We believe the zero mean requirement can also be eliminated.

Acknowledgments

The authors would like to thank Praneeth Netrapalli and Prateek Jain of Microsoft Research

India for fruitful discussions on strengthening the guarantee by removing assumptions on subspace

change model.

3.9 References

Car, T. T., Ma, Z., AND WU, Y. Sparse pca: Optimal rates and adaptive estimation. The
Annals of Statistics 41, 6 (2013), 3074-3110.

CANDES, E. The restricted isometry property and its implications for compressed sensing. C.
R. Math. Acad. Sci. Paris Serie I (2008).

CaNDEs, E. J., L1, X., MA, Y., AND WRIGHT, J. Robust principal component analysis? .J.
ACM 58, 3 (2011).

CANDEs, E. J., AND RECHT, B. Exact matrix completion via convex optimization. Found.
of Comput. Math, 9 (2008), 717-772.

CHANDRASEKARAN, V., SANGHAVI, S., PARRILO, P. A., AND WILLSKY, A. S. Rank-sparsity
incoherence for matrix decomposition. SIAM Journal on Optimization 21 (2011).

CHERAPANAMJERI, Y., GupTA, K., AND JAIN, P. Nearly-optimal robust matrix completion.
ICML (2016).

Davis, C., AND KAHAN, W. M. The rotation of eigenvectors by a perturbation. iii. SIAM
J. Numer. Anal. 7 (Mar. 1970), 1-46.

Dung, N. V., TRUNG, N. L., ABED-MERAIM, K., ET AL. Robust subspace tracking with

missing data and outliers via admm. In 2019 27th European Signal Processing Conference
(EUSIPCO) (2019), IEEE, pp. 1-5.

FENG, J., Xu, H., AND YAN, S. Online robust pca via stochastic optimization. In NIPS
(2013).



[10]

[11]

134

Guo, H., Qiu, C., AND VASWANI, N. An online algorithm for separating sparse and low-
dimensional signal sequences from their sum. IEEE Trans. Sig. Proc. 62, 16 (2014), 4284-4297.

HE, J., BALzANO, L., AND SzrLAM, A. Incremental gradient on the grassmannian for online
foreground and background separation in subsampled video. In IEEE Conf. on Comp. Vis.
Pat. Rec. (CVPR) (2012).

HorN, R., AND JOHNSON, C. Matriz Analysis. Cambridge Univ. Press, 1985.

Hsu, D., KAKADE, S. M., AND ZHANG, T. Robust matrix decomposition with sparse cor-
ruptions. IEEE Trans. Info. Th. (Nov. 2011).

IpsEN, I. C. An overview of relative sin 6 theorems for invariant subspaces of complex matrices.
Journal of computational and applied mathematics 123, 1-2 (2000), 131-153.

JAVED, S., MAHMOOD, A., Dias, J., AND WERGHI, N. Robust structural low-rank tracking.
IEEE Transactions on Image Processing 29 (2020), 4390-4405.

KE, Z. T., AND WANG, M. A new svd approach to optimal topic estimation. arXiv preprint
arXiv:1704.07016 (2017).

KovrcHinskIl, V., Lounicl, K., ET AL. Normal approximation and concentration of spectral
projectors of sample covariance. The Annals of Statistics 45, 1 (2017), 121-157.

L1, R.-C. Relative perturbation theory: Ii. eigenspace and singular subspace variations. STAM
J. Matriz Anal. Appl. 20, 2 (1998), 471-492.

Lois, B., AND VASWANI, N. Online matrix completion and online robust pca. In IEFEE Intl.
Symp. Info. Th. (ISIT) (2015).

Mvusco, C., AND Musco, C. Randomized block krylov methods for stronger and faster

approximate singular value decomposition. In Advances in Neural Information Processing
Systems (2015), pp. 1396-1404.

NADLER, B. Finite sample approximation results for principal component analysis: A matrix
perturbation approach. Ann. Statist. (2008).

NARAYANAMURTHY, P., DANESHPAJOOH, V., AND VASWANI, N. Provable subspace tracking

from missing data and matrix completion. IEEE Transactions on Signal Processing (2019),
4245-4260.

NARAYANAMURTHY, P., AND VASWANI, N. Nearly optimal robust subspace tracking. In
International Conference on Machine Learning (2018), pp. 3701-3709.



[24]

[25]

[26]

[31]

[32]

[33]

[34]

135

NARAYANAMURTHY, P., AND VASWANI, N. Provable dynamic robust pca or robust subspace
tracking. IEEE Transactions on Information Theory 65, 3 (2019), 1547-1577.

NETRAPALLI, P., NIRANJAN, U. N., SANGHAVI, S., ANANDKUMAR, A., AND JAIN, P. Non-
convex robust pca. In NIPS (2014).

OZDEMIR, A., BERNAT, E. M., AND AVIYENTE, S. Recursive tensor subspace tracking for

dynamic brain network analysis. IEEE Transactions on Signal and Information Processing
over Networks (2017).

Qiu, C., AND VASWANI, N. Real-time robust principal components’ pursuit. In Allerton
Conf. on Communication, Control, and Computing (2010).

Qru, C., Vaswani, N., Lors, B., AND HOGBEN, L. Recursive robust pca or recursive sparse
recovery in large but structured noise. IEEE Trans. Info. Th. (August 2014), 5007-5039.

SCHOLKOPF, B., SMOLA, A., AND MULLER, K.-R. Nonlinear component analysis as a kernel
eigenvalue problem. Neural computation 10, 5 (1998), 1299-1319.

TRroOPP, J. A. Just relax: Convex programming methods for identifying sparse signals. IEEFE
Trans. Info. Th. (March 2006), 1030-1051.

Tropp, J. A. User-friendly tail bounds for sums of random matrices. Found. Comput. Math.
12, 4 (2012).

Vaswani, N., BouwMaNs, T., JAVED, S., AND NARAYANAMURTHY, P. Robust subspace
learning: Robust pca, robust subspace tracking, and robust subspace recovery. IEEFE signal
processing magazine 35, 4 (2018), 32-55.

Vaswani, N., AND Lu, W. Modified-CS: Modifying compressive sensing for problems with
partially known support. IEEE Trans. Signal Processing (September 2010).

VASWANI, N., AND NARAYANAMURTHY, P. Pca in sparse data-dependent noise. In ISIT
(2018), pp. 641-645.

Vu, V. Q., AND LEI, J. Minimax sparse principal subspace estimation in high dimensions.
Annals of Statistics (2013).

X1A0, L., AND ZHANG, T. A proximal-gradient homotopy method for the 11-regularized
least-squares problem. In ICML (2012).

YE, K., AND LiM, L. H. Schubert varieties and distances between subspaces of different
dimensions. SIAM Journal on Matrixz Analysis and Applications 37, 3 (2016), 1176-1197.



136

[38] Y1, X., PARK, D., CHEN, Y., AND CARAMANIS, C. Fast algorithms for robust pca via
gradient descent. In NIPS (2016).

[39] Zuan, J., Lois, B., Guo, H., AND VASWANI, N. Online (and Offline) Robust PCA: Novel
Algorithms and Performance Guarantees. In Intnl. Conf. Artif. Intell. Stat. (AISTATS) (2016).

[40] ZHAN, J., AND VASWANI, N. Robust pca with partial subspace knowledge. IEEE Trans. Sig.
Proc. (July 2015).

[41] ZHAN, J., AND VASWANI, N. Time invariant error bounds for modified-CS based sparse signal
sequence recovery. IEEE Trans. Info. Th. 61, 3 (2015), 1389-1409.

[42] Zuang, T., Xu, C., AND YANG, M.-H. Robust structural sparse tracking. IEEFE transactions
on pattern analysis and machine intelligence 41, 2 (2018), 473-486.

[43] ZwAaLD, L., AND BLANCHARD, G. On the convergence of eigenspaces in kernel principal

component analysis. In Advances in neural information processing systems (2006), pp. 1649—
1656.

3.10 Appendix A: Proofs for Sec. 3.2

3.10.1 Proof of Theorem 3.31
Proof of Theorem 3.31. This uses the Davis-Kahan sin theta theorem [7]:

Lemma 3.53 (Davis-Kahan sin theorem). Let Dy be a Hermitian matriz whose span of top r

eigenvectors equals span(P). Let D be the Hermitian matrixz with top r eigenvectors P. Then,

) |(D — Do) P||
SE(P, P) < A (Do) — Ary1(D)
|D — Dyl

S M Do) = Mo1(Do) — A (D — Do) (3.15)

as long as the denominator is positive. The second inequality follows from the first using Weyl’s

inequality.
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For our proof, set Dy = é > €4’ Notice that this is a Hermitian matrix with P as the top r

eigenvectors. Let D = éZt vy’ . Recall that P is its matrix of top r eigenvectors. Observe

1
D-Do=—3 (' —&t/)
t

1 / / / /
= — (wyw;' + vvy' + w4+ vwy
a
t
!/ !/ / /
+ Et’vt + wtft + wvy + vtﬂt )
= N0iSey + Noisey, + CrOSSg 4y + CrOSSg 4,
/ !/ /
+ Crossy, w + Crossg ., =+ Crossgq, —+ CrossSy, w
. /
!= noise + Cross + Cross

Also notice that A\,41(Dg) = 0, A\-(Dp) = Amin (é Do atat’). Now, applying Theorem 3.53,

2||cross|| + ||noise||

SE(P, P) <
( )< Amin (é Yo aray ) — numerator

Now, we can bound ||cross|| < ||E[cross]|| + ||cross — E[cross]|| and similarly for the noise term.
We use the Cauchy-Schwartz inequality for bounding the expected values of both.

Recall that My = My My, with b := |1 3", My M, /|| and ¢ := max, | My, P|| with ¢ < 2.

Thus,
. 1 / / /
[Enoise]|| < || =Y M,PAP'M;/M,,'|| +||Zy, |
a t
1 1
< 1= MPAPDM, /(-)|[||[= Y Moy ,My| + X\
< azt: t 1,t() Hazt: 2,4 Mot || + Ay
< \/m?xHMtPAP’MLt’HQ b+ A5 < VbPAT + S (3.16)
Similarly,

[E[crosse.w, ]| =

1
— E M2,tM17tPAP/H
o

t

IN

1
~> " PAP'M; /My PAP’
(6

t

1
H Z M M,/
@ t

IN

\/m?x | My PAP'||2 b < Vbgr* (3.17)
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Since v; is uncorrelated noise, E[crossg,,] = 0 and E[crossy, »,] = 0. We now lower bound

Amin (é Yo atat’) as
1 / 1 /
)\min - Z a;ay = )\min A — E Z aiay — A
(6
t t
1
Z Amin(A) - Amax <a Zt: ata'tl - A)

1
>N ==Y aal - A
e o t atay

and thus we have

SE(P, P)

4VbgAT + A + 2||cross — E[cross]|| + ||noise — E[noise
v
A~ — |12 35, aray’ — Al| — numerator

Concentration bounds. Now we only need to bound ||noise — E[noise]|| and ||cross — E[cross]]|.
These are often referred to as “statistical error”, while the error due to nonzero ||E[cross]| or

|E[noise]|| is called the “bias”. We use concentration bounds from Lemma 3.55.

|noise — E[noise]|| + 2[|cross — E[cross]||

1 1
< azt:(wtwt’—E[wtwt'])] + azt:(vtvt'—E[vtvt'])]H
1
+2|~ Zt:(etwt’ — E[e,w,])] H
+2 lZEU' +2 lZw'v'
a - tUt o - tUt

_l’_
SC\/ﬁqu ,H(;gnA_—l—C\/ﬁi% /rlc;gn)\_

rlogn . _
+CVnaf ag A
A rlogn . _ A rlogn . _
"‘C\/ﬁ\/)\if\/ ag A +CWQ\//\Tf\/ ag A
rlogn . _ A rlogn . _ _
SOVIgf || 25N+ OV [ T2 f oA = H o)A

where the last line follows from using ¢? < 2¢ and A} < AT.
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In case we only need to bound ||noise — E[noise]||, we can get a tighter bound that contains only

the first two terms and not all five. Clearly, we have

|noise — E[noise]||
< CVig 2fWA +CIA+\/@>\ +
= Hypoise(e)
The bound on |13, a;a)’ — A2 follows directly from the first item of Lemma 3.55. O

3.10.2 A useful corollary that follows from above proof

From the above proof, we can write out a bound for ||[®@cross®’|| for a projection matrix ® by
noticing that each term of cross is of the form >, £,(.)) = PY_, a;(.)’. Thus || P’cross|| = ||cross||.
Thus, ||[®@cross®’|| < || ®P||||cross|| < ||®P||(||E[cross]|| + ||cross — E[cross]||). Similarly, we can also
get a bound on Apax(noise) = ||noise||.

Assume b = 0.01/f% ¢ > ¢ > V9 Consider cross. f a >
C max (q L rlogn, gf max(rv, )logn>, then H(a) < etA™. If we set e; = 0.002max(v/bg, Vbe)
and b = 0.01/f2 (bound on max-outlier-frac-row(cv)), then, since € > \/g , @ = C f? max(ry, r) logn

suffices. Since ¢ > e, then, ¢; = 0.002v/bg. Thus,
|[@cross®’|| < [|®P||(2VbgAT + H(a)A™) < 2.02Vb||@P|jgA

Consider noise. We will use Hy,pise() for this. If o > C' max (q i rlogn, < el max(rv, r) log n),
then Hpgise(a) < eaA™. If we set eg = 0.002\/I;max(q2,62), then since e > g2, thus, o =

C f? max(ry,r)logn suffices. Since ¢ > ¢, €2 = 0.002v/bg?>. We have the following corollary.
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Corollary 3.54. If a = C f?max(ry,7)logn, and if ¢ > € > /g, then, w.p. 1 —10n~1°,

| ®cross®'|| < ||®P||(2vbgAt + H(a)A™)
< 2.02V0||®P||g\ T,
Amax (@noise®) < |[noise|| < Vbg?At + X + H(a)A~
< L.OIVDbEAAT + \F

< 1.01VbPAT + 20~

3.10.3 Main idea of the proof of Corollary 3.43

The key difference in this proof is our choice of Dy. Since we want to bound SE(P, P), we

need to pick it in such a way that its matrix of top r singular vectors equals span(P). We pick

1
Dy=—-P ((a — Oé(])A + a()P,P(]APéP) P
(0%

Clearly, A\r+1(Dg) = 0. With this choice of Dy,

D — Dg = cross + cross’ + noise
+ (1 P A E[L Z&&]) + (E[l A Do)
@ X @
where cross, noise are as defined earlier with the change that £; is now defined differently. Thus,
the only thing that changes when bounding these is our definition of q. The last term in the

expression above equals co Py P| PPAPyP| P, + coP) P PPAP;PP’ + (.)' with ¢o := 22. This is

what generates the extra 4A f term in our SE bound. A complete proof is provided in the Appendix.

3.10.4 Concentration Bounds

We state the lemma below so that it can also be used in proving the most general PCA result
given in the Supplement. Let Ay = E[aya,], A = 137, Ay, AL, = max; [|A], A\rg = Amin(A),
f = )‘;rna:c/)‘;vy )\;r,max = maxy ||E['Utvt/]|| and g = )‘Imax/)\;vg'

To use the lemma under the simpler i.i.d. assumption used in the main paper, remove the

max»avg Subscripts from all terms, e.g., replace AL, by AT, AL, by A~ and so on.

max avg
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Lemma 3.55. With probability at least 1 — 10n~19,
1 ;=
'S aar -
«

t
1 1
— Z Et'wt’ ——E [Z Etwt’]
« «

t t
1 1
— Z 'wt'wt' ——E [Z wtwt’]
«a o}

t ¢
1 max(ry,,r)logn  _
a Z'etvt/ S C\/ﬁ\/ gf\/ Ua g )\avgv

3 2
1 /
'S
«

t 2
1 1
- Z Ut’Ut, ——E
& Q

rlogn

< C\ff avg?

rlogn

< Cvnaf Aavg)

rlogn

< C\/> f avgv

max(ry,r)logn  _
< C\/ﬁq\/gf\/ ( " ) Aavgs

[l
2 Utvt/] <Cfg T Ogn)\_vg'
t

Proof of Lemma 3.55. aza;’ term. This and all other items use Matrix Bernstein for rectangular
matrices, Theorem 1.6 of [31]. This says the following. For a finite sequence of d; x da zero mean

independent matrices Zj; with

1Zx|2 < R, and

max(|| Y E[Zy' Zi]ll2, | > E[ZrZ]||2) < o,
k k

we have Pr(|| Y, Zxl2 > s) < (di + d2)exp (_0212}/225/3) < (di + do) exp< cmin (222’ 5’%))
Let Z; := a;a;/ and we apply the above result to Z; = Z; — E[Zt] with s = ea. Now
it is easy to see that || Z;]| < 2||laias’| < 2|jai|?3 < 2nrAl.. := R and similarly, |E[Z?]|| =
IE[llat]3a:as]|| < « - maxg, ||at]|3 - max; Elata’] < anr(M,.)? = o? and thus, w.p. at most

2r exp (—cmin (%, T;id 6)) Now we set € = esA_,, with e5 = C\/ﬁf\/”‘?# to get our

result.

Lyw; term. Let Z; := £w,’. We apply this result to Z, =27, — E[Z,] with s = ea. To get the

values of R and ¢? in a simple fashion, we use the facts that (i) if || Z|2 < R1, then || Z;| < 2Ry;
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and (i) 3, E[Z:Z] < 3, E[Z:Z,/]. Thus, we can set R to two times the bound on || Z;||2 and we
can set 02 as the maximum of the bounds on || Y, E[Z;Z/]||2 and || Y, E[Z/ Z{]| 2.

It is easy to see that R = 2\/ 777"/\333LX \/ nrqz)\fgax = 2nrq\} To get 02, observe that

max*

Z E [wtﬁt'ﬁtwt’]
t

< a(max [[€]]) - max [Efwpw ]|
t
2

< amrAf. AT = anrg® (AL

m max)2’

Repeating the above steps, we get the same bound on || Y, E[Z;Z}']||2. Thus, 0% = anrg*(\ha.)?

Thus, we conclude that, [|>°, &w —E[}", Lw/]l, > ea w.p. at  most
. 2 - _ . - rlogn
2n exp (—c min (nquEA%ax)Q’ m;&ax)) Set € = egA~ with €9 = cqfy/ —2— so that our bound holds

w.p. at most 2n 10, This follows because a > C f?rlogn.

wywy , 4wy, wv, and vv; terms.  Apply matrix Bernstein as done above. d

3.11 Appendix B: Proof of Theorem 3.39 and Corollary 3.40

Proof of Theorem 3.39. The overall structure of this proof is similar to that in [19, 39]. Define

te— 1t 1 e

i1 fin = tjim1 + Ko, tjw =1t 1 pin + { o

Thus, tAj_Lfm is the time at which the (j — 1)-th subspace update is complete; w.h.p., this occurs
before ;. With this assumption, ¢;, is such that ¢; lies in the interval [t; . —a + 1,1;].

Recall from the algorithm that we increment j to j+ 1 at t = fj + Ka := 7%-7 fin- Define the events

L. Det0 := {fj = tju} = {Amax(E 20 ar1 B ®) > wopass} and

Detl := {#j = tju + 0} = {Amax(2 20 0y BLEP) > wovars},
2. SubUpd := N SubUpd,, where SubUpd, := {SE(Pj+, P}) < qx},
3. NoFalseDets := {for all 7* C [t} fin, tj+1), Amax(% D ye7a BLLLD) < Wepals)
4. Toena := {SE(Py, By) < 0.25},

5. Ijend :=T'j_1enaN ((DetO NSubUpdNNoFalseDets) U (DetONDet1NSubUpd N NoFalseDets)) )
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Let po denote the probability that, conditioned on I';_; cnq, the change got detected at t = ¢ .,
ie., let

po = Pr(Det0|Tj_1 ena)-

Thus, Pr(DetO|I'j_1 enda) = 1 — po. It is not easy to bound pg. However, as we will see, this will
not be needed. Assume that I';_j eng N DetO holds. Consider the interval J¢ = [t;.,tj.« + ).
This interval starts at or after t;, so, for all ¢ in this interval, the subspace has changed. For this

interval, ® =1 — 15j,115j,1’. Applying the first item of Lemma 3.48, w.p. at least 1 — 10n~10,

1 ~ oA
)\max (Oé Z q)’etei(P> Z Wevals

tege

and thus fj = t;j« + a. In other words,
Pr(Det1|Tj_1 ena N Det0) > 1 — 10010

Conditioned on I'j_1 ¢nd N Det0 N Detl, the first SVD step is done at t = fj +a=1js+2a and
the subsequent steps are done every « samples. We can prove Lemma 3.44 with I'; o replaced by
[jena N Det0 N Detl and Lemma 3.45 with ['j k-1 replaced by I'jeng N Det0 N Detl N SubUpd; N
.-+ N SubUpd,,_; and with the k-th SVD interval being Ji := [t; + (k — 1)a,t; + ka). Applying

Lemmas 3.44, and 3.45 for each k, we get
Pr(SubUpd|Tj_1 ena N Det0 N Detl) > (1 — 10n~10)K+L,

We can also do a similar thing for the case when the change is detected at ¢; ., i.e. when Det0 holds.
In this case, we replace I'; o by I'j enga M Det0 and I'; . by I'j ena M DetO N SubUpd; N---NSubUpd,,_,
and conclude that

Pr(SubUpd|Tj_1 ena N Det0) > (1 — 10n10)K,

Finally consider the NoFalseDets event. First, assume that I'j_; cngNDetONSubUpd holds. Con-

sider any interval 7 C [fj’fm, tj+1). In this interval, P(t) = Pj, P = I—15jl5j’ and SE(IAJJ-7 P;) <e.

Using the second part of Lemma 3.48 we conclude that w.p. at least 1 — 10n10,

1 ~ A
)\max (Oé Z q)’et‘a@> < Wevals

tege
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Since Det0 holds, ¢; = t;.. Thus, we have a total of LWJ intervals J® that are subsets

of [t; fin,tj+1). Moreover, Ltj“*tj’;fKafaj < Lt”ﬁtj;Ka*aJ < L@J — (K +1) since a < a.

Thus,

Pr(NoFalseDets|I';_1 ¢na N Det0 N SubUpd)

> (1= 100~ 10515
On the other hand, if we condition on I';_; ¢ng N Det0 N Detl N SubUpd, then fj = t;+« + o Thus,

Pr(NoFalseDets|I"j_1 eng N Det0 N Det1l N SubUpd)

> (1 — 100 10) 5=+

We can now combine the above facts to bound Pr(I'jend|I'j—1end). Recall that py :=
Pr(DetO|I'j_1 end). Clearly, the events (DetONSubUpdNNoFalseDets) and (DetONDet1NSubUpdN

NoFalseDets) are disjoint. Thus,

Pr(I'jend|I'j—1,end)

= po Pr(SubUpd N NoFalseDets|I";_1 eng N Det0)
+ (1 = po) Pr(Det1|T;_1,ena N Det0)-

Pr(SubUpd N NoFalseDets|T';_1 ena N Det0 N Det1)
> po(1 — 100~ 10K (1 — 10~10) L5 1= ()

+ (1= po)(1 — 100719

(1 — 100~ 10)K (1 — 105~ 10) P55 ~(0+D)

— (1= 100 LT S (1 — 10p10) e,

Thus, since the events I'jenq are nested, Pr(I'jend|To,end) = Hj Pr(Tjenallj—1,end) > Hj(l —

10n~10)b+174 = (1 — 10n710)% > 1 — 10dn~10. O

Proof of Corollary 3.40. It should be noted that basis(M) is not a unique matrix, it refers to

any matrix P that has orthonormal columns and whose span equals the span of M. Thus
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A

basis([P;j_1, Pj]) = basis([Pj_1, P;_11 Pj]) = basis([P;, P; P;_1]). Let us denote any of these
matrices by 15]-_1,]-.
For t € [tj—1 + Ka,t;), P, = Pj_; while for t € [tj;,{; + Ka — 1), P, = P;. For all ¢ in these

two intervals P(t) = 15j_1,j. The proof of this corollary is an easy consequence of this fact and the

fact that, for two basis matrices Pj, P, that are mutually orthonormal, i.e., for which P;/P, = 0,
(I - PP{ - P,P;) = (I - P\P|)(I - P,P,).

Thus, SE(Pj_1;, Pj_1) < SE(Pj_1,P;_1) < ¢ and SE(P;_1;, Pj) < SE(P;, Pj) <. O

3.12 Appendix C: Proofs for Section 3.3: Time complexity derivation and
Proof of Theorem 3.42

3.12.1 Time complexity derivation

Consider initialization. To ensure that SE(Py, Py) € O(1/4/7), we need to use Clog r iterations
of AltProj. Since there is no lower bound in the AltProj guarantee on the required number of matrix
columns (except the trivial lower bound of rank) [25], we can use tiain = Cr frames for initialization.
Thus the initialization complexity is O(ntyaimr?log(y/r) = O(nr3logr) [25]. The projected-CS
step complexity is equal to the cost of a matrix vector multiplication with the measurement matrix
times negative logarithm of the desired accuracy in solving the [; minimization problem. Since
the measurement matrix for the CS step is I — P(t_l)lf’(t_l)’ , the cost per CS step (per frame) is
O(nrlog(1/e)) [36] and so the total cost is O((d — tirain)nr log(1/€)). The subspace update involves
at most ((d — train) /@) rank 7-SVD’s on n X o matrices all of which have constant eigen-gap (this
is indirectly proved in the proofs of the second item of Lemmas 3.44 and 3.45). Thus the total time
for subspace update steps is at most ((d — tirain) /@) * O(narlog(1l/€)) = O((d — tirain)nrlog(1/e))
[20]. Thus the running time of the complete algorithm is O(ndrlog(1/e) + nr3logr). As long as

r?logr < dlog(1/¢), the time complexity of the entire algorithm is O(ndr log(1/¢)).



146

3.12.2 Proof of Theorem 3.42 for NORST-NoDet

In this algorithm we do not detect change. We just keep updating the subspace by r-SVD
applied every « time instants on the last a ét’s, IA}t;a. For a-intervals J for which P; = P; for all
t € J, there is no change to the analysis. We start at t = to = o = 1 with initial subspace estimate
P, available. Let Ay = SE(PO,PO). The first subspace update is done at t = «, the second at
t = 2a, and so on. By Lemma 3.44 with 13j70 = 150, we can show that after one update, the error
reduces to 1.2max(Ag/4,¢). After this, by applying Lemma 3.45 K — 1 times, we can show that,
after at most K steps with K = log(Ag/e), the error reduces to 1.2e. Beyond this time, the error
does not decrease further. We know that P, = Py for t € [to, (K + 2)a], but can change after that.

Consider the a-interval J that contains the change time t;. The projected CS analysis for
this interval remains exactly the same as above. But to analyze the subspace update for this
interval we need to use Corollary 3.43. More generally consider the j-th change, and the interval
J =1ltj/a) + 1, |tj/a] + o], which is the a-frame interval that contains ¢;.

Fort € J, we haveét =y — &; = £ + e; + vy where
-1
e = ITt (‘11721‘1’7;) Ifgl‘I’(ft + ’Ut) = (ee)t + (ev)t

O=1-P, Py, =P ia fortc|tj/al,t;) and £ = Pja, for t € [t;, |t;/a] + a).

Let 1—2’3-70 denote the subspace estimate P(t) computed for this interval. We apply Corol-

lary 3.43 with y; = ét, wy = (ep)t, v¢ = (ey)t +v1, by = Ly, My = —(\117;’\117;)71 '
P = Pjy, P =P, By = P;y. Since |My,Py|| = | (¥7,'¥7)"  O7/'Pj|| < 1.2¢, | My, P| =

| (7' 07) " 7P| < 1.2(c + SE(Pj_1, P;)), thus goo = 1.2(¢ + SE(P;_1, P;)). Also, b= by =
0.01/f? which is the upper bound on max-outlier-frac-row (), |E[(€y)¢(€s)¢/]|| < (1.2)2A}. Thus,

with probability at least 1 — 10n10,

N +
SE(Pjo, Pj) < 2.5(3(Af +4-0.1-1.2(e + A) + i—ﬁ) < 10A

+
Here we used i‘—“_ =2 <A.
Redefine ; = [t;/a] 4+ and Pjg to denote the estimate from the change interval. To analyze

the next a-interval for new-NORST, we apply Lemma 3.44 with above re-definitions. Thus, gy =
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N

1.2 - 10A. We can conclude that SE(P;j 1, P;) < max(0.3¢go,e) = ¢q1. For the next K — 1 intervals,

we apply Lemma 3.45 K — 1 times with ¢; = 1.2max(0.25¢;_1, €).
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Algorithm 6 NORST Algorithm. We obtain Py by C(logr) iterations of AltProj on Y[1 torain]> torain = CT.

1: Input: 150, y;; Output: @y, ét, P(t); Parameters: wgypp, &, @, K, Wepals
2: P(ttrain) — Py, « 1L,k < 1

3: phase < update; ty < ttrain;

4: for t > tipam do

5: W T - P(t—l)fj(t—l),

6 Yyt < Yy,

7 By ¢ argming lz||, s.t. ||lge — Px| <&

8 Te < {i: |&tcs|l > Wsupp}-

9 Ty Ij—t(‘I’ﬁ,‘I’ﬁ)_l‘I’ﬁ/’gt.

10: ét — Yt — Ty

11: if phase = detect and ¢t = fj,l,fm + ua then
12: P (I — .ﬁj_lfjj_f).

13: B ®L;, with Lo = [€rar1,8— a2, .- 4.
14: if Apax(BB') > Qweyqrs then

15: phase < update, fj — t,

16: end if

17: end if
18: if phase = update then

19: ift:tAj—l—uoz—lforuzl, 2, .-+, then
20: ﬁ’ch — SVDT[it;a], P(t) — 15]'7]6, k+k+1.
21: else

22: P(t) — P(tfl)

23: end if

24: ift:fj—i—Ka—lthen

25: l?jjm —t, 1‘:’] — P(t)

26: k<1, 7 < j+ 1, phase < detect.

27: end if

28: end if

29: end for

30: Smoothing NORST: Att= fj + Ka, for all t € [fj,l + Ka,fj + Ka — 1],

31: P(il;lo‘)thing « basis([Pj_1, Pj]), where basis(M) refers to a basis matrix that has span equal
to span(M). o . . ) .

3. U« I — P(str)noothmgp(str;loothmg/; jimoothlng « Iﬁ(‘I’ﬁ/‘I’ﬁ)_l‘I’ﬁ,yt; Eimoothmg — y —

~smoothing
z, .
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Algorithm 7 NORST-NoDet

1: Input: 150, yy; Output: xy, ét, P(t); Parameters: wgypp, &, «
2: P(ttrain) — P();
3: for ¢t > tirain do

4 Lines 6-11 of Algorithm 6

5 if t = tyrain tua—1foru=1, 2, ---, then
6: Pu — SVDT[it;a], P(t) — Pu

7 else

8 Ply) <= Py

9: end if

10: end for
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CHAPTER 4. SUBSPACE TRACKING FROM INCOMPLETE DATA IN
THE PRESENCE OF OUTLIERS

Praneeth Narayanamurthy, Vahid Daneshpajooh, and Namrata Vaswani
Dept. of Electrical and Computer Engineering, Iowa State University, Ames, IA, 50010

Modified from a manuscript published in IEEE Transactions on Signal Processing'

Abstract

We study the problem of subspace tracking in the presence of missing data (ST-miss). In
recent work, we studied a related problem called robust ST. In this work, we show that a simple
modification of our robust ST solution also provably solves ST-miss and robust ST-miss. To our
knowledge, our result is the first “complete” guarantee for ST-miss. This means that we can prove
that under assumptions on only the algorithm inputs, the output subspace estimates are close
to the true data subspaces at all times. Our guarantees hold under mild and easily interpretable
assumptions, and allow the underlying subspace to change with time in a piecewise constant fashion.
In contrast, all existing guarantees for ST are partial results and assume a fixed unknown subspace.
Extensive numerical experiments are shown to back up our theoretical claims. Finally, our solution
can be interpreted as a provably correct mini-batch and memory-efficient solution to low rank

Matrix Completion (MC).

4.1 Introduction

Subspace tracking from missing data (ST-miss) is the problem of tracking the (fixed or time-
varying) low-dimensional subspace in which a given data sequence approximately lies when some of

the data entries are not observed. The assumption here is that consecutive subsets of the data are

T performed the literature survey, writing, and designing the experiments, V.D. performed the experiments, N.V.
helped with all components.
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well-approximated as lying in a subspace that is significantly lower-dimensional than the ambient
dimension. Time-varying subspaces is a more appropriate model for long data sequences (e.g.
long surveillance videos). For such data, if a fixed subspace model is used, the required subspace
dimension may be too large. As is common in time-series analysis, the simplest model for time-
varying quantities is to assume that they are piecewise constant with time. We adopt this model
here. If the goal is to provably track the subspaces to any desired accuracy, € > 0, then, as we
explain later in Sec. 4.1.3, this assumption is, in fact, necessary. Of course, experimentally, our

¢

proposed algorithm, and all existing ones, “work” (return good but not perfect estimates) even
without this assumption, as long as the amount of change at each time is small enough. The reason
is one can interpret subspace changes at each time as a “piecewise constant subspace” plus noise.
The algorithms are actually tracking the “piecewise constant subspace” up to the noise level. We
explain this point further in Sec. 4.1.3.

ST-miss can be interpreted as an easier special case of robust ST (ST in the presence of additive
sparse outliers) [33]. We also study robust ST-miss which is a generalization of both ST-miss and
robust ST. Finally, our solutions for ST-miss and robust ST-miss also provide novel mini-batch
solutions for low-rank matrix completion (MC) and robust MC respectively.

Example applications where these problems occur include recommendation system design and
video analytics. In video analytics, foreground occlusions are often the source of both missing and
corrupted data: if the occlusion is easy to detect by simple means, e.g., color-based thresholding,
then the occluding pixel can be labeled as “missing”; while if this cannot be detected easily, it is
labeled as an outlier pixel. Missing data also occurs due to detectable video transmission errors
(typically called “erasures”). In recommendation systems, data is missing because all users do not
label all items. In this setting, time-varying subspaces model the fact that, as different types of
users enter the system, the factors governing user preferences change.

Brief review of related work. ST has been extensively studied in both the controls’ and
the signal processing literature, see [14, 1, 19, 46] for comprehensive overviews of both classical and

modern approaches. Best known existing algorithms for ST and ST-miss include Projection Ap-
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proximate Subspace Tracking (PAST) [48, 49], Parallel Estimation and Tracking by Recursive Least
Squares (PETRELS) [12] and Grassmannian Rank-One Update Subspace Estimation (GROUSE)
[3, 4, 53, 38]. Of these, PETRELS is known to have the best experimental performance. There
have been some attempts to obtain guarantees for GROUSE and PETRELS for ST-miss [4, 53, 47],
however all of these results assume the statistically stationary setting of a fixed unknown subspace
and all of them provide only partial guarantees. This means that the result does not tell us what
assumptions the algorithm inputs (input data and/or initialization) need to satisfy in order to en-
sure that the algorithm output(s) are close to the true value(s) of the quantity of interest, either at
all times or at least at certain times. For example, [4] requires that the intermediate algorithm esti-
mates of GROUSE need to satisfy certain properties (see Theorem 4.64 given later). It does not tell
us what assumptions on algorithm inputs will ensure that these properties hold. On the other hand,
[47] guarantees closeness of the PETRELS output to a quantity other than the true value of the
“quantity of interest” (here, the true data subspace); see Theorem 4.65. Of course, the advantage
of GROUSE and PETRELS is that they are streaming solutions (require a single-pass through the
data). This may also be the reason that a complete guarantee is harder to obtain for these. Other
related work includes streaming PCA with missing data [32, 20]. A provable algorithmic framework
for robust ST is Recursive Projected Compressive Sensing (ReProCS) [40, 41, 51, 34, 33]. Robust
ST-miss has not received much attention in the literature.

Provable MC has been extensively studied, e.g., [8, 35, 11]. We discuss these works in detail in
Sec. 4.3.

Contributions. (1) We show that a simple modification of a ReProCS-based algorithm called
Nearly Optimal Robust ST via ReProCS (NORST for short) [33] also provably solves the ST-miss
problem while being fast and memory-efficient. An extension for robust ST-miss is also presented.
Unlike all previous work on ST-miss, our guarantee is a complete guarantee (correctness result): we
show that, with high probability (whp), under simple assumptions on only the algorithm inputs,
the output subspace estimates are close to the true data subspaces and get to within € accuracy

of the current subspace within a “near-optimal” delay. Moreover, unlike past work, our result
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allows time-varying subspaces (modeled as piecewise-constant with time) and shows that NORST-
miss can provably detect and track each changed subspace quickly. Here and below, near-optimal
means that our bound is within logarithmic factors of the minimum required. For r-dimensional
subspace tracking, the minimum required delay is r; thus our delay of order rlogn log(1/¢) is near-
optimal. Moreover, since ST-miss is an easier problem than robust ST, our guarantee for ST-miss
is significantly better than the original one [33] that it follows from. It does not assume a good
first subspace initialization and does not require slow subspace change.

(2) Our algorithm and result can also be interpreted as a novel provably correct mini-batch
and memory-efficient solution to low rank MC. We explain in Sec. 4.2.2 that our guarantee is
particularly interesting in the regime when subspace changes frequently enough, e.g., if it changes
every order rlognlog(1l/e) time instants.

Organization. We explain the algorithm and provide the guarantees for it in Sec. 4.2; first
for the noise-free case and then for the noisy case. A detailed discussion is also given that explains
why our result is an interesting solution for MC. In this section, we also develop simple heuristics
that improve the experimental performance of NORST-miss. We provide a detailed discussion of
existing guarantees and how our work relates to the existing body of work in Sec. 4.3. Robust
ST-miss is discussed in Sec. 4.4. Exhaustive experimental comparisons for simulated and partly
real data (videos with simulated missing entries) are provided in Sec. 4.5. These show that as long
as the fraction of missing entries is not too large, (i) basic NORST-miss is nearly as good as the
best existing ST-miss approach (PETRELS), while being faster and having a complete guarantee;
(ii) its extensions have better performance than PETRELS and are also faster than PETRELS;
(iii) the performance of NORST-miss is worse than convex MC solutions, but much better than
non-convex ones (for which code is available); however, NORST-miss is much faster than the convex

MC methods. We conclude in Sec. 4.6.
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4.1.1 Notation

We use the interval notation [a,b] to refer to all integers between a and b, inclusive, and we
use [a,b) :=[a,b—1]. ||.|| denotes the I norm for vectors and induced ls norm for matrices unless
specified otherwise, and ’ denotes transpose. We use M7 to denote a sub-matrix of M formed by
its columns indexed by entries in the set 7. For a matrix P we use P() to denote its i-th row.

A matrix P with mutually orthonormal columns is referred to as a basis matriz and is used to
represent the subspace spanned by its columns. For basis matrices P;, Py, we use SE(Py, Py) :=
|(I — PiP\)P,|| as a measure of Subspace Error (distance) between their respective subspaces.
This is equal to the sine of the largest principal angle between the subspaces. If P; and P, are of
the same dimension, SE(P;, P») = SE(P,, Py).

We use ]i}t;a = [ét,a+1, e ,ét] to denote the matrix formed by ¢, and (a—1) previous estimates.
Also, r-SVD[M] refers to the matrix of top r left singular vectors of M.

A set €2 that is randomly sampled from a larger set (universe), U, is said be “i.i.d. Bernoulli
with parameter p” if each entry of U has probability p of being selected to belong to €2 independent
of all others.

We reuse C, ¢ to denote different numerical constants in each use; C' is for constants greater

than one and ¢ for those less than one.

Definition 4.56 (y-incoherence). Ann x rp basis matriz P is p-incoherent if max; | PW|3 < p2

(P is i-th row of P). Clearly, > 1.

Throughout this paper, we assume that f, which is the condition number of the population
covariance of £;, and the parameter, p, are constants. This is assumed when the O(-) notation is

used.
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4.1.2 Problem Statement

ST-miss is precisely defined as follows. At each time ¢, we observe a data vector y; € R™ that

satisfies
yr = Pa,(l) + vy, fort =1,2,...,d (4.1)

where Pq,(2z;) = z; if i € Q; and 0 otherwise. Here v; is small unstructured noise, €); is the set of
observed entries at time ¢, and £; is the true data vector that lies in a fixed or changing low ()
dimensional subspace of R", i.e., £, = P;ya; where P is an n X r basis matrix with 7 < n. The
goal is to track span(P;)) and £; either immediately or within a short delay. Denoting the set of

missing entries at time ¢ as Ty, (4.1) can also be written as

Y = ft — I7;I7;'€t =+ v;. (42)
We use z; := —I7;'¢; to denote the missing entries. Clearly, T; = (2;)¢ (here ¢ denotes the comple-
ment set w.r.t. {1,2,...,n}). Writing y; as above allows us to tap into the solution framework from

earlier work [41, 33]. This was developed originally for solving robust ST which involves tracking
£; and P(t) from y; := €; + v; + x; where x; is a sparse vector with the outliers as its nonzero
entries. ST-miss can be interpreted as its (simpler) special case if we let x; = —I I8, Tt is
simpler because the support of x;, 7z, is known.

Defining the n x d matrix L := [£1,£9,...4£4], the above is also a matrix completion (MC)
problem; with the difference that for MC the estimates are needed only in the end (not on-the-fly).

We use r; to denote the rank of L.

4.1.3 Identifiability assumptions

The above problem definition does not ensure identifiability. If L is sparse, it is impossible to
recover it from a subset of its entries. Moreover, even if it is dense, it is impossible to complete
it if all the missing entries are from a few rows or columns. Finally, if the subspace changes at
every time ¢, the number of unknowns (nr) is more than the amount of available data at time ¢ (n)

making it impossible to recover all of them.
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Figure 4.1: Demonstrating the need for the piecewise constant subspace change model. The black
circles plot is for subspace changing at each time ¢, while the red squares one is for piecewise
constant subspace change, with change occurring at ¢ = ¢;. The data is generated so that, in
both experiments, SE(P,), Pg)) is the same. In the piecewise constant case (red squares), we can
achieve near perfect subspace recovery. But this is not possible in the “changing at each time”
(black circles) case. For details, see Sec. 4.5 and Fig. 4.3(c).

One way to ensure subspaces’ identifiability is to assume that they are piecewise constant with
time, i.e., that

Py = Pjforall t € [t;,t541), j=1,2,....J.

with £j41—t; > r. Let o = 1 and ;41 = d. This ensures that at least r n-dimensional data vectors
y; are available (this is the minimum needed to compute the subspace even if perfect data y, = €,
were available). The t;’s are the subspace change times. With this model, r, < rJ. When the
above model is not assumed, one cannot track to any desired accuracy, see the black circles plot in
Fig. 4.1. This is because the subspace change at each time can be interpreted as a r-dimensional
piecewise constant subspace change plus noise. To understand this precisely, consider the first «
frames, for any a > r. Let P be the matrix of top 7 left singular vectors of [P(g), Py, - -, Pa_1)]-
Then, in this interval, y; := Pq,(P;)a;) can be rewritten as y; = Pq,(P(P'Pya)) + v, where
vy = P, (Pyya; — P(P'Py))ay). A similar argument can be extended to any set of o frames.

As explained in earlier work on MC [15, 8, 42], one way to ensure that L is not sparse is to assume
that its left and right singular vectors are dense. This is the well-known incoherence or denseness

assumption. Left singular vectors incoherent is nearly equivalent to imposing p-incoherence of the
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P;’s with p being a numerical constant. As explained in [33, Remark 2.4], the following assumption

on a;’s is similar to right incoherence, and hence we call it “statistical right incoherence”.

Definition 4.57 (Statistical Right Incoherence). We assume that the a;’s are zero mean, i.e.,
Ela¢] = 0; are mutually independent over time; have identical diagonal covariance matriz A, i.e.,
that E[ata,’] = A with A diagonal; and are element-wise bounded. Element-wise bounded means that
there exists a numerical constant u > 1, such that max; max;(at)? < pmaxy Amax(E[aza;]). This
implies that the a;’s are sub-Gaussian with sub-Gaussian norm bounded by pmaxy Amax (Elara,’]) =

UAmax(A). A simple example of element-wise bounded random vectors (r.v) is uniform r.v.s.

Motivated by the Robust PCA literature [36], one way to ensure that the missing entries are
spread out is to bound the maximum fraction of missing entries in any row and in any column.
We use max-miss-frac-row and max-miss-frac-col to denote these. Since NORST-miss is a mini-
batch approach that works on batches of o frames, we actually need to bound the maximum
fraction of missing entries in any sub-matrix of L with o consecutive columns. We denote this by

max-miss-frac-row,. We precisely define these below.

Definition 4.58 (max-miss-frac-col, max-miss-frac-row,). For a discrete time interval, 7, let

1
W)= max o ) Li
(J) =12, | T | ;7 {ieTe}

where 1g is the indicator function for statement S. Thus, Ztej Lyjer;y counts the mazimum
number of missing entries in row i of the sub-matix Ly of the data matriz L := [€q,£, ..., £4].
So, v(J) is the mazimum fraction of missing entries in any row of Ly. Let J% denote a time
interval of duration o.. Then, maz-miss-frac-row, := maxgacy 4| Y(T®). Also, maz-miss-frac-col :=

maxy [T¢|/n.

4.2 The NORST-miss algorithm and guarantees

We explain the basic algorithm next. We give and discuss the guarantee for the noise-free
vy = 0 case in Sec. 4.2.2. The corollary for the noisy case is given in Sec. 4.2.3. Extensions of basic

NORST-miss are given in Sec. 4.2.4.
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4.2.1 NORST-miss algorithm

The complete psedo-code for our algorithm is provided in Algorithm 8. After initialization, the
algorithm iterates between a projected Least Squares (LS) step and a Subspace Update (including
Change Detect) step. Broadly, projected LS estimates the missing entries of £; at each time t.
Subspace update toggles between the “update” phase and the change “detect” phase. In the
update phase, it improves the estimate of the current subspace using a short mini-batch of “filled
in” versions of £;. In the detect phase, it uses these to detect subspace change.

Initialization: The algorithm starts in the “update” phase and with zero initialization: P«
0,,x,. For the first o frames, the projected LS step (explained below) simply returns 4 = Y. Thus,
a simpler way to understand the initialization is as follows: wait until ¢ = « and then compute the
first estimate of span(Pp) as the -SVD (matrix of top r left singular vectors) of [y1,y2, ... yas). This
step is solving a PCA with missing data problem which, as explained in [45], can be interpreted as
a problem of PCA in sparse data-dependent noise. Because we assume that the number of missing
entries at any time ¢ is small enough, and the set of missing entries changes sufficiently over time?,
we can prove that this step gives a good first estimate of the subspace.

Projected LS: Recall that NORST-miss is a modification of NORST for robust ST from [33].
In robust ST, sudden subspace changes cannot be detected because these are confused for outliers.
Its projected-LS step is thus deigned using a slow (small) subspace change assumption. However,
as we will explain later, for the current missing data setting, it also works in case of sudden changes.
Suppose that the previous subspace estimate, P(t_l), is a “good enough” estimate of the previous
subspace P(;_1). Under slow subspace change, it is valid to assume that span(P(t_l)) is either
equal to or close to span(P(;). Thus, under this assumption, it is a good idea to project y; onto
the orthogonal complement of 13(,5_1) because this will nullify most of £;, i.e., the not-nullified
part of £;, by, := W¢,, will be small. Here ¥ := I — 15(,5,1)15(,5,1)’. Using this idea, we compute

J; := Wy, = Uz, +b;+WPo;. Estimating z; can be interpreted as a LS problem min, ||g; — ¥, z||%.

2Equivalently, we bound the maximum number of missing entries in any column and in any row of the data matrix
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Solving this gives
. -1 _
zZ = (O ¥r)  Or'y,. (4.3)

Next, we use to this to compute ét = y; — I'1; 2;. Observe that the missing entries z; are recoverable
as long as ¥, is well-conditioned. A necessary condition for this is (n —r) > |T;|. As we will see
later, a sufficient condition is |T¢| < en/r because this ensures that the restricted isometry constant
(RIC) [6] of W of level |T| is small.

In settings where span(P;_y)) is not close to span(P(;)) (sudden subspace change), the above
approach still works. Of course, in this case, it is not any better (or worse) than re-initialization
to zero, because, in this case, || ¥¥;| is of the same order as ||£;||. We can use the same arguments
as those used for the initialization step to argue that the first subspace update works even in this
case.

Subspace Update: The ét’s are used for subspace update. In its simplest (and provably
correct) form, this is done once every «a frames by r-SVD on the matrix formed by the previous
o €ys. Let t; be the time at which the j-th subspace change is detected (let ¢y := 0). For each
k=12...,K,att = fj + ka — 1, we compute the »-SVD of I:t;a to get ij (k-th estimate of
subspace Pj). After K such updates, i.e., at t = fj + Ka—-1:= fj,fm the update is complete and
the algorithm enters the “detect” phase. Each update step is a PCA in sparse data-dependent noise
problem. This allows us to use the result from [45] to show that, as long as the missing entries’
set changes enough over time (max-miss-frac-row,, is bounded for each interval), each update step
reduces the subspace recovery error to 0.3 times its previous value. Thus, by setting K = C'log(1/¢),
one can show that, after K updates, the subspace is recovered to ¢ accuracy.

Subspace change detect: To simply understand the detection strategy, assume that the
previous subspace P;_; has been estimated to ¢ accuracy by ¢t = ij,ly fin = fj_l + Ka — 1 and
denote it by 15j_1 = Iaj,l,K. Also assume that v; = 0. At every t = tAj_l,fm+ua —1L,u=1,2,...,
we detect change by checking if the maximum singular value of the matrix (I — If’j,l]f’j,l’ )f,t;a is
above a pre-set threshold, /wWepqis@, or not. This works because, if the subspace has not changed,

this matrix will have all singular values of order ev/AT. If it has changed, its largest singular value



160

will be at least SE(Pj_1, Pj)\/)\i . By picking € small enough, one can ensure that, whp, all changes
are detected.

NORST-miss-smoothing for MC: The above is the tracking/online/filtering mode of
NORST-miss. It outputs an estimate of £; as soon as a new measurement vector y; arrives and
an estimate of the subspace every « frames. Notice that, order-wise, « is only a little more than
r which is the minimum delay needed to compute the subspace even if perfect data y; = £; were
available. Once an e-accurate estimate of the current subspace is available, one can improve all
past estimates of £; to ensure that all estimates are e-accurate. This is called the smoothing mode
of operation. To be precise, this is done as given in line 25 of Algorithm 8. This allows us to get a
completed matrix L with all columns being e-accurate.

Memory Complexity: In online or filtering mode, NORST-miss needs a = O(rlogn) frames
of storage. In smoothing mode, it needs O((K + 2)a) = O(rlognlog(l/e)) frames of memory.
Therefore its memory complexity, even in the smoothing mode, is just O(nrlognlog(1l/¢)). Thus,
it provides a nearly memory-optimal mini-batch solution for MC.

Algorithm parameters: The algorithm has 4 parameters: r, K, a, and weyq1s- Theoretically
these are set as follows: assume that r, AT, A\~ are known and pick a desired recovery error . Set
a = C1f?rlogn with f = AT /A7, K = Cylog(1/¢) and wepars = A~ with ¢ a small constant. We

explain practical approaches in Sec 4.5.

4.2.2 Main Result: noise-free ST-miss and MC

First, for simplicity, consider the noise-free case, i.e., assume v; = 0. Let A; := SE(P;j_1, Pj).
Theorem 4.59 (NORST-miss, v; = 0 case). Consider Algorithm 8. Let o := Cf?rlogn, A :=
E[alal’], AT = Amax(A); AT = Amin(A)y f= )\+//\_.

Pick an ¢ < min(0.01,0.03 min; SE(Pj_1, P;)?/f). Let K := Clog(1/e). If

1. left and statistical right incoherence: Pj;’s are p-incoherent and a;’s satisfy statistical right

incoherence (Definition 4.57);

y Cc1 ; c2 .
2. max-miss-frac-col < R maz-miss-frac-row, < ik
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3. subspace change: assume tj1 —t; > Crlognlog(1l/e);

4. a;’s are independent of the set of missing entries Ty;
then, with probability (w.p.) at least 1 — 10dn=19,

1. subspace change is detected quickly: t; < fj <t;+2a,

2. the subspace recovery error satisfies

(€+Aj) ifte J,
SE(P), Py) < { (0.3)F (e +4;) if t € T,

€ ift € Jk41-
3. and ||€; — £|| < 1.2(SE(Py), Py)) + )| 4].

Here Joy = [tj,t; + ), T = [t; + ka,t; + (k + 1)a) and JTx41 = [t; + (K + 1)a,tj11) and
Aj = SE(Pj-1, Bj).

The memory complexity is O(nrlognlog(l/e)) and the time complexity is O(ndrlog(1/e)).

Corollary 4.60 (NORST-miss for MC). Under the assumptions of Theorem 4.59, NORST-miss-

smoothing (line 25 of Algorithm 8) satisfies |[€; — £,|| < ||| for all t. Thus, |L — L||p < e||L||p.

The proof is similar to that given in [33] for the correctness of NORST for robust ST. Please
see the Appendix for the changes.

For the purpose of this discussion, we treat the condition number f and the incoherence param-
eter u as constants. The above result proves that NORST-miss tracks piecewise constant subspaces
to € accuracy, within a delay that is near-optimal, under the following assumptions: left and “sta-
tistical” right incoherence holds; the fraction of missing entries in any column of L is O(1/r) while
that in any row (of a-consecutive column sub-matrices of it) is O(1). Moreover, “smoothing mode”
NORST-miss returns e-accurate estimates of each £; and thus also solves the MC problem. Even
in this mode, it has near-optimal memory complexity and is order-wise as fast as vanilla PCA.

The above result is the first complete guarantee for ST-miss. Also, unlike past work, it can deal
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with piecewise constant subspaces while also automatically reliably detecting subspace change with
a near-optimal delay.

Consider the total number of times a subspace can change, J. Since we need the subspace to
be constant for at least (K + 3)a frames, J needs to satisfy J(K +3)a < d. Since we need (K +3)a

to be at least Crlognlog(1/e), this means that J must satisfy

d
- crlognlog(l/s)'

This, in turn, implies that the rank of the entire matrix, ., can be at most

r —TJ<C#
P = Tlognlog(1/e)

Observe that this upper bound is nearly linear in d. This is what makes our corollary for MC
interesting. It implies that we can recover L to € accuracy even in this nearly linearly growing rank
regime, of course only if the subspace changes are piecewise constant with time and frequent enough
so that J is close to its upper bound. In contrast, existing MC guarantees, these require left and
right incoherence of L and a Bernoulli model on observed entries with observation probability m/nd
where m is the required number of observed entries on average. The convex solution [42] needs
m = Cnr; log?n while the best non-convex solution [11] needs m = Cnr? log® n observed entries.
The non-convex approach is much faster, but its required m depends on r? instead of r, in the
convex case. See Sec. 4.3 for a detailed discussion, and Table 4.3 for a summary of it. On the other
hand, our missing fraction bounds imply that the total number missing entries needs to at most
min(nd - max-miss-frac-row, dn - max-miss-frac-col) = C”Td, or that we need at least m = (1 —c¢/r)nd
observed entries.

If subspace changes are infrequent (J is small) so that r, ~ r < d, our requirement on observed

entries is much stronger than what existing MC approaches need. However, suppose that J equals

its allowed upper bound so that r, = cm; but r is small, say r = logn. In this setting,
we need nd(1 — ¢/logn) while the convex MC solution needs cnm log*n = cndlog)(gl7a).

If ¢ = 1/n, this is ¢ - nd, if ¢ is larger, this is even larger than c - nd. Thus, in this regime,

our requirement on m is only a little more stringent. Our advantage is that we do not require a
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Bernoulli (or any probability) model on the observed entries’ set and our approach is much faster,
memory-efficient, and nearly delay-optimal. This is true both theoretically and in practice; see
Tables 4.3 and 4.6. If we consider non-convex MC solutions, they are much faster, but they cannot
work in this nearly linear rank regime at all because they will need Cnd?/ log? n observed entries,
which is not possible.

A possible counter-argument to the above can be: what if one feeds smaller batches of data to
an MC algorithm. Since the subspace change times are not known, it is not clear how to do this.
One could feed in batches of size K« which is the memory size used by NORST-miss-smoothing.
Even in this case the discussion is the same as above. To simplify writing suppose that ¢ = 1/n.
The convex solution will need m = ¢n(Crlog® n) observed entries for a matrix of size nx (Crlog? n).
Thus m required is again linear in the matrix size. NORST-miss-smoothing will need this number
to be (1 — ¢/r)n(Crlog?n) which is again only slightly worse when r is small. The non-convex
methods will again not work.

The Bernoulli model on the observed entries’ set can often be an impractical requirement.
For example, erasures due to transmission errors or image/video degradation often come in bursts.
Similarly video occlusions by foreground objects are often slow moving or occasionally static, rather
than being totally random. Our guarantee does not require the Bernoulli model but the tradeoff
is that, in general, it needs more observed entries. A similar tradeoff is observed in the robust
PCA literature. The guarantee of [7] required a uniform random or Bernoulli model on the outlier
supports, but tolerated a constant fraction of corrupted entries. In other words it needed the
number of uncorrupted entries to be at least ¢ - nd. Later algorithms such as AltProj [36] did not
require any random model on outlier support but needed the number of un-corrupted entries to be

at least (1 — ¢/r)nd which is a little more stringent requirement.

4.2.3 Main Result — ST-miss and MC with noise

So far we gave a result for ST-miss and MC in the noise-free case. A more practical model

is one that allows for small unstructured noise (modeling error). Our result also extends to this
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case with one extra assumption. In the noise-free case, there is no real lower bound on the amount
of subspace change required for reliable detection. Any nonzero subspace change can be detected
(and hence tracked) as long as the previous subspace is recovered to € accuracy with ¢ small enough
compared to the amount of change. If the noise v; is such that its maximum covariance in any
direction is smaller than 2\~ then Theorem 4.59 and Corollary 4.60 hold with almost no changes.
If the noise is larger, as we will explain next, we will need the amount of subspace change to be
larger than the noise-level. Also, we will be able to track the subspaces only up to accuracy equal
to the noise level.

Suppose that the noise v; is bounded. Let A\ := ||E[v;v;']|| be the noise power and let r, :=
max; ||v¢||*/A; be the effective noise dimension. Trivially, 7, < n. To understand things simply,
first suppose that the subspace is fixed. If the noise is isotropic (noise covariance is a multiple of
identity), then, as correctly pointed out by an anonymous reviewer, one can achieve noise-averaging
in the PCA step by picking a large enough: it needs to grow as * n(\/A7)/e2. Isotropic noise is
the most commonly studied setting for PCA, but it is not the most practical. In the more practical
non-isotropic noise case, it is not even possible to achieve noise-averaging by increasing a. In this
setting, with any choice of «, the subspace can be recovered only up to the noise level, i.e., we can
only achieve recovery accuracy ¢\ /A~. If we are satisfied with slightly less accurate estimates,
i.e., if we set ¢ = c\/iii , and if the effective noise dimension r, = Cr, then the required value of
« does not change from what it is in Theorem 4.59. Now consider the changing subspace setting.
We can still show that we can detect subspace changes that satisfy 0.03 min; SE(Pj_1, Pj)?/f > ¢,
but now € = C\/i:j . This imposes a non-trivial lower bound on the amount of change that can be

detected. The above discussion is summarized in the following corollary.

Corollary 4.61 (ST-miss and MC with v; # 0). Suppose that vy is bounded, mutually independent

and identically distributed (iid) over time, and is independent of the £;’s. Define N} := ||E[vivy]||

maxt ||ve|?

and ry, 1= ;¥

3a needs to grow as C min(r, logn, n) (A /A7) /€%; for the isotropic case, r, = n and thus the discussion follows.
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o Ifr, =Cr and \} < ce?\~, then the results of Theorem 4.59 and Corollary 4.60 hold without

any changes.

e For a general N, we have the following modified result.  Suppose that r, = Cr,
min; SE(Pj_1, Pj)? > Cfy/ i—{, and conditions 1, 2, 8 of Theorem /.59 hold. Then all con-
clusions of Theorem 4.59 and Corollary 4.60 hold with € = ¢4/ i—;

e For a general 1, if we set a = Cf% max(rlogn, min(n,r,logn)) then the above conclusions

hold.

If the noise is isotropic, the next corollary shows that we can track to any accuracy € by
increasing the value of a. It is not interesting from a tracking perspective because its required
value of « is much larger. However, it provides a result that is comparable to the result for

streaming PCA with missing data from [32] that we discuss later.

Corollary 4.62 (ST-miss and MC, isotropic noise case). If the noise v, is isotropic (so thatr, = n),

>
+

v

then, for any desired recovery error level €, if a« = Cn25, and all other conditions of Theorem 4.59

hold, then all conclusions of Theorem 4.59 and Corollary 4.60 hold.

We should mention here that the above discussion and results assume that PCA is solved via
a simple SVD step (compute top r left singular vectors). In the non-isotropic noise case, if its
covariance matrix were known (or could be estimated), then one can replace simple SVD by pre-
whitening techniques followed by SVD, in order to get results similar to the isotropic noise case,

e.g., see [29].

4.2.4 Extensions of basic NORST-miss

Sample-Efficient-NORST-miss. This is a simple modification of NORST-miss that will
reduce its sample complexity. The reason that NORST-miss needs many more observed entries
is because of the projected LS step which solves for the missing entries vector, z;, after project-
ing y; orthogonal to P(t,l). This step is computing the pseudo-inverse of (I — 15(,5,1)15@,1)/ )T -

Our bound on max-miss-frac-col helps ensure that this matrix is well conditioned for any set
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T¢ of size at most max-miss-frac-col - n. Notice however that we prove that NORST-miss re-
covers Pj to € accuracy with a delay of just (K + 2)a = Crlognlog(1l/e). Once the subspace
has been recovered to € accuracy, there is no need to use projected LS to recover z;. One just
needs to recover a; given a nearly perfect subspace estimate and the observed entries. This
can be done more easily as follows (borrows PETRELS idea): let P(t) — P(t_l), solve for a;
as a; = (IQt/P(t))TIQt/yt, and set £; P(t)&t. Recall here that Q, = 7,°. If the set of ob-
served or missing entries was i.i.d. Bernoulli for just the later time instants, this approach will
only need Q(rlogrlog2 n) samples at each time ¢, whp. This follows from [2, Lemma 3]. Sup-
pose that ¢ = 1/n, then Ka = Cr logZn. Let d; := tj41 — t; denote the duration for which
the subspace is P;. Thus Z]- d; = d. Also recall that v, < rJ. Thus, with this approach, the
number of observed entries needed is m = 2 (Z;-]ZI (n(1 —c¢/r)Ka+ Crlogrlog n(d; — Ka))) =
Q (Z] [n(1 — ¢/r)rlog?n + djrlogrlog? n]) = Q(max(n, d)r; log? n(logr —¢/r)) as long as the ob-
served entries follow the i.i.d. Bernoulli model for the time after the first K« time instants after a
subspace change. Or, we need the observed entries to be i.i.d. Bernoulli(1—¢/r) for first K« frames
and i.i.d. Bernoulli(rlog®nlogr/n) afterwards. Observe that the m needed by sample-efficient-
NORST-miss is only (logr — ¢/r) times larger than the best sample complexity needed by any MC
technique - this is the convex methods (nuclear norm min). However sample-efficient-NORST-miss
is much faster and memory-efficient compared to nuclear norm min.

NORST-sliding-window. In the basic NORST approach we use a different set of estimates
¢, for each subspace update step. So, for example, the first subspace estimate is computed at
fj 4+ a—1 using IAlfjJra_l;a; the second is computed at fj 42— 1 using ifj+2a_1;a; and so on. This
is done primarily to ensure mutual independence of the set of £;’s in each interval because this is
what makes the proof easier (allows use of matrix Bernstein for example). However, in practice,
we can get faster convergence to an e-accurate estimate of P;, by removing this restriction. This
approach is of course motivated by the sliding window idea that is ubiquitous in signal processing.

For any sliding-window method, there is the window length which we keep as a and the hop-length

which we denote by S.
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Thus, NORST-sliding-window (/3) is Algorithm 8 with the following change: compute Pj,l using

L compute 15]-,2 using ﬁ£j+a+5_1,a; compute 15]-,3 using IAlfjJraJrQB_l.a; and so on. Clearly

ti+a—T;00
8 < a and 8 = « returns the basic NORST-miss.

NORST-buffer. Another question if we worry only about practical performance is whether
re-using the same « data samples y; in the following way helps: At t = fj +ka—1, the k-th estimate
is improved R times as follows. First we obtain it;a = [ét_a+1,ét_a+2, .. ét] which are used to
compute 13” via 7-SVD. Let us denote this by I%Ok Now, we use this estimate to obtain a second,

(1)

and slightly more refined estimate of the same L;.,. We denote these as IALt;a and use this estimate

to get 15;? This process is repeated for a total of R+1 (reuse) times. We noticed that using R = 4
suffices in most synthetic data experiments and for real data, R = 0 (which reduces to the basic

NORST algorithm) suffices. This variant has the same memory requirement as NORST-original.

The time complexity, however, increases by a factor of R + 1.

4.3 Detailed discussion of prior art

Streaming PCA with missing data, complete guarantee. The problem of streaming
PCA with missing data was studied and a provable approach called modified block power method
(MBPM) was introduced in [32]. A similar problem called “subspace learning with partial infor-

mation” is studied in [20]. These give the following complete guarantee.

Theorem 4.63 (streaming PCA, missing data [32, 20]). Consider a data stream, for all t =
1,---.d, &y = Az + wy where z; are r length vectors generated i.i.d from a distribution D s.t.
E[(2:):] = 0 and E[(2)?] = 1 and A is an n x r matriz with SVD A =UAV" with \y =1 > \g >
-+ Ar = A7 > 0. The noise wy is bounded: |(wy);] < My, and E[(w;)?] = 0. Assume that (i) A
is p-incoherent; and (ii) we observe each entry of € independently and uniformly at random with
probability p; this is the Bernoulli(p) model. If d > a with o :=

MZ(rp?/n + 0 + nr?(p?/n + 0?)%) (log n)? log(1 /)

2 —
os (5550 ) O

Q

then, SE(P(d),U) <€ w.p. at least 0.99.
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There are many differences between this guarantee and ours: (i) it only recovers a single
unknown subspace (since it is solving a PCA problem), and is unable to detect or track changes
in the subspace; (ii) it requires the missing entries to follow the i.i.d. Bernoulli model; and (iii)
it only provides a guarantee that the final subspace estimate, P(d), is e-accurate (it does not say
anything about the earlier estimates). (iv) Finally, even with setting 02 = €2\~ in the above
(to simply compare its noise bound with ours), the required lower bound on d implied by it is
d > Cr?log?nlog(1/€)/p?. This is rlogn times larger than what our result requires. The lower
bound on d can be interpreted as the tracking delay in the setting of ST-miss. The Bernoulli model
on missing entries is impractical in many settings as discussed earlier in Sec. 4.2.2. On the other
hand, MBPM is streaming as well as memory-optimal while our approach is not streaming and
only nearly memory optimal. For a summary, see Table 4.2. Here “streaming” means that it needs
only one pass over the data. Our approach uses SVD which requires multiple passes over short
batches of data of size of order rlogn.

ST-miss, partial guarantees. In the ST literature, there are three well-known algorithms
for ST-miss: PAST [48, 49], PETRELS [12] and GROUSE [3, 4, 53, 38]. All are motivated by
stochastic gradient descent (SGD) to solve the PCA problem and the Oja algorithm [37]. These
and many others are described in detail in a review article on subspace tracking [1]. GROUSE can
be understood as an extension of Oja’s algorithm on the Grassmanian. It is a very fast algorithm
since it only involves first order updates. It has been studied in [3, 4, 53]. The best partial guarantee

for GROUSE rewritten in our notation is as follows.

Theorem 4.64 (GROUSE [4] (Theorem 2.14)). Assume that the subspace is fized, i.e., that Py =
P for all t. Denote the unknown subspace by P. Let ¢ := Y ;_, sin® Qi(P(t),P) where 0; is the
i-th largest principal angle between the two subspaces. Also, for a vector z € R™, let u(z) := %
quantify its denseness. Assume that (i) P is p-incoherent; (ii) the coefficients vector a; is drawn
independently from a standard Gaussian distribution, i.e., (at); i N(0,1); (iii) the size of the
set of observed entries at time t, Qy, satisfies || > (64/3)r(log? n)ulog(20r); and the following

assumptions on intermediate algorithm estimates hold:
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2

: TH q .
® &< Inln(16n’ 128n2r)’

e the residual at each time, ry := €; — P(t)P(’t)Et 1s “dense”, i.e., it satisfies

p(re) < minflog n[E243Cirpulog(20r)]0%, log? ngf®sC: log(20r)} with probability at least 1 — )

where § < 0.6.
Then, Eler1]er] < e — .32(.6 — 8)Le; + 55\/%%.5_

Observe that the above result makes a denseness assumption on the residual r; and the residual
is a function of P(t). Thus it is making assumptions on intermediate algorithm estimates and hence
is a partial guarantee.

In follow-up work, the PETRELS [12] approach was introduced. It is slower than GROUSE,
but has much better performance in numerical experiments. To understand the main idea of
PETRELS, let us ignore the small noise v;. Then, y; can be expressed as y; = I, Io,'t; =
Io, I, Pya;. Let P .= Py. It P were known, one could compute a; by solving a LS problem to
get a; := (Ig,’ ﬁ)TIQt/ y;. This of course implicitly assumes that Ig,’ P is well-conditioned. This
matrix is of size (n — |T¢|) x r, thus a necessary condition for it to be well conditioned is the same
as the one for NORST-miss: it also needs n — |7;| > r although the required sufficient condition is
different®. Of course P is actually unknown. PETRELS thus solves for P by solving the following

¢
min » Ny — In,, Io, P(Ia, P) Iq, "yml*.
L
Here Mt := (M'M)~'M’ and ) is the discount factor (set to 0.98 in their code). To solve this
efficiently, PETRELS first decomposes it into updating each row of P, and then parallely solves
the n smaller problems by second-order SGD.

The best guarantee for PETRELS from [47] is summarized next.

Theorem 4.65 (PETRELS [47](Theorem 2)). Assume that the subspace is fized, i.e., that Py = P

for all t. Assume that (i) the set of observed entries are drawn from the i.i.d. Bernoulli model

If Q, follows an i.i.d. Bernoulli model, a sufficient condition would be n—|T;| > Crlogrlog? n [2], or equivalently,
max-miss-frac-col < 1 — (Crlogrlog?n)/n.
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with parameter p; (ii) the coefficients (a;)’s are zero-mean random vectors with diagonal covari-
ance A and all higher-order moments finite; (iii) the noise, v; are i.i.d and independent of a;;
(iv) the subspace P and the initial estimate 150 satisfies the following incoherence assumption
D12 (P )] < 2, and Y70, >0 L(Py)} i < n, (v) the step-size is appropriately chosen; and
(v) the initialization satisfies E ||Q0 Q(0)]|2 } . Here QO .= Py P denotes the matriz
of initial cosine similarities and Q(T) is the scalmg limit” which is defined as the solution of the

following coupled ordinary differential equations:

Q) =[pA*Q(r) ~ 1/2Q1G(r) -
QNI ~1/26(r)Q (pA*Q(IG()

L G(r) =G(r)n - G)(G(r) + 1)@ (7)pAQ(r) + 1]

dr

where p is the subsampling ratio and p = n(1—\) where X is the discount parameter defined earlier.

Then, for any fized d > 0, the time-varying cosine similarity matriz Q(LZ)T | = Pnr J)’ P satisfies

sup,o1 B [I1Q01) - Qoll] <

For further details, please refer to [47, Eq’s 29, 33, 34]. The above is a difficult result to further
simplify since, even for r = 1, it is not possible to obtain a closed form solution of the above
differential equation. This is why it is impossible to say what this result says about SE(P(t), P) or
any other error measure. Hence the above is also a partial guarantee. [47] also provides a guarantee
for GROUSE that has a similar flavor to the above result.

Online MC, different model. There are a few works with the term online MC'in their title
and a reader may wrongly confuse these as being solutions to our problem. All of them study very
different “online” settings than ours, e.g., [25] assumes one matrix entry comes in at a time. The
work of [27] considers a problem of designing matrix sampling schemes based on current estimates
of the matrix columns. This is useful only in settings where one is allowed to choose which samples
to observe. This is often not possible in applications such as video analytics.

MC. There has been a very large amount of work on provable MC. We do not discuss everything

here since MC is not the main focus of this work. The first guarantee for MC was provided in
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[15]. This studied the nuclear norm minimization (NNM) solution. After NNM, there has been
much later work on non-convex, and hence faster, provable solutions: alternating-minimization,
e.g., [26, 35, 43, 21], and projected gradient descent (proj GD), e.g., [23, 18, 17] and alternating-
projection [24, 28]. All these works assume a uniform random or i.i.d. Bernoulli model on the
set of missing entries (both are nearly equivalent for large n,d). There has been some later work
that relaxes this assumption. This includes [9, 16] which assumes independent but not identical
probability of the (i,j)-th entry being missed. The authors allow this probability to be inversely
proportional to row and column “leverage scores” (quantifies denseness of a row or a column of
L) and hence allows the relaxing of the incoherence requirement on L. If leverage scores were
known, one could sample more frequently from rows or columns that are less dense (more sparse).
Of course it is not clear how one could know or approximate these scores. There is also work
that assumes a completely different probabilistic models on the set of observed entries, e.g., [5]. In
summary, all existing MC works need a probabilistic model on the set of observed (equivalently,
missed) entries, typically i.i.d. Bernoulli. As noted earlier this can be an impractical requirement in
some applications. Our work does not make any such assumption but needs more observed entries,
a detailed discussion of this is provided earlier.

NORST for robust ST [33]. While both the NORST-miss algorithm and guarantee are
simple modifications of those for NORST for robust ST, our current result has two important
advantages because it solves a simpler problem than robust ST. Since there are no outliers, there
is no need for the amount of subspace change or the initial estimate’s accuracy to be smaller than
the outlier magnitude lower bound. This was needed in the robust ST case to obtain an estimate
of the outlier support 7;. Here, this support is known. This is why NORST-miss has the following
two advantages. (i) It works with a zero initialization where as NORST (for robust ST) required a
good enough initialization for which AltProj or PCP needed to be applied on an initial short batch
of observed data. (ii) It does not need an upper bound on the amount of subspace change at each

tj, it allows both slow and sudden changes.
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4.4 Robust ST with missing entries

Robust ST with missing entries (RST-miss) is a generalization of robust ST and of ST-miss. In

this case, we observe n-dimensional data vectors that satisfy
yt:PQt(£t+gt)+vt, fort=1,2,....,d. (44)

where g;’s are the sparse outliers. Let x; := Pq,(g;). We use Tsparse,t to denote the support of x;.
This is the part of the outliers that actually corrupt our measurements, thus in the sequel we will

only work with ;. With x; defined as above, y; can be expressed as
Y = PQt (Et) + Ty + v (4.5)

Observe that, by definition, x; is supported outside of 7; and hence 7; and Tsparses are disjoint.
Defining the n x d matrix L := [£1, £s,...£,], the above is a robust MC problem.

The main modification needed in this case is outlier support recovery. The original NORST
for robust ST [33] used [; minimization followed by thresholding based support recovery for this
purpose. In this case, the combined sparse vector is &; := @x; — I7;I7;'€;. Support recovery in
this case is thus a problem of sparse recovery with partial support knowledge 7;. In this case,
we can still use /; minimization followed by thresholding. However a better approach is to use
noisy modified-CS [44, 52] which was introduced to exactly solve this problem. We use the latter.
The second modification needed is that, just like in case of robust ST, we need an accurate sub-
space initialization. To get this, we can use the approach used in robust ST [33]: for the initial
Crlognlog(1l/e) samples, use the AltProj algorithm for robust PCA (while ignoring the knowledge
of T; for this initial period). We summarize the approach in Algorithm 9.

We have the following guarantee for NORST-miss-robust. Let max-outlier-frac-row, be the
maximum fraction of outliers per row of any sub-matrix of X with « consecutive columns;
max-outlier-frac-col be the maximum fraction of outlier per column of X. Also define xpmin :=
ming minge7; ..., |(€¢)i| to denote the minimum outlier magnitude and let A := max; A; =

man SE(I’j_l, Pj)
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Corollary 4.66. Consider Algorithm 9. Assume all conditions of Theorem 4.59 hold and

1. mazx-miss-frac-col + 2 - maz-outlier-frac-col < %; and maz-miss-frac-row, +

max-outlier-frac-row,, < %7-
2. subspace change:

(a) tjz1 —t; > (K +2)a, and

(b) A <0.8 and C1vVrAt (A + 2¢e) < Zpin
3. initialization satisfies SE(P@, Py) <0.25 and C1V T)\+SE(pQ, Py) < Zpmin;
then, all guarantees of Theorem 4.59 and Corollary 4.60 hold.

Remark 4.67 (Relaxing outlier magnitudes lower bound). As also explained in [33], the outlier
magnitude lower bound can be significantly relaxed. First, without any changes, if we look at the
proof, our required lower bound on outlier magnitudes is actually 0.3k_1m(A+25) wn interval k
of subspace update. To be precise, we only need minge 7, MiNGeT; oo, [(X1)i] > 0.3 1V/rAF (A +2¢).
Here Jy is the interval defined in Theorem 4.59. Thus, for t € Jxi1 (after the update step is
complete but the subspace has not changed), we only need miner; ..., |(%¢)i| > eVrAT. Moreover,

this can be relaxed even more as explained in Remark 2.4 of [33].

The proof is similar to that given in [33]. Please see the Appendix for an explanation of the
differences. The advantage of using modified-CS to replace 1 min when recovering the outlier
support is that it weakens the required upper bound on max-miss-frac-col by a factor of two. If
we used /3 min, we would need 2 - (max-miss-frac-col + max-outlier-frac-col) to satisfy the upper
bound given in the first condition.

Comparison with existing work. FExisting solutions for robust ST-miss include GRASTA
[22], APSM [13] and ROSETA [31]. APSM comes with a partial guarantee, while GRASTA and
ROSETA do not have a guarantee. The first few provable guarantees for robust MC were [7, 10].
Both studied the convex optimization solution which was slow. Recently, there have been two other

works [50, 11] which are projected-GD based approaches and hence are much faster. These assume



174

i NORST-miss (1ms) =l NORST-miss (1ms) =l NORST-miss (2.3ms)

i NORST-miss[R = 4] (9ms) NORST-sliding (13ms) :2: PETRELS (36ms)

- NORST-sliding[8 = 1 R = 0] (7ms) % PETRELS (36ms) GROUSE (1.7ms)
NORST-sliding[8 = 10 R = 1] (11ms) GROUSE (2ms)

g PETRELS (29ms)

—_ N
A i ,
a2 ToF B
< | |
CL}J) L L
— —1op B
9 . [
o0 i -
< - -

15 — POOLEG OO0
1,000 2,000 0 1,000 2,000 3,000 0 1,000 2,000 3,000
Number of Samples () Number of Samples () Number of Samples ()

(a) Moving Object Model (p = 0.8)  (b) Bernoulli Model (p = 0.9) (c) Bernoulli(0.9) and A; time-varying

Figure 4.2: We compare NORST-miss and its extensions with PETRELS and GROUSE. We plot
the logarithm of the subspace error between the true subspace P(;) and the algorithm estimates,

P(t) on the y-axis and the number of samples (f) on the x-axis. As can be seen, in the first two
cases, NORST-buffer and NORST-sliding have the best performance (while also being faster than
PETRELS), followed by PETRELS, basic NORST and then GROUSE. PETRELS performs best
in the scenario of time varying A;. The computational time per sample (in milliseconds) for each
algorithm is mentioned in the legend.

an O(1/r) bound on outlier fractions per row and per column. All these assume that the set of
observed entries is i.i.d. Bernoulli.

Compared with these, our result needs slow subspace change and a lower bound on outlier
magnitudes; but it does not need a probabilistic model on the set of missing or outlier entries, and
improves the required upper bound on outlier fractions per row by a factor of r. Also, our result
needs more observed entries in the setting of r, = r, but not when r, is significantly larger than r,

for example not when r;, is nearly linear in d. A summary of this discussion is given in Table 4.4.
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4.5 Experimental Comparisons

We present the results of numerical experiments on synthetic and real data®. All the codes
for our experiments are available at https://github.com/vdaneshpajooh/NORST-rmc. In this
section, we refer to NORST-miss as just NORST. All time comparisons are performed on a Desktop

Computer with Intel Xeon E3-1200 CPU, and 8GB RAM.

4.5.1 Parameter Setting for NORST

The algorithm parameters required for NORST are r, K, o and weyqs- For our theory, we
assume r, At A7, are known, and we pick a desired accuracy, e. We set K = Clog(1/e), a =
Cf?rlogn, and Wepqars = 262X~ with C being a numerical constant more than one. Experimentally,
the value of r needs to be set from model knowledge, however, overestimating it by a little does not
significantly affect the results. In most of our experiments, we set a = 2r (ideally it should grow as
rlogn but since log n is very small for practical values of n it can be ignored). « should be a larger
multiple of  when either the data is quite noisy or when few entries are observed. We set K based
on how accurately we would like to estimate the subspace. The parameter weyqs needs to be set as
a small fraction of the minimum signal space eigenvalue. In all synthetic data experiments, we set
Wevals = 0.0008A7. Another way to set weyqis is as follows. After K« frames, we can estimate A~
as the r-th eigenvalue of Zi:t_ atl éTfT’ /o and set Wepqis = e\~ as mentioned before. We use the
Conjugate Gradient Least Squares (CGLS) method [39] for the LS step with tolerance as 10716,
and maximum iterations as 20.

For the video experiments, we estimated r using training data from a few videos and fixed it as
r = 30. We let A\~ be the r-th eigenvalue of the training dataset. We used weyqrs = 1.6 x 1071~ =
0.002, o = 2r and K = 3 for the video data. The reason that we use a smaller fraction of A~ as

Wevals 18 because videos are only approximately low-rank.

*We downloaded the PETRELS’ and GROUSE code from the authors’ website and all other algorithms from
https://github.com/andrewssobral/lrslibrary.


https://github.com/vdaneshpajooh/NORST-rmc
https://github.com/andrewssobral/lrslibrary
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4.5.2 Fixed Subspace, Noise-free data

We generated the data according to (4.1) and set v; = 0. We assume a fixed subspace i.e. J = 1.
We generate the subspace basis matrix P € R™*" by ortho-normalizing the columns of a random
Gaussian matrix with n = 1000 and r = 30. The a;’s (for t = 1,--- ,d and d = 4000) are generated
independently as (a;); Sy unif[—q;, ¢;] where ¢; = /f —v/f(i—1)/2r for i=1,2,--- ,r—1and
gr = 1. Thus, the condition number of A is f and we set f = 100.

For our first experiment, the observed entries’ set was i.i.d. Bernoulli with fraction of observed
entries p = 0.7. We compared all NORST extensions and PETRELS. We set the algorithm pa-
rameters for NORST and extensions as mentioned before and used K = 33 to see how low the
NORST error can go. For PETRELS we set max_cycles = 1, forgetting parameter A = 0.98 as
specified in the paper. We display the results in Table 4.5 (top). Notice that NORST-miss and its
extensions are significantly faster than PETRELS. Also, the 8 = 10, R = 1 is the best of all the
NORST extensions and is as good as PETRELS.

In our second set of experiments, we compared NORST (and a few extensions) with PETRELS
and GROUSE for three settings of missing data. For GROUSE, we set maximum cycles as 1 as
specified in the documentation and set the step size, n = 0.1 and the step-size is udpated according
to [563]. The first was for missing generated from the Moving Object model [34, Model 6.19] with
s = 200, and by = 0.05. This translates to p = 0.8 fraction of observed entries. This is an
example of a deterministic model on missing entries. We plot the subspace recovery error versus
time for this case in Fig. 4.2(a) As can be seen, NORST-buffer (R=4) and NORST-sliding-window
(8 = 10,R = 4) have the best performance, followed by PETRELS, basic NORST, and then
GROUSE. PETRELS is the slowest in terms of time taken. In Fig. 4.2(b), we plot the results for
Bernoulli observed entries’ set with p = 0.9. Here again, NORST-sliding has the best performance.
Basic NORST is only slightly worse than PETRELS. As can be seen from the time taken (displayed
in the legend), NORST and its extensions are much faster than PETRELS.

In Fig. 4.2(c), as suggested by an anonymous reviewer, we evaluate the same case but with

the covariance matrix of £; being time-varying. We generate the a;’s as described earlier but with
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Figure 4.3: Subspace error versus time plot for changing subspaces. We plot the SE(P(t), P(t)) on
the y-axis and the number of samples (t) on the x-axis. The entries are observed under Bernoulli
model with p = 0.9. The computational time taken per sample (in milliseconds) is provided in
the legend parenthesis. (a) Piecewise constant subspace change and noise-sensitivity:
Observe that after the first subspace change, NORST-sliding adapts to subspace change using
the least number of samples and is also ~ 6x faster than PETRELS whereas GROUSE requires
more samples than our approach and thus is unable to converge to the noise-level (=~ 1074); (b)
Piecewise Constant and noise-free: All algorithms perform significantly better since the data
is noise-free. We clip the y-axis at 107'° for the sake of presentation but NORST and PETRELS
attain a recovery error of 10714, (c) Subspace changes a little at each time: All algorithms
are able to track the span of top-r singular vectors of [P(t_a+1), e ,P(t)] to an accuracy of 1074,
As explained, the subspace change at each time can be thought of as noise. GROUSE needs almost
2x number of samples to obtain the same accuracy as NORST while PETRELS is approximately
10x slower than both NORST and GROUSE.

@i = Vf—=Vfli—1)/2r = X7 /2 for t = 2,4,6,--- and q;; = V/f — V(i — 1)/2r + X7 /2 for
t =1,3,5,--- and ¢, = 1. As can be seen all approaches still work in this case. PETRELS

converges with the fewest samples but is almost 18z slower.

4.5.3 Changing Subspaces, Noisy and Noise-free Measurements

Piecewise constant subspace change, noisy and noise-free: We generate the changing
subspaces using P; = €7 B; P;_; as done in [1] where 7; controls the amount subspace change and
Bj’s are skew-symmetric matrices. We used the following parameters: n = 1000, d = 10000, J = 6,

and the subspace changes after every 800 frames. The other parameters are r = 30, vv; = 100 and the
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matrices B; are generated as B; = (BZ — Bi’ ) where the entries of BZ- are generated independently
from a standard normal distribution and a;’s are generated as in the fixed subspace case. For
the missing entries supports, we consider the Bernoulli Model with p = 0.9. The noise v;’s are
generated as i.i.d. Gaussian r.v.’s with \/ﬁ = 3 x 1073v/A~. The results are summarized in Fig.
4.3(a). For NORST we set a = 100 and K = 7. We observe that all algorithms except GROUSE
are able to attain final accuracy approximately equal to the noise-level, 10~3 within a short delay
of the subspace change. We also observe that NORST-sliding-window adapts to subspace change
using the fewest samples possible. Moreoever it is much faster than PETRELS.

In Fig. 4.3(b), we plot results for the above setting but with noise 14 = 0. In this case, the
underlying subspace is recovered to accuracy lower than 10~'?2 by NORST and PETRELS but
GROUSE only tracks to error 1077,

Subspace change at each time: Here we generate the data using the approach of [3]:
Py is generated by ortho-normalizing the columns of a ii.d. Gaussian matrix and let P =
eVBP(t_l). We set v = 1077, No extra noise v; was added, i.e., v; = 0, in this experiment. We plot
SE(P(t), P)) in Fig. 4.3(c). Notice that, even without added noise vy, all algorithms are only able
to track the subspaces to accuracy at most 1072 in this case. The reason is, as explained earlier
in Sec. 4.1.3, subspace change at each time can be interpreted as r dimensional piecewise constant

subspace change plus noise.

4.5.4 Matrix Completion

In Table 4.6, we compare NORST-smoothing with existing MC solutions (for which code is
available). This table displays the Monte-Carlo mean of the normalized Frobenius norm error along
with time-taken per column displayed in parentheses. We compare two solvers for nuclear norm
min (NNM) - (i) Singular Value Thresholding (SVT) with maximum iterations as 500, tolerance
as 1078, § = 1.2/p, and 7 = 5v/nd and (ii) Inexact Augmented Lagrangian Multiplier (IALM)
[30] with maximum iterations 500 and tolerance 10716, We also evaluate the projected Gradient

Descent (projected-GD) algorithm of [11], this is a non-convex and hence fast approach, with the
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Original Corrupted NORST GROUSE PETRELS(1 TALM SVT
(7.5ms) (9ms) 1698ms (45.5ms) (3238ms)

Figure 4.4: Background Recovery under Moving Object Model missing entries (p = 0.98). We
show the original, observed, and recovered frames at t = {980, 1000, 1020}. NORST and SVT are
the only algorithms that work although NORST is almost 3 orders of magnitude faster than SVT.

PETRELS(10) exhibits artifacts, while IALM and GROUSE do not capture the movements in the
curtain. The time taken per sample for each algorithm is shown in parenthesis.

best sample complexity among non-convex approaches. This seems to be the only provable non-
convex MC approach for which code is available. NORST-smoothing used K = 33 and o = 2r.
The matrix L was generated as described in Sec. 4.5.2 for the “fixed” subspace rows and as
in Sec. 4.5.3 (piecewise constant subspace change) for the “Noisy, Changing” subspace row. The
observed entries set followed the Bernoulli model with different values of p in the different rows.
The table demonstrates our discussion from Sec. 4.2.2. (1) In all cases, NORST-smoothing is much
faster than both the solvers for convex MC (NNM), but is slower than the best non-convex MC
approach (projected-GD). (2) NORST-smoothing is always better than projected-GD (implemented
using default code, it is not easy to change the code parameters). It is nearly as good as TALM

(one of the two solvers for NNM) when p is large, but is worse than TALM when p is small.

4.5.5 Real Video Data

Here we consider the task of Background Recovery for missing data. We use the Meeting Room
video which is a benchmark dataset in Background Recovery. It contains 1755 images of size 64x80

in which a curtain is moving in the wind. Subsequently, there are 1209 frames in which a person
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(31.6ms) (25ms) (11ms)

Figure 4.5: Background Recovery with foreground layer, and Bernoulli missing entries (p = 0.9).
We show the original, observed and recovered frames at ¢ = 1755 + {1059, 1078,1157}. NORST-
miss-rob exhibits artifacts, but is able to capture most of the background information, whereas,
GRASTA-RMC and projected-GD fail to obtain meaningful estimates. The time taken per sample
for each algorithm is shown in parenthesis.

walks into the room, writes on a blackboard, and exits the room. The first 1755 frames are used
for ST-miss while the subsequent frames are used for RST-miss (since we can model the person as
a sparse outlier [7]).

We generate the set of observed entries using the Bernoulli model with p = 0.9. In all ex-
periments, we use the estimate of rank as r = 30. The parameters of NORST-miss are a = 60,
K = 3, and Wepais = 2 x 1073, We noticed that PETRELS failed to retrieve the background
with default parameters so we increased max_cycles= 10 and refer to this as PETRELS(10) in
the sequel. Furthermore, we also ensured that the input data matrix has more columns than rows
by transposing the matrix when necessary. All other algorithms are implemented as done in the
previous experiments. We observed that NORST-miss and SVT provide a good estimate of the
background and NORST is ~ 150x faster. The relative Frobenius error is provided in the last row
of Table. 4.6. Notice that, in this case, SVT outperforms IALM and NORST, but NORST is the
fastest one. These results are averaged over 10 independent trials.

Moving Object Missing Entries: In our second video experiment, we generated the set of

missing entries using the moving object model with p = 0.98. All algorithms are implemented as in
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the previous experiment. Interestingly, even though we observe 98% of the entries, the performance
of all algorithms degrade compared to the Bern(0.9). This is possibly because the support sets are
highly correlated over time and thus the assumptions of other algorithms break down. The results
are shown in Fig. 4.4. Observe that NORST-miss and SVT provide the best visual comparison and
NORST-miss is faster than SVT by ~ 400x. PETRELS(10) contains significant artifacts in the
recovered background and TALM provides a static output in which the movements of the curtain

are not discernible.

4.5.6 RST-miss and RMC

In this experiment, we consider the RST-miss problem, i.e., we generate data according to (4.4).
We generate the low rank matrix, L, as done in experiment 1 (single subspace). We generate the
sparse matrix, X as follows: we use the Moving Object Model to generate the support sets such that
s/n = 0.05 and by = 0.05 which translates to psparse = 0.05 fraction of sparse outliers. The non-
zero magnitudes of X are generated uniformly at random between [Zpin, Tmax] With Zyi = 10 and
Tmax = 25. We generated the support of observed entries using Bernoulli Model with probability
Pobs = 0.9.

For initialization step of NORST-miss-robust (Algorithm 2), for the first ¢y, = 400 data
samples, we set (y;); = 10 for all i € T;. We do this to allow us to use AltProj [36], which is an RPCA
solution, for obtaining the initial subspace estimate. The parameters for this step are set as 500
maximum iterations of AltProj, and tolerance 10~3. The other algorithm parameters for NORST-
miss-robust are o = 60, K = 33, Wepars = 7.8 x 1074, & = Tmin/15, and wsypp = Tmin/2 = 5. We
compare® GRASTA-RMC [22] and projected-GD [11]. For GRASTA-RMC we used the tolerance
1078, and max_cycles= 1. For projected-GD, we use the default tolerance 10~! and max. iterations
70. The results are given in Table. 4.7. Observe that NORST-miss-robust obtains the best estimate

among the RMC algorithms.

Swe do not compare it with NNM based methods for which code is not available online
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Real video data: In this experiment, we consider Background recovery applied on the second
part of the dataset (last 1209 frames). In addition to the person who enters the room and writes on
the board (sparse component), we generate missing entries from the Bernoulli model with p = 0.9.
We initialize using AltProj with tolerance 1072 and 100 iterations. We set wsuppt = 0.9]|yt||/v/7
using the approach of [33]. The comparison results are provided in Fig. 4.5. Notice that both
GRASTA-RMC and projected-GD fail to accurately recover the background. Although NORST-
miss-robust exhibits certain artifacts around the edges of the sparse object, it is able to capture

most of the information in the background.

4.6 Conclusions and Open Questions

This work studied the related problems of subspace tracking in missing data (ST-miss) and
its robust version. We show that our proposed approaches are provably accurate under simple
assumptions on only the observed data (in case of ST-miss), and on the observed data and ini-
tialization (in case of robust ST-miss). Thus, in both cases, the required assumptions are only on
the algorithm inputs, making both results complete guarantees. Moreover, our guarantees show
that our algorithms need near-optimal memory; are as fast as vanilla PCA; and can detect and
track subspace changes quickly. We provided a detailed discussion of related work on (R)ST-miss,
(R)MC, and streaming PCA with missing data, that help place our work in the context of what
already exists. We also show that NORST-miss and NORST-miss-robust have good experimental
performance as long as the fraction of missing entries is not too large.

Our guarantee for ST-miss is particularly interesting because it does not require slow subspace
change and good initialization. Thus, it can be understood as a novel mini-batch and nearly
memory-optimal solution for low-rank Matrix Completion, that works under similar assumptions
to standard MC, but needs more numbers of observed entries in general (except in the regime of
frequently changing subspaces).

While our approaches have near-optimal memory complexity, they are not streaming. This is

because they use SVD and hence need multiple passes over short batches of stored data. A key open
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question is whether a fully streaming provably correct solution can be developed without assuming
the i.i.d. Bernoulli model on the set of missing entries? Two other important open questions
include: (i) can the required number of observed entries be reduced (the limiting bound here is the
bound on missing fractions per column); and (ii) in case of robust ST-miss, can the lower bound
on outlier magnitudes be removed? Another question is whether we can use the tracked estimates
for “control”? For example, can we use the current estimate of the subspace and of the true data
vectors to decide how to sample the set of observed entries at the next time instant or later (in

applications where one can design this set)?

4.7 Appendix A: Proof of Theorem 4.59 and Corollary 4.61

Much of the proof is a simplification of the proof for NORST for RST [33, Sections 4, 5 and
Appendix A]. The analysis of subspace change detection is exactly the same as done there (see
Lemma 4.8 and Appendix A of [33]) and hence we do not repeat it here. We explain the main ideas
of the rest of the proof. To understand it simply, assume that fj = t;, i.e, that t; is known. We use

the following simplification of [45, Remark 2.3] to analyze the subspace update step.

Corollary 4.68 (PCA in sparse data-dependent noise (Remark 2.3 of [45])). Fort = 1,--- , q,
suppose that y, = £y +w +v; with wy = I7; M £, being sparse noise with support T;, and £, = Pay
where P is a n X1 basis matrix and a;’s satisfy the statistical right-incoherence assumption given in
the theorem. Let P be the matrix of top r eigenvectors ofé > Yy Assume that maxy | M P|| <
q for a q < 3 and that the fraction of non-zeros in any row of the matriz [wi,--- ,wq] is bounded

by b. Pick an esg > 0. If 6v/bqf + A /AT < 0.desg and if a > o* where

AL
a = Cmax | —5—rlogn, 5—rylogn |,
€SE €SE

then, w.p. at least 1 — 10019, SE(P, P) < egg.

First assume that v; = 0 so that A\ = 0 and r, = 0. Also, let by := % denote the bound on

max-miss-frac-row,, assumed in the Theorem.
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Using the expression for 2; given in (4.3), it is easy to see that the error e; := £, — ¢, satisfies

-1
e =I7, (97, ¥r) I,/ ¥, (4.6)

with ¥ =T — 15(,5,1) (t—1)'- For the first a frames, 13(,5,1) = 0 (zero initialization) and so, during
this time, ¥ = I.

We need to analyze the subspace update steps one at a time. We first explain the main ideas
of how we do this for j > 0 and then explain the different approach needed for j = 0 (because of
zero initialization). Consider a general j > 0 and k = 1, i.e., the first subspace update interval of
estimating P;. In this interval ¥ = I — 13]-_11%«_1’ and recall that 13j_1 = IAJj,l’K. Assume that

SE(IE)jfla 13.7'*1) <e.

Using the p-incoherence assumption, the bound on max-miss-frac-col := max,|T;|/n,
SE(Pj,l,Pj,l) < ¢ (assumed above), and recalling from the algorithm that 15] = Aj,K, it is

not hard to see that”, for all j,

SE(Pj1, P)) < SE(Pj 1, Pj1) + SE(P; 1, P))
17" P|| < 0.1,

117/ Pjill < SE(Py, Py) +0.1,

117/ Py 1| < e+ 0.1,

| (O ®7) 7 | < 1.2 with & =T — P; . P; .

Next we apply Corollary 4.68 to the £,;’s. This bounds the subspace recovery error for PCA in
sparse data-dependent noise. Since b = b, + e, with e, satisfying (4.6), clearly, e; is sparse and
dependent on ¢; (true data). In the notation of Corollary 4.68, y, = bw =€, v, =0,T, =T,
bi=4, P=P;,,P=P;, and M,; = — (97'®7) ' W7/ with & = I — P;_; P, ;. Thus, using
bounds from above, || M, P|| = || (€7 %7) " I WP, | < || (@5 %p) " |11 [P < 12(c +
SE(Pj_1, Pj)) = q. Also, b= by := % (c2 = 0.001) which is the upper bound on max-miss-frac-row,
and so 1.2(¢ + SE(P;_1, Pj)) < 1.2(0.01 + A) < 1.3 since A < 1. Thus ¢ < 3. We apply Corollary

4.68 with esg = ¢/4. All its assumptions hold because we have set o = C'f?rlogn and because we

"Use the RIP-denseness lemma from [41] and some simple linear algebra which includes a triangle inequality type
bound for SE. See the proof of item 1 of Lemma 4.7 of [33]
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have let by = 0.001/f% and so the required condition 3v/bfq < 0.9esg/(1 +esg) holds. We conclude
that SE(P; 1, P;) < 1.2(0.01 + A)/4 = 0.3(0.01 + A) := ¢; whp.

The above is the base case for an induction proof. For the k-th subspace update interval, with
k > 1, we use a similar approach to the one above. Assume that at the end of the (k — 1)-th
interval, we have SE(IADjJﬁ_l,Pj) < g1 = 0.3*71(0.01 + A) whp In this interval, |M,,P| <
L2\ I7'|| | ® P;|| < 1.2SE(Pj 1, Pj) < gx—1 = 1.2-0.3571(0.01 + A) = g. We apply Corollary 4.68
with egg = ¢/4. This is possible because we have let by = 0.001/f? and so the required condition
3vbfq < 0.9(¢q/4)/(1 + q/4) holds. Thus we can conclude that SE(Pj, P;) < 1.2-0.3*71(0.01 +
A)/4 = 0.3%(0.01 + A) := g, whp Thus starting from SE(P;j;_1, P;) < qx_1 := 0.371(0.01 + A),
we have shown that SE(PJ;@,PJ) < 0.3%(0.01 + A). This along with the base case, implies that
we get SE(PJR,PJ) < 0.3%(0.01 + A) for all k = 1,2,..., K. The choice of K thus implies that
SE(P;, Pj) = SE(P; i, P;) <,

For j = 0 and first subspace interval (k = 1), the proof is a little different from that of [33]
summarized above. The reason is we use zero initialization. Thus, in the first update interval for
estimating Py, we have ¥ = I. In applying the PCA in sparse data-dependent noise result of
Corollary 4.68, everything is the same as above except that we now have M, = I'7;’ and so we get
|M,+P| < 0.1. Thus in this case ¢ = 0.1 < 3. The rest of the argument is the same as above.

Now consider v; # 0. Recall that the effective noise dimension of v; is 7, = maxy ||ve||?/\}
where A" = ||[E[viv,’]||. Furthermore, recall that esg = ¢/4. Thus, in order to obtain e-accurate

AT
2v v 1
estimate in the noisy case, we will require that a = O [ max | f?rlogn, A_f:zogn>> . Thus, we set
SE

€sE = cy/ A /A~ to ensure that the dependence on ¢ is on logarithmic (that comes from expression
for K).

The above provides the basic proof idea in a condensed fashion but does not define events that
one conditions on for each interval, and also does not specify the probabilities. For all these details,

please refer to Sections IV and V and Appendix A of [33].
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4.8 Appendix B: Proof of Corollary 4.66

This proof is also similar to that of NORST for RST [33]. The difference is NORST-miss-
robust uses noisy modified CS [44, 52] to replace /; min. In comparison to the ST-miss proof
summarized above, we also have to deal with arbitrary outliers, in addition to missing data. This
uses requires sparse support recovery with partial subspace knowledge. This is solved by modified-
CS followed by thresholding based support recovery. To bound the modified-CS error, we apply
Lemma 2.7 of [52]. This uses a bound on ||b:|| = ||¥¥;|| and a bound on the (max-miss-frac-col -
n + 2max-outlier-frac-col - n)-RIC of ¥. We obtain both these exactly as done for [33, Lemma
4.7, Item 1]: the former uses the slow subspace change bound and the boundedness of a;; for
the latter we use the u-incoherence/denseness assumption and bounds on max-outlier-frac-col and
max-miss-frac-col, and the RIP-denseness lemma of [41]. With the modified-CS error bound, we
prove exact support recovery using the lower bound on xy,. algorithm parameter values of £ and

wsupp .
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Table 4.1: List of Symbols and Assumptions used in Theorem 4.59.

Observations: y, = Pq,(£;) + v = Po,(Pyat) + v

Symbol Meaning
t; j-th subspace change time
for t € [tj,tj41), Py = P; Subspace at time ¢
Pao, (+) mask to select elements present in £
Qy Support set of observed entries
Ti(= Q) Support set of missing entries
on dense, unstructured noise

Principal Subspace Coefficients (a;’s)

element-wise bounded, zero mean,
mutually independent with identical and diagonal covariance

Elata/] :== A
Amax(A) = AT (Amin(A) = A7) Max. (min.) eigenvalue of A
f=AT/\ Condition Number of A
Missing Entries (z; = —I7,'¢;)
Row-Missing Entries max-miss-frac-row, < 0.001/f2
Column-Missing Entries max-miss-frac-col < 0.01/pur

Intervals for j-th subspace change and tracking

t; j-th subspace change detection time
fJ-’fm j-th subspace update complete
Jo = [t;, fj) interval before j-th subspace change detected
T = [t; + (k — Vo, t; + ka) k-th subspace update interval
Ti+1 = [tj + Ka,tj41) subspace update completed

Algorithm 8 Parameters

«@ # frames used for subspace update
K # of subspace updates for each j
Wevals threshold for subspace detection
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Table 4.2: Comparing guarantees for ST-miss. We treat the condition number and incoherence
parameters as constants for this discussion.

Algorithm Tracking Memory Time Allows changing Observed Entries

delay subspaces?

GROUSE (3] Partial Guarantee O(nr) O(ndpr?) No ii.d. Bernoulli(p)
PETRELS [47]  Partial Guarantee O(nr?) O(ndpr?) No ii.d. Bernoulli(p)
MBPM [32, 20] d = w O(nr) O(ndr) No i.i.d. Bernoulli(p)

NORST-miss  d > rlognlog(l/e) O (nrlognlogl) O (ndrlog?l) Yes bounded fraction,

(this work) ¢/r per column, ¢ per row

Table 4.3: Comparing MC guarantees. Recall r, := rank(L) < rJ. In the regime when the
subspace changes frequently so that J equals its upper bound and r, ~ d/ log? n, NORST-miss
is better than the non-convex methods (AltMin, projGD, SGD) and only slightly worse than the
convex ones (NNM). In general, the sample complexity for NORST-miss is significantly worse than
all the MC methods.

Algorithm Sample complexity Memory Time Observed entries

(# obs. entries, m)

nuc norm min (NNM) [15] Q(nry, log?n) O(nd) O(n?/+/e) i.i.d. Bernoulli (m/nd)
weighted NNM [9] Q(nr, log?n) O(nd) O(n/+/e) indep. Bernoulli
AltMin [26] Q(nrilogl) O(nd) O(nr;log1) i.i.d. Bernoulli (m/nd)
projected-GD [11] Q(nr?log?n) O(nd) O(nr$ log?nlog 1) i.i.d. Bernoulli (m/nd)
online SGD [25] Q (nr?logn (r, +log 1)) O(nd) O (nrilognlogl) i.i.d. Bernoulli (m/nd)
NORST-miss Q((1 - £)nd) O (nrlognlogl) O (ndrlogi) <c-d per row
(this work) < (1-%)-n per column
Sample-Efficient Q(nry, log? nlogr) (@] (nr lognlog %) O (ndr log %) i.i.d. Bernoulli(p;) where,
NORST-miss pe=1—c/rforte[tjt; + (K +2)a)
(this work) pt = rlogZnlogr/nd other times

Note: Here, f(n) = Q(g(n)) implies that there exists a G > 0 and an ng > 0 s.t for all n >
no, |f(n)] = G- |g(n)]

Table 4.4: Comparing robust MC guarantees. We treat the condition number and incoherence
parameters as constants for this table.

Algorithm Sample complexity Memory Time Observed entries Outliers

NNM [15] Q(nd) O(nd) O(n?/\/e) i.i.d. Bernoulli (c) i.i.d. Bernoulli (c)
Projected GD [11] Q(nr?log?n) O(nd) Q(nrdlog?nlog?(1/€))  ii.d. Bernoulli (m/nd) bounded fraction (O(1/r) per row and col)
NORST-miss-tob ~ Q(nd(1 —1/r))  O(nrlognlog(1/e))  O(ndrlog(1/e)) bounded frac bounded frac.

(this work) O(1/r) per row, O(1) per col O(1/r) per row, O(1) per col

Extra assumptions: Slow subspace change and lower bound on outlier magnitude
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Algorithm 8 NORST-miss.

1: Input: y;, 7; Output: ét, Is(t) Parameters: r, K = Clog(1/e), a = Cf?rlogn, Wepals =
22\t

2 Py O0pxr,j « 1k « 1

3. phase « update; iy < 0; f—ljm =0

4: for t > 0 do

5: W T-— P(tfl)p(tfl)/§ Yt < Py

6: by —y — I (O Or) " 0L g,

6 if phase = update then

8: iftzt}—l—ua—lforuzl, 2, .-+, then
9: P;j, < r-SVD[Ly], Pyy < Pjj, b+ k+ 1.
10: else

11: P(t) — P(tfl)

12: end if

13: if t =¢; + Ka — 1 then

14: tAj,fin —t, 13] — P(t)

15: k<1, 7+ j+ 1, phase < detect.

16: end if

17: end if

18: if phase = detect and t = fj_l,fm + ua then
19: ® <« (I-P;,_1P;_), B+ ®L,,
20: if Apax(BB') > awepars then
21: phase < update, fj «—t,
22: end if
23: end if
24: end for
25: Smoothing mode: At t =t; + Ka for t € [t;_1 + Ka,t; + Ka — 1]
26: P(Sglo‘)th < basis([P;_1, P;])
27 \AI; «— I - P(Str)noothlf)(str)nooth/
28 o0 g, — I (V7 ) W'y,




194

Algorithm 9 NORST-miss-robust. Obtain P, by C'logr iterations of AltProj applied to Y[i, . |
with t.m = Cr and with setting (y¢)7; = 10 (or any large nonzero value) for all t = 1,2, ..., train.

Input: y;, 7: Output: ¢, P(t)
Extra Parameters: wgypp < Tmin/2, £ < Tmin/15
P, + obtain as given in the caption;
j < 1,k <« 1, phase < update; ty < tirain;
for t > tirain do
W I— Py \Pyy); g+ Py
%t,cs < argmina: H(a:)th”l s.t Hgt - ‘I’CCH < S
7} — TU < {i: |@pes] > wsuppt
b yp— L (0305 ) Wy,
Lines 9 — 27 of Algorithm 8
: end for
: Offline (RMC solution): line 25 of Algorithm 8.

— = =

Table 4.5: (top) Number of samples (frames) required by NORST and its heuristic extensions,
and PETRELS to attain ~ 1076 accuracy. The observed entries are drawn from a i.i.d. Bernoulli
model with p = 0.7 fraction of observed entries. Notice that NORST-buffer(4) and NORST-sliding-
window (5 = 10, R = 1) converges at the same rate as PETRELS and the time is also comparable.
The other variants require more samples to obtain the same error but are faster compared to
PETRELS. (bottom) Evaluation of Sample Efficient NORST with p; = 0.9 and ps = 0.15.

Algorithm NORST NORST-buffer NORST-sliding-window and buffer PETRELS
Parameter R, 8 R=1 R=2 R=3 R=4 p=1,R=0 B=10,R=1
Time taken (ms) 1.9 10.8 18.6 27.5 34.5 16 35 33
Number of samples 3540 2580 2100 2050 1950 2400 1740 1740

Algorithm ~ NORST-miss (6) NORST-samp-eff (1) PETRELS (15) GROUSE (2)
Average Error 0.04 0.04 0.02 0.13
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Table 4.6: Comparison of |L — L||p/||L||r for MC. We report the time taken per sample in
milliseconds in parenthesis. Thus the table format is Error (computational time per sample). The
first three rows are for the fixed subspace model. The fourth row contains results for time-varying
subspace and with noise of standard deviation 0.003v/A~ added. The last row reports Background
Video Recovery results (for the curtain video shown in Fig. 4.4 when missing entries are Bernoulli
with p = 0.9.

Subspace model NORST-smoothing nuclear norm min (NNM) solvers projected-GD
TALM SVT
Fixed (Bern, p = 0.9) 1.26 x 10715 (10)  1.43 x 10712 (150) 7.32 x 1077 (164) 0.98 (1)
Fixed (Bern, p = 0.3) 3.5 x 1076 (11) 5.89 x 10713 (72) - 0.98 (9)
Noisy, Changing (Bern, p = 0.9) 3.1 x 107* (3.5) 347 x 1074 (717) 2.7 x 1072 (256) 0.97 (2)
Video Data 0.0074 (83.7) 0.0891 (57.5) 0.0034 (6177) -

Table 4.7: Comparing recovery error for Robust MC methods. Missing entries were Bernoulli with
p = 0.9, and the outliers were sparse Moving Objects with psparse = 0.95. The time taken per
sample is shown in parentheses.

NORST-miss-rob GRASTA-RMC projected-GD
0.0832 (3) 0.1431 (2.9) 0.5699 (2)
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CHAPTER 5. FEDERATED OVER-AIR SUBSPACE TRACKING FROM
INCOMPLETE AND CORRUPTED DATA

Praneeth Narayanamurthy, Namrata Vaswani, and Aditya Ramamoorthy
Dept. of Electrical and Computer Engineering, Iowa State University, Ames, IA, 50010

Modified from a manuscript under review in IEEE Transactions on Signal Processing

Abstract

Subspace tracking (ST) with missing data (ST-miss) or outliers (Robust ST) or both (Robust
ST-miss) has been extensively studied in the last many years. This work provides a new simple
algorithm and guarantee for both ST with missing data (ST-miss) and RST-miss. Unlike past
work on this topic, the algorithm is much simpler (uses fewer parameters) and the guarantee does
not make the artificial assumption of piecewise constant subspace change, although it still handles
that setting. Secondly, we extend our approach and its analysis to provably solving these problems
when the raw data is federated and when the over-air data communication modality is used for

information exchange between the K peer nodes and the center.

5.1 Introduction

Subspace tracking (ST) with missing data or outliers or both has been extensively studied in
the last few decades [44, 10, 48, 33, 40]. ST with outlier data is commonly referred to as Robust
ST (RST); it is the dynamic or “tracking” version of Robust PCA [7, 32]. This work provides
a new simple algorithm and guarantee for both ST with missing data (ST-miss) and RST-miss.
Secondly, we extend our approach and its analysis to provably solving these problems when the
data is federated and when the over-air data communication modality [3] is used for information

exchange between the K peer nodes and the central server. (R)ST-miss has important applications
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in video analytics [8], social network activity learning [47] (anomaly detection) and recommendation
system design [42] (learning time-varying low-dimensional user preferences from incomplete user
ratings). The federated setting is most relevant for the latter two. At each time, each local node
would have access to user ratings or messaging data from a subset of nearby users, but the subspace
learning and matrix completion algorithm needs to use data from all the users.

Federated learning [18] refers to a distributed learning scenario in which individual nodes keep
their data private but only share intermediate locally computed summary statistics with the central
server at each algorithm iteration. The central server in turn, shares a global aggregate of these
iterates with all the nodes. There has been extensive recent work on solving machine learning
problems in a federated setting [19, 46, 41, 5, 22] but all these assume a perfect channel between
the peer nodes and the central server. This is a valid assumption in the traditional digital trans-
mission mode in which different peer nodes transmit in different time or frequency bands, and
appropriate channel coding is done at lower network layers to enable error-free recovery with very
high probability.

Advances in wireless communication technology now allow for (nearly) synchronous transmis-
sion by the various peer nodes and thus enable an alternate computation/communication paradigm
for learning algorithms for which the aggregation step is a summation operation. In this alternate
paradigm, the summation can be performed “over-air” using the superposition property of the
wireless channel and the summed aggregate or its processed version can be broadcasted to all the
nodes [2, 3, 45]. Assuming K peer nodes, this over-air addition is up to K-times more time- or
bandwidth-efficient than the traditional mode. In the absence of error control coding at the lower
network layers, additive channel noise and channel fading effects corrupt the transmitted data.
In general, there exist well-established physical layer communication techniques to estimate and
compensate for channel fading [38]. Also, while perfect synchrony in transmission is impossible,
small timing mismatches can be handled using standard techniques. We expand upon both these
points in Sec 5.4.1. From a signal processing perspective, therefore, the main issue to be tackled is

the additive channel noise which now corrupts each algorithm iterate.
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Related Work. Provable ST with missing or corrupted data (ST-miss and RST-miss) in the
centralized setting has been extensively studied in past work [10, 48, 33, 29, 28, 12]. All existing
results are either partial guarantees (need assumptions on intermediate algorithm estimates; do not
provide a set of assumptions on algorithm inputs that guarantee that the algorithm output is close
to the quantity of interest) [10, 48, 33, 12] or assume piecewise constant subspace change [29, 28].
This assumption is often not valid in practice, e.g, there is no reason for a “subspace change time”
in case of slow changing video backgrounds. Existing works assume it in order to obtain simple
guarantees for e-accurate subspace recovery for any € > 0 (in the noise-free case) or for any e larger
than the noise-level (in the noisy case).

The only other existing works that also study unsupervised learning algorithms with noisy
algorithm iterations are [15, 4]; both these works study the noisy iteration version of the power
method (PM) for computing the top r singular vectors of a given data matrix. In these works,
noise is deliberately added to each algorithm iterate in order to ensure privacy of the data matrix.

It should be noted that other solutions to batch low-rank matrix completion (LRMC) cannot
be implemented to respect the federated constraints (the aggregation step needs to be a summation
operation). We briefly discuss these in Sec. 5.4. Another somewhat related line of work involves
distributed algorithms for PCA; these are reviewed in [42], and there is also one for distributed
ST-miss [21], Most of these come without provable guarantees, and most also do not account for
either missing data or iteration-noise or both. For example, the recent work [23] aims to optimize
communication efficiency but the channel is assumed to be perfect, and so iteration noise is not
considered. Moreover, the algorithm is computationally expensive (involves computing a full SVD
of a large matrix); and the guarantee provided is a multiplicative one on the PCA reconstruction
error. Finally, LRMC in a decentralized setting is studied in [25] with the goal of speeding up
computation via parallel processing using multiple computing nodes. In this paper as well, the
full data is communicated to the central server and hence this is not a federated setting. Also, no

channel noise is considered. It is not clear if this algorithm or guarantee can be modified to deal
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with federated data or over-air communication. Finally, there also exist heuristics for various types
of distributed LRMC such as [37, 1, 43].

Other works that also develop algorithms for the federated over-air aggregation setting include
[3, 14]. However, all these develop stochastic gradient descent (SGD) based algorithms and the focus
is on optimizing resource allocation to satisfy transmit power constraints. These do not provide
performance guarantees for the resulting perturbed SGD algorithm. A different related line of
work is in developing federated algorithms, albeit not in the over-air aggregation mode. Recent
works such as [19, 20] attempt to empirically optimize the communication efficiency. Similarly, [13]
studies federated PCA but it does not consider over-air communication paradigm, and does not
deal with outliers or missing data.

Contributions. This work has two contributions. First, we obtain a new set of results that
provide a complete guarantee for ST-miss and RST-miss without assuming piecewise constant sub-
space change. The tradeoff is our error bounds are a little more complicated. Another advantage of
our new result is that it analyzes a much simpler tracking algorithm (only one algorithm parameter
needs to be set instead of three). Our guarantee is useful (improves upon the naive approach of
standard PCA repeated every « frames) when the subspace changes are indeed slow enough. At
the same time, we can still obtain a guarantee for our simpler algorithm that holds under piecewise
constant subspace change but does not require an upper bound on the amount of change, i.e, we
can still recover the result of [28].

The second contribution of this work is a provable solution to the above problem in the federated
data setting when the data communication is done in the over-air mode. As explained above, the
main new challenge here is to develop approaches that are provably robust to additive noise in the
algorithm iterates. This setting of noisy iterations has received little attention in literature as noted
above. To the best of our knowledge, this is the first provable algorithm that studies (R)ST-miss in
a federated, over-air paradigm. The main challenges here are (i) a design of an algorithm for this
setting (this requires use of a federated over-air power method (FedOA-PM) for solving the PCA

step) and (ii) dealing with noise iterates due to the channel noise. For the latter, the main work is
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in obtaining a modified result for PCA in sparse data-dependent noise solved via the FedOA-PM;
see Lemma 5.84.

Chapter organization. We give the centralized problem formulation next. After this, in Sec
5.3, we develop our solution for just ST-miss in the centralized setting and explain how it successfully
relaxes the piecewise constant subspace change assumption made by existing guarantees. Next, we

consider RST-miss in the federated over-air setting in Sec 5.4. Simulations are shown in Sec 5.5.

5.2 Notation and Problem Formulation

5.2.1 Notation

We use the interval notation [a,b] to refer to all integers between a and b, inclusive, and we
use [a,b) := [a,b —1]. We use [K] := [1, K]. |.|| denotes the I3 norm for vectors and induced [y
norm for matrices unless specified otherwise. We use I to denote the identity matrix of appropriate
dimensions. We use M7 to denote a sub-matrix of M formed by its columns indexed by entries
in the set 7. A matrix P with mutually orthonormal columns is referred to as a basis matriz;
it represents the subspace spanned by its columns. For basis matrices Pi, Py, SE(Py, Py) :=
|(I — P, P,")P,|| quantifies the Subspace Error (distance) between their respective subspaces. This
is equal to the sine of the largest principal angle between the subspaces. If P; and P» are of the
same dimension, SE(Py, Py) = SE(P», P;). We reuse the letters C, ¢ to denote different numerical
constants in each use with the convention that C > 1 and ¢ < 1.

We use 7-SVD to refer to the matrix of top-r left singular vectors (vectors corresponding to the
r largest singular values) of the given matrix. Finally, M := (M TM)™'M7 is used to denote

the pseudo inverse of M.

5.2.2 ST with missing data (ST-miss)

Assume that at each time ¢, we observe an n-dimensional data stream of the form

Yy =Po, (b)), t=1,2,---.,d (5.1)
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where Pq,(-) is a binary mask that selects entries in the index set € (this is known), and £
approximately lies an low (at most r) dimensional subspace that is either constant or changes
slowly over time. The goal is to track the subspace(s). This statement can be made precise in
several ways. The first is as done in past work [28] (and older work). One assumes a “generative
model”: ét = P,a; with P, being a n x r basis matrix. The goal is to track the column span of P,
span(P;). To make this problem well-posed (number of unknowns smaller than number of observed
scalars), the piecewise constant subspace change model assumption becomes essential as explained
in [28]. However, this is a restrictive assumption that is typically not valid for real data, e.g., there
is no reason for the subspaces to change at certain select time instants in case of slow changing
videos.

A second approach to make our problem statement precise, and the one that we use in this
work, is as follows. For an o large enough', consider a-length sub-matrices formed by consecutive
£’s. Let Ly := [Zl,gg, ... ,Ea]; Ly := [Ea+1,l7a+2, ... ,Ega] and so on. Let P; be the m-SVD (matrix

of top r singular vectors) of ij. Slow subspace change means that, for all j,
Aj = SE(]DJ_l,P]) S Atv

for a Ay, < 1. Our guarantee assumes Ay, = 0.1. The goal is to track (sequentially estimate) the
subspace spanned by the columns of P; as well as the rank-r approximation, L; := PijTf;j. As
is well known (Eckart-Young theorem), this minimizes ||L — L||o over all rank r matrices L. We
will occasionally refer to L; and its columns £; as the true data.

Let A; := Pij/j be the matrix of subspace coefficients along P;. Let Vj := i/j — L; be the
residual noise/error. Clearly, since

L;°2 [P SBL+ PiuS.1B]] = BA +V;,
Aj Vv, L;

it is immediate that L]-Vj—r = 0.

Let at, £; and v; be the columns of A;, L;, and Vj respectively. Thus, for t € J; =

[(] — 1)0( + 1, (j — 1)Oé+ 2, e .ja}, a; — _Pj—raét, ﬁt = IDjat, and Uy = ét — ft.

'as we show later o > Crlogn suffices
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Also, let T; = (£2¢)¢ be the index set of missing entries at time ¢. With this, we can rewrite

(5.1) as

Yt = PQt (Et) = Et — I7;I7;T£~t

= ft —+ v — I'EI’];T(Et + ’Ut)

5.2.3 Robust ST-miss (RST-miss)

Robust ST-miss assumes that there can also be additive sparse outliers in the observed data

y;. Thus, forallt =1,2,--- ,d,

Yt = Pﬂt (et) + S (52)

where s; is the sparse outlier with support Tsparse,t- The assumptions on €2, Zt remain exactly the
same as in the previous section. Due to space constraints, we provide the complete algorithm and

guarantee for this problem in the supplementary material.

5.2.4 Federated Over-Air Data Sharing Constraints and Iteration Noise

The goal is to also solve RST-miss in a federated over-air fashion. Concretely, this means the
following for an iterative algorithm. At iteration [, the central server broadcasts the (I — 1)-th
estimate of the quantity of interest? denoted lAfl,l to each of the K nodes. Each node then uses
this estimate and its (locally) available data to compute the new local estimate denoted ﬁk,l. The
nodes then synchronously transmit these to the central server but the transmission is corrupted by
channel noise and thus the central server receives

U, = Zﬁkyz + W,
k

where Wj is the channel noise. We assume that each entry of Wj is i.i.d. zero-mean Gaussian

2

with variance o;. The central server then processes U, to get the new estimate of the quantity

of interest, (jl which is then broadcast to all K nodes for the next iteration. The presence of W

2The quantity of interest could be a vector or a matrix depending on the application. For the problem we study
(subspace learning/tracking), the quantity of interest is a n X r basis matrix.



203

in each iteration introduces a new and different set of challenges in algorithm design and analysis

compared to what has been largely explored in existing literature.

5.3 ST from Missing Data (ST-miss)

5.3.1 Proposed Algorithm

Recall that we split our data into mini-batches of size «; thus Y7 := [y1,¥2,...Ya], Y2 :=
[Ya+1, Ya+2; - - - Y2a] and so on. Thus Yj := [Yi_1)at1:Y(j—1)at2s - - - » Yja)- Without the slow sub-
space change assumption, the obvious way to solve ST-miss would be to use what can be called
simple PCA: for each mini-batch j, compute 15J as the r-SVD of Y. However, when slow subspace
change is assumed, a better approach is a simplification of our algorithm from [28]. We still ini-
tialize via r-SVD: compute P, as the r-SVD of Y;. For the j-th mini-batch, we first obtain an
estimate of the missing entries for each column using the previous subspace estimate and projected

Least Squares (LS) as follows. For every t € ((j — 1)a, ja], we compute
b =y, — IOl (By,) (5.3)

where ¥ =T — 13]4,113;_1. This step works under the assumption that the span of 1-:’j,1 is a good
estimate of that of P;_;. By slow subspace change, this also means it is a good estimate of the
span of P;. This equation is a compact way to write the following: (ft)ﬁc = (Y1 = (Et)ﬁc
(use the observed entries as is) and (£;)7, = \Il% (Py,). To understand this, notice that Ty, =
— Wz + (UL + Pv;) where z; := (I, £;) is the vector of missing entries. The second two terms

can be treated as small “noise” /disturbance?® and so we can compute an estimate of z; from Wy,
by LS.
The second step is to compute 13] as the r-SVD of f/j = [é(j—1)a+1a e ,éja].

Finally, we can use 15] to obtain an optional improved estimate, 4 = yr — I, \i'%(\ilyt) where

U =1T-— 15]15]T We summarize this approach in Algorithm 10. We show next that, under slow

3The first is small because of slow subspace change and P;_; being a good estimate (if span(P;_;) = span(P;)
this term would be zero); the second is small because ||v:|| is small due to the approximate low-rank assumption.
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Algorithm 10 STMiss-NoDet
Require: Y, T
1: Parameters: a
2. Initialize: Py r-SV Dy, -+ ,Yal, J < 2
3: for j > 2 do
4: Projected LS:

5 W I-P P,

6: for allt € ((j — 1)o, ja] do

7: by, — I (1) (Py,)

8: end for

9: PCA on f)j:

10: P] — T—SVD(.t/j) where .t/j = [é(jfl)a+1v s ,éja]
11: for allt € ((j — 1)a, jo] do > optional
12: ¥« I-PP/

13: Ly, — I (7)) (Ty,)

14: end for

15: end for

Ensure: Pj, ¢;, ¢;.

subspace change, Algorithm 10 yields a significantly better subspace estimates than simple PCA

(PCA on each Yj).

5.3.2 Assumptions and Main Result

It is well known from the LRMC literature [8, 34, 31] that for guaranteeing correct matrix
recovery, we need to assume incoherence (w.r.t. the standard basis) of the left and right singular

vectors of the matrix. We need a similar assumption on P;’s.

Definition 5.69 (u-Incoherence of Pjs). Assume that

)H2<ﬂ

max max ||P(m 5<
n

j€ld/a] me[r] J

where P](m) denotes the m-th row of Pj and pn > 1 is a constant (incoherence parameter).

Since we study a tracking algorithm (we want to track subspace changes quickly), we replace
the standard right singular vectors’ incoherence assumption with the following simple statistical
assumption on the subspace coefficients a;. This helps us obtain guarantees on our mini-batch

algorithm that operates on a-size mini-batches of the data.
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Definition 5.70 (Statistical p-Incoherence of a;s). Recall that a; = PjTét for allt € J;. Assume
that the a;’s are zero mean; mutually independent; have identical diagonal covariance matrix A, i.e.,
that Elasa, | = A with A diagonal; and are bounded, i.e., max; ||a;||?> < urAT, where AT := Apax(A)

and p > 1 is a small constant. Also, let A\~ := Apin(A) and f:= AT /X",

If a few complete rows (columns) of the entries are missing, it is impossible to recover the
underlying matrix. This can be avoided by either assuming bounds on the number of missing
entries in any row and in any column, or by assuming that each entry is observed uniformly at
random with probability p independent of all others. In this work we assume the former which is

a weaker assumption. We need the following definition.

Definition 5.71 (Bounded Missing Entry Fractions). Consider the n x a observed matriz Y} for
the j-th mini-batch of data. We use maz-miss-frac-col (maz-miss-frac-row) to denote the mazximum

of the fraction of missing entries in any column (row) of this matriz.

Owing to the assumption that f)j is approximately low-rank, it follows that ij —L;:=Vjis

“small”.

Definition 5.72 (Small, bounded, independent modeling error). Let A} := max; ||E[vsv,]||. We

assume that N < A=, max; ||v¢||? < OrA\}f and v;’s are mutually independent over time.

Main result. We have the following result for the naive algorithm of PCA on every mini-batch

of a observed samples Y;. We use the following definition of noise level

no-lev := \/ A4 /A~

Theorem 5.73 (STmiss Algorithm 12). .
Set algorithm parameter a = C f?rlogn.

Assume that no-lev < 0.02 and the following hold:
1. Incoherence: P;’s satisfy p-incoherence, and a;’s satisfy statistical right p-incoherence;

2. Missing Entries: maz-miss-frac-col < 0.01/(ur), maz-miss-frac-row < 0.0001/f?;
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3. Modeling Error: assume Definition 5.72
4. Subspace Change: A; :=SE(P;_,P;) < A4, =0.1,
then, with probability at least 1 — 10dn™19, we have

SE(P;, P))
< max(0.1-0.3771 4 Ay, (0.3 + 0.3%... +0.3771), no-lev)

< max(0.1 - 0.3 71 4+ 0.5A,, no-lev)

Also, at all j, and for t € [(j — 1), ja), [[€ — €| < 1.2 - SE(P;, Py)||&|| + ||ve|| while ||€; — & <
1.2 - SE(Pj_1, P))|[&]| + |lve]| < 1.2 (A + SE(Py, P)))||€]| + [|ve]

Proof: See Sec. 5.3.4.

Theorem 5.74 (Simple PCA). Let 15J be the m-SVD of Y; with o = Cf?rlogn. Assume p-
incoherence of Pjs, statistical p-incoherence of a;s, modeling error assumption given in Definition
5.72, maz-miss-frac-col < 0.01/(ur), maz-miss-frac-row < 0.01/f2. Then, with probability at least

1—dn19,

SE(P;, P;) < max(0.1-0.25, no-lev)

Proof: The proof is the same as that for the initialization step of Algorithm 10; see Sec. 5.3.4.
First consider the practically relevant setting of approximately rank r ij’s so that the noise
level \/Ad /A~ is small. In particular, assume it is smaller than 0.1 - 0.25. Then, if Ay, is small
enough, the bound of Theorem 5.73 is significantly smaller. If the noise level is larger, then in
both cases, the noise level term dominates and both results give the same bound. In summary, in
all cases, as long as Ay, is small (slow subspace change holds), Theorem 5.73 gives an as good or

better bound. We demonstrate this point in Fig 5.1.
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5.3.3 Guarantee for piecewise constant subspace change

Previous work on provable ST-miss [28] assumed piecewise constant subspace change (required
the subspace to be constant for long enough), but did not require an upper bound on the amount
of change. As we show next STmiss-NoDet is able to track such changes as well and provide similar

tracking guarantees even under a (mild) generalization of the previous model.

Theorem 5.75. Set algorithm parameter o = Cf?rlogn. Assume that no-lev < 0.02 and the
first three assumptions of Theorem 5.73 hold. Under an approximately piecewise constant subspace
change model (A; < no-lev for all j except for j = jy, for vy =1,2,...,) with the subspace change

times satisfying jy — jy—1 > K := Clog(1/no-lev), then, w.p. at least 1 —dn=19,
SE(P;, Pj) <
(0.2 + 2no-lev) - 0.25 + no-lev), if j=j,
(0.2 + 2no-lev) - 0.30=3)~1 4 po-lev, if Jy < J < Jyt1

Notice that for joy1 > j > j, + K, the bound is at most 2no-lev.

The subspace change model in this result does not require an upper bound on the amount of
subspace change as long as the change occurs infrequently. However, it still allows for small rotations
to the subspace at each time. The exponential decay in the subspace recovery error bound is the
same as that guaranteed by the results is [28]. STmiss-NoDet does not detect subspace changes.
However, a detection step similar to that used in previous work can be included if needed and then
a similar detection guarantee can also be proved. We provide these in the Supplementary Material

(https://arxiv.org/abs/2002.12873).

5.3.4 Proof of Theorem 5.73 and 5.74

The proof follows by a careful application of a result from [30] that analyzes PCA in sparse data-
dependent noise (SDDN) along with simple linear algebra tricks, some of which are also borrowed

from there. The novel contribution here is the application of the same ideas for providing a result
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that holds under a much simpler and practically valid assumption of slow changing subspaces
(without any artificial piecewise constant assumption). Also, the proof provided here is much
shorter.

Subspace error bounds. Consider the projected LS step. Recall that ¥ = I — 15j_115JII.
Since y; can be expressed as y; = £, — I7;(I7—El7t), using the idea explained while developing the

algorithm,
b =y — IO U (I 116, + &)
=y — I, (O L O7) UL (— I 1] 4, + &)
=y + In I3l — I (2, 07) ' T d,
=& — I7,(93,¥7;) 'O LE,
=4 +v — Iy (‘1’72)Jr ‘I’%(et + vy)

This final expression can be reorganized as follows.

b=t v — I (07) OLo, — Iy (7)) O Le,

small, unstructured noise sparse, data dependent noise

=4 + e (54)

Thus, recovering P; from estimates f/j is a problem of PCA in sparse data-dependent noise (SDDN):
the “noise” e; consists of two terms, the first is just small unstructured noise (depends on v;) while
the second is sparse with support 7; and depends linearly on the true data £;. We studied PCA-
SDDN in detail in [30] where we showed the following.

Lemma 5.76 (PCA-SDDN). Fori=1,---,«a, assume that z; = £; + w; + v; with w; = I1. B4;
being sparse, data-dependent noise with support T;; €; = Pa; with P being an n X r basis matrizc
that satisfies p-incoherence, and a;’s satisfy statistical p-incoherence; and wv; is small bounded
noise with \} = |E[v;v,']|| < A~ and max; ||v;]|? < Cry\}. Let ¢ := max;||B;P| and let b be the

mazximum fraction of non-zeros in any row of the matriz [wi, -+ ,wy]. Let P be the matriz of top
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r eigenvectors of é > z;z; . Assume that ¢ < 3. Pick an € > 0. If

At
Voqf + Z < 0.de, and (5.5)
2 42 AL
a > o := C'max (q { rlogn, ’\2frlogn> , (5.6)
€ €

then, w.p. at least 1 — 10019, SE(P, P)<e.

This result says that, under the incoherence assumptions, and assuming that the unstructured
noise satisfies the stated assumptions, if the support of the SDDN, w;, changes enough over time
so that b, which is the maximum fraction of nonzeros in any row of the matrix [wi, wa, ..., w,], is
sufficiently small, if the unstructured noise power is small enough compared to the r-th eigenvalue
of the true data covariance matrix and it is bounded with small effective dimension, ||v;||?/Af < Cr,

and if « is large enough, then span(P), is a good approximation of span(P). Notice here that for
SDDN, the true data and noise correlation, E[¢;w; "], is not zero, and the noise power, E[w;w; '],
itself is also not small. However, the key idea used to obtain this result is the following: enough
support changes over time (small b) helps ensure that the upper bounds on sample averaged values
of both these quantities, ||(1/a) Y, E[€;w; ]| and ||(1/a) Y, E[w;w; ]| are v/b times smaller than
those on their maximum instantaneous values, ||E[€;w; ]| and |E[w;w; ]|

Our proof uses Lemma 5.76 applied on the j-th mini-batch of estimates, f/j along with the

following simple facts.

Fact 5.77. 1. From [33, Remark 3.6] we have: let P be an p-incoherent, n X r basis matriz.

Then, for any set T C [n], we have

ur
|EF PP < 7] 2

2. For n x r basis matrices P, P (useful when the column span ofp s a good approrimation

of that of P), and any set T C [n], we have

lI7 P|| < SE(P, P) + |17 P|
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3. For a p-incoherent n X r basis matriz, P, and any set T C [n],
AminI7 (I — PP I7) =1 ||I;TP|?

Thus, combining the above three facts,

1
1 — (SE(P, P) + /[T |pur/n)?

(7" (1 = PP)I7) 7| <

The proof for j = 1 is a little different from j5 > 1. For j =1, ¥ = I and 4 = y;. Also, 1 =t.
Forj>1,=I-P; P;_, andi=t— (j— 1)a. Consider j = 1 (initialization). In this case,

4, =y, satisfies (5.4) with & = I. We apply Lemma 5.76 with i = ¢, z; = €, = y;, £; = £, P = P},

w; = —IﬁI%Et, v, = v — ITtI7T-t'vt, B, = I7T—t. Notice that the fraction of non-zeros in the matrix
[wi, - - - wg] is bounded by max-miss-frac-row and thus b = max-miss-frac-row. To obtain ¢, we need

to bound maxse 7, | B¢Pi|| = maxiey, |I7; T Pi||. By item 1 of Fact 5.77, |[LLPy||* < |T|ur/n <
max-miss-frac-col - nur/n. Under the assumptions of Theorem 5.73, |max-miss-frac-col| < 0.01/pr
and thus max; |B:P| < 0.1 = ¢ = q. We pick ¢ = max(no-lev,0.25¢;). From the Theorem
assumptions, b = max-miss-frac-row < 0.0001/f? and no-lev < 0.2 and so
AT
Voqf + 1 < 7q-0.01+ no-lev?
< 0.07¢ 4+ 0.2no-lev < 0.4¢;

Also, since € = max(no-lev, 0.25¢; ), the value of o used in the Theorem satisfies the requirements of
Lemma 5.76. Thus, we can apply this lemma to conclude that SE(Pl, P;) < e = max(no-lev, 0.25¢ )
with ¢; = 0.1. This completes the proof of Theorem 5.74 since simple-PCA just repeats this step
at each j.

Now consider any j > 1. We claim that for j > 1,
SE(P;, P)) < ¢
with €; satisfying the following recursion: €; = max(no-lev,0.25¢;) with ¢; = 0.1, and

€j = max( no-lev, 0.25-1.2- (¢j_1 + Aw)) (5.7)
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This can be simplified to show that €; < max(no-lev, (no-lev + Ay,) Z§21(0.3)j/,0.3j(0.25q1) +

Ay Z?,_:ll(O.S)j/). This can be simplified to

j—1
¢; < 2max(no-lev,0.37(0.25q1) + Ay Y _(0.3)7) (5.8)
=1

To prove the above claim, we use induction. Base case: 7 = 1 done above. Induction assump-
tion: assume SE(IAJj_l, P;_1) <¢€j_1. The application of the PCA-SDDN lemma is similar to that
for j = 1 with the difference being that ¢ = t — (j — 1) and Bj; is different now. We now have
B, = (\P%\Ilﬂ)*lql% and so maxe 7, | B¢ P|| = max; H(\Il%‘llﬂ)*l‘II%PJH This can be bounded

using Fact 5.77 as follows

max [|(¥], @7;) " 07 P

< max ”(‘II%‘II’Tt)_l I HI7—E fliRZ |

1 .

< -1-SE(P;_y, P,

= 1—(¢j_1 ++/0.01)2 (Fi-1, )
1

< €1+ Awy) = q;

= 1—(ej_1+\/0.01)2< o1 A =g

Using (5.8), €j—1 < max(no-lev,0.25¢1 + A4, (3/7) < max(0.02,0.025 + 0.1(3/7)) < 0.08. This
follows by using j — 2 < oo, and no-lev < 0.02, and Ay, < 0.1 (from Theorem assumptions). Using

this upper bound on €;_; in the denominator expression of above,
q; < 1.2(6j_1 + Atv) (59)

Apply the PCA-SDDN lemma with ¢ = ¢; and € = max(no-lev, 0.25¢;). With this choice of ¢, it is
easy to see that 7\/qu f+ i‘—; < 0.4e. Also, a given in the Theorem again satisfies the requirements

of the lemma. Applying the PCA-SDDN lemma, and using (5.9) to bound ¢ = ¢j,

SE(P;, P;) < max(no-lev, 0.25¢;)

< max(no-lev,0.25 - 1.2(ej—1 + Ag)) = €5

This proves our claim.
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Bounds on error in estimating ;. From (5.4), £ — £; = —ITt(\II%‘IITt)*lI%\IIZt with

w=7- 15]-_11%-_1—r for t € J;. Using this, b =0, +v, = Pja; + v;, and Fact 5.77, we can get
1€ — £1]] < SE(P;_1, Py)|ls]| + [ve]l < (ej-1+ Aw)|[€]] + ||vc]

Using the same approach that we used to derive (5.4), we get that 2, — ¢, has the same expression

as £; — £; but with & = I — P;P;" for t € J;. Thus,

18 — £l < SE(P;, Py)[|€ellz + [[vel| < 1]l + [[vel]

5.3.5 Proof of Theorem 5.75

The proof again follows by using the PCA-SDDN lemma given above along with use of Fact
5.77. The main difference is the use of the following idea.

Consider the interval just before the subspace change, i.e., the j-th interval with j = j, —1. At
this time, by our delay assumption, SE(P;, Pj) < 2no-lev and thus, using Fact 5.77, ||[I;| P;|| <

2no-lev + 0.1. Also, using Fact 5.77,

max | (W], @ 7,) W] P

< max | (U7, @7;) " ||| I, 2Py

1

<

~ 1 —(2no-lev+0.1)
1

<

~ 1— (2no-lev + 0.1)2

5 (7Bl + | 17 Pl

- ((0.1 4+ 2no-lev) + 0.1)

Combining with the bound from the previous section, the final bound for this term is

min(SE(Pj_1, P;), (0.1 + 2no-lev) + 0.1))
1 — (2no-lev + 0.1)2

5.4 Federated Over-Air Robust ST-Miss

In this section, we study robust ST-miss in the federated, over-air learning paradigm. There are
two important distinctions with respect to the centralized ST-miss problem from Sec. 5.3 namely

(a) data is now available across different nodes and the proposed algorithm must obey the federated
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data sharing constraints and (b) the proposed algorithm must be able to deal with gross and sparse
outliers. A key observation that allows us to build upon Sec. 5.3 is that only Line 10 of Algorithm
10 needs to be federated (all other operations are performed locally on each vector). To this end,
we first explain why tackling iteration noise is sufficient to satisfy the Fed-OA constraints in Sec.
5.4.1, we then present our result for PCA in the Fed-OA setting in Sec. 5.4.2 (federated version
of Line 10 of Algorithm 10), and finally show how this is used to develop an algorithm that solves

Robust ST-Miss in the Fed-OA setting in Sec. 5.4.3.

5.4.1 Dealing with mild asynchrony and channel fading

As discussed previously, the three key challenges while working with over-air aggregation are
(a) small timing mismatches, (b) channel fading, and (c) iteration noise. There exist a plethora
of techniques within physical layer communications for dealing with channel fading and mild asyn-
chrony. The main idea is to use carefully designed pilot sequences. Pilot sequences are symbols that
the transmitter-receiver pairs agree on in advance and are transmitted in the beginning of a data
frame. For instance, suppose that there are only K = 2 transmitters and the relative offsets be-
tween the transmitters is at most j symbols. In this case, both transmitters can use pilot sequences
of length 25 + 1, [a1,a1,...,a;1] and [ag, ag, ..., as] respectively. Since the offset is at most j, the
central node receives at least one symbol with values a1 + as. It can determine the relative offset
by determining the start location of the value a; + as. Once the estimated offset is communicated
back to the nodes, the center can then receive the correct sum by having the nodes appropriately
zero pad their transmissions. Extensions of these ideas can be utilized to handle the case of K > 2
nodes. Similarly, channel fading is compensated for by estimating the fading coefficients which can
be done since the values of the pilot symbols are assumed to be known. These techniques are by
now quite well-known in the single and multiple antenna scenarios [38]. Thus, the main problem

to be addressed is iteration noise which is the focus of this paper.
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5.4.2 Federated Over-Air PCA via the Power Method (PM)

Here we provide a result for subspace learning while obeying the federated data sharing con-
straints.

Problem setting. The goal of PCA (subspace learning) is to compute an r-dimensional
subspace approximation in which a given data matrix Z € R™*? approximately lies. The k-th node
observes a columns’ sub-matrix Z, € R"™%. We have Z := [Zy,--- , Zy,--- , Zk] € R™¢ with
d =Y | dy and the goal of PCA is to find an n x r basis matrix U that minimizes || Z - UU ' Z||%.
As is well known, the solution, U, is given by the top r eigenvectors of ZZ . Thus the goal is to
estimate the span of U in a federated over-air (FedOA) fashion.

Federated Over-Air Power Method (FedOA-PM). The simplest algorithm for computing
the top eigenvectors is the Power Method (PM) [11]. The distributed PM is well known, but most
previous works assume the iteration-noise-free setting, e.g., see the review in [42]. On the other
hand, there is recent work that studies the iteration-noise-corrupted PM [15, 4] but in the centralized
setting. In this line of work, the authors consider two models for iteration-noise. The noise could
either be deterministic, or statistical noise could be added to ensure differential privacy. Our setting
is easier than the deterministic noise model, since we assume a statistical channel noise model, but
is harder than the privacy setting since we do not have control over the amount of noise observed
at the central server (here use the term channel noise and iteration-noise interchangeably).

The vanilla PM estimates U by iteratively updating U, = ZZ"U,_, followed by QR decompo-
sition to get U,. FedOA-PM approximates this computation as follows. At iteration [, each node
k computes ﬁk,l = Z;CZkT (7171 and synchronously transmits it to the central server which receives

the sum corrupted by channel noise, i.e., it receives

K
U, = Zﬁk;,l +W, =220, + W,
k=1

since Y, ZyZ ' = ZZ". Here W, is the channel noise. It then computes a QR decomposition of
U, to get a basis matrix ﬁl which is broadcast to all the K nodes for use in the next iteration. We

summarize this complete FedOA-PM algorithm in Algorithm 11. If no initialization is available,
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Algorithm 11 FedOA-PM: Federated Over-Air PM

Require: Z (data matrix), r (rank), L (# iterations), Uy (optional initial subspace estimate)
1: K nodes, Z;, € R" % local data at k-th node.
2. If no initial estimate provided, at central node, do Uy i N0, I)pser; U, « Uy, transmit to
all K nodes.
for!=1,...,L do
At k-th node, for all k € [K], compute f]k,l = ZkZ,;rl}'l,l
All K nodes transmit UkJ synchronously to central node.
Central node receives U := o ﬁk,l + W;.

Central node computes ﬁlRl @ U,
Central node broadcasts ﬁl to all nodes

end for

10: At k-th node, compute ﬁk,L-ﬁ-l = ZkZ,;rUL

11: All K nodes transmit f/'k 1+1 synchronously to the central node.

12: Central node receives ﬁL+1 =k ﬁkz,L—l—l + Wi

13: Central node computes A= IA]LTf]LH and its top eigenvalue, 61 = )\maX(A).
Ensure: Uy, 61.

it starts with a random initialization. When we use FedOA-PM for subspace tracking in the next
section, the input will be the subspace estimate from the previous time instant.
We use o; to denote the i-th largest eigenvalue of ZZT, ie., o1 > 09 > ---0, > 0. We have

the following guarantee for Algorithm 11.

Lemma 5.78 (FedOA-PM). Consider Algorithm 11. Pick the desired final accuracy € € (0,1/3).
Assume that, at each iteration, the channel noise W) b N(0,02) with (i) o. < €0, /(5y/n) and
(ii) R := op41/0r < 0.99.

When using random initialization, if the number of iterations, L = € (m log (%)) . then,

with probability at least 0.9 — L exp(—cr), SE(U, UL) <e.

When using an available initialization with SE(Uy, U) < €, if L = Q <10g(}/R) log ( 11 2>>,
€ —EO

then, with probability at least 1 — Lexp(—cr), SE(U,UL) < e.

Lemma 5.78 is similar to the one proved in [15, 4] for private PM but with a few key differences
which we discuss in the Supplementary Material (Appendix 5.10) due to space constraints. We also
provide a guarantee for the convergence of the maximum eigenvalue (Lines 10 — 13 of Algorithm

11) below.
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Lemma 5.79 (FedOA-PM: Maximum eigenvalue). Let o; be the i-th largest eigenvalue of ZZT.

Under the assumptions of Lemma 5.78, 61 computed in line 13 of Algorithm 11 satisfies
(1-— 462)0'1 — 620T+1 —€eor, <61 < (1+€)oy

To our best knowledge, the Lemma 5.79 has not been proved in earlier work. This result is
useful because threshlding the top eigenvalue of an appropriately defined matrix is typically used for
subspace change detection, see for example [28]. The proof of Lemma 5.79 given in Supplementary
Material requires use of Weyl’s inequality and the careful bounding of two error terms.

Note: The reason we obtain a constant probability 0.9 in the Lemma 5.78 is as follows: for any
given r-dimensional subspace, U and a random Gaussian matrix Ij, the matrix U U is an r x r
random Gaussian matrix with independent entries. The singular values of U'u equal the cosine
of the r principal angles between Uy and U. For successfully estimation (through any iterative
method) it is necessary that none of the principal angles are m/2. To ensure this, we need to lower
bound the smallest singular value of UTU. This is difficult because the smallest singular value of
square or “almost” square random matrices can be arbitrarily close to zero [35, 36]. The same issue
is also seen in [15, 4] *. In fact, this is an issue for any randomized algorithm for estimating only
the top r singular vectors (without a full SVD), e.g., see [27, 26, 17].

We next define the federated over-air robust subspace tracking with missing entries (Fed-OA-

RSTMiss) problem, and show how Algorithm 11 and Lemma 5.78 is used to solve Fed-OA-RSTMiss.

5.4.3 Fed-OA-RSTMiss: Problem setting

In this section, we use oy, to denote the number of data points at node & at time t and o := ),
to denote the total number at time . We do this to differentiate from d (in Sec. 5.4.2) which is
used to indicate the total number of data vectors. Thus, at time ¢, d = tav and dp = tay,. At time
t and node k, we observe a possibly incomplete and noisy data matrix Y, of dimension n X oy

with the missing entries being replaced by a zero. This means the following: let ik,t denote the

4These papers also provide a more general result that allows one to compute an r’-dimensional subspace approx-
imation for an ' > r. If v’ is picked sufficiently large, e.g., if v = 2r, then the guarantee holds with probability at
least 1 —0.1".
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unknown, complete, approximately low-rank matrix at node k at time ¢t. Then
Yii = Poy, (Lt + Gri) = Poy,(Lit) + Sy

where G, +’s are sparse outliers and S ; := Pq, , (Gryt), and Pq, ., sets entries outside the set (¢ to
zero. The full matrix available from all nodes at time ¢ is denoted Y; := [Y1+, Y2y, ..., Yk ¢|. This
is of size n x . The true (approximately) rank-r matrix L; is similarly defined. Define the index
sets Zy 4 == [1,2,..., 1], Zoy := a1 + 1,00 + 2,..., a1 + az] and so on. Denote the i-th column of
Y: by yi, i = 1,2,...,a. And with slight abuse of notation, we define (the matrix binary masks)
D= [(T1,0)% (T2,0)% - (Tar )], Q2 := [(Taqa+1,6)¢ (Tar+2,6) -+ 5 (Tay +a0,¢)¢] and so on where
Ti+ is the set of missing entries in column ¢ of the data matrix at time t, (7;+)¢ is its complement

w.r.t [n]. Thus, the observations satisfy
Yyi = Pre, (i) + 81, i€y, keK] (5.10)

where s; are sparse vectors with support Tparse;- Notice that it is impossible to reover g; on the set
Ti+ and so by definition, Tsparse,i, 7i,+ are disjoint. Let P; denote the (n x r dimensional) matrix of
top 7 left singular vectors of L, In general, our assumptions imply that L, is only approximately
rank 7. As done in our result for ST-miss (in a centralized setting), we define the matrix of the
principal subspace coefficients at time ¢t as A; := IJtTf,t, the rank-r approximation, L; := B]’Jit
and the “noise” orthogonal to the span(P;) as V; := i}t — L;. With these definitions, for all i € 7,

and k € [K], we can equivalently express the measurements as follows

yi = Pre,(€) + si
=4 — I, 17 & +s;
=L + 2z; + 8
=Li+z+s +v
The goal is to track the subspaces P, quickly and reliably, and hence also reliably estimate the

columns of the rank r matrix L;, under the FedOA constraints given earlier. Our problem can also

be understood as a dynamic (changing subspace) version of robust matrix completion [9].
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5.4.4 Algorithm

The overall idea of the solution is similar to that for ST-miss. The algorithm still consists of
two parts: (a) obtain an estimate of the columns L, using the previous subspace estimate 15t_1;
and (b) use this estimated matrix L, to update the subspace estimate, i.e., obtain y 2 by r-SVD.
The algorithm can be initialized via r-SVD (as done in ST-miss) if we assume that Y7 (the set
of data available at ¢ = 1) contains no outliers and if not, one would need to use a batch RPCA
approach such as AltProj [32] to obtain the initial subspace estimate P

In the federated setting (a) is done locally at each node, while (b) requires a Fed-OA algorithm
for SVD which is done using Algorithm 11. If one were to consider a federated but noise-free
setting, there would be no need for new analysis (standard guarantees for PM would apply).

For step (a) (obtaining an estimate of L; column-wise), we use the projected Compressive
Sensing (CS) idea [33]. This relies on the slow-subspace change assumption. Let P;_; denote the
subspace basis estimate from the previous time and let ® = I — 13t_115t—£1. Projecting y; orthogonal
to P,_1 helps mostly nullify £; but gives projected measurements of the missing entries, ITl.IfEEi

and the sparse outliers, s; as follows

Py, = B(s; — I1;17.L;) +2(L; +v;)

projected sparse vector error
If the previous subspace estimate is good enough, and the noise is small, the error term above will
be small. Now recovering the vector s; — I7;I7T;£i is from Py; is a problem of noisy compressive
sensing with partial support knowledge (since we know 7;). We first recover the support of s; using
the approach of [24], and then perform a least-squares based debiasing to estimate the magnitude
of the entries. Following this, an estimate of the true data, 4; is computed by subtraction from the

observed data y;. We show in Lemma 5.83 that ¢; satisfies

-1
; T T
Now we have L; := [IAll’t,IAngt, e ,f/K,t] with f)k,t available only at node k. To goal is to

compute an estimate (Pt) of its top 7 left singular vectors while obeying the federated data sharing
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Algorithm 12 Fed-OA-RSTMiss-NoDet
Require: Y, T
1: Parameters: L < C'log(1/no-lev), wsypp, &, @
2 Init: 7 1, j < 1, Py
3: fort>1 do
4: i/t — FED—MODCS(yi, I]g7t, 7;, ﬁ)t—l)
5
6
7

135 — FEDOA-PM(Ly, r, L, P,_1)
L, + FED-MODCS(y;, Zi ¢, Ti, 1515) > optional
: end for
Ensure: P

Algorithm 13 Federated Modified Compressed Sensing

1: procedure FED-MoDCS(y;, Ty, Ti, 1315,1)

2 for all node k, i € Z;,; do

3 O I-P P,

4 yi < Py,

5: 8ics < argming |[(8)(7;)ell1 8-t |9 — Ps|| <&
6 ?; < Ti UG« |(8ies)sl > wsupp}

7 by — L (95)1g;.

8 end for

9: Output: L,
10: end procedure

constraints. We implement this through FedOA-PM (Algorithm 11) with Z; = IA/kvt being the data
matrix at node k. We invoke FedOA-PM with an initial estimate 15t_1. This simple change allows
the probability of success of the overall algorithm to be close to 1 rather than 0.9 which is what
the result of Lemma 5.78 predicts. This result is obtained by carefully combining the result for
PCA-SDDN in a centralized setting (Lemma 5.76) and the result for FedOA-PM (Lemma 5.78).
The result is summarized in Lemma 5.84. Applying these results in exactly the same manner as we
did in Sec. 5.3.4 (with a few minor differences we point out in the next section), we get the main

result.

5.4.5 Guarantee for Fed-OA RST-miss

Before we state the main result, we need a few definitions.
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Definition 5.80 (Sparse outlier fractions). Consider the n x « sparse outlier matriz S; :=
[Si4,...,SKy) at time t. We use max-outlier-frac-col (max-outlier-frac-row) to denote the maz-
imum of the fraction of non-zero elements in any column (row) of this matriz. Also define

Tmin = Miier, , minje7 .. (86)].
Let A} := maxez, , [[E[viv] ]| and maxiez, , ||[vil|* < CrAf for all k € [K].

Theorem 5.81 (Federated Robust Subspace Tracking NoDet). Consider Algorithm 12. Assume

that \/ A /A~ := no-lev < 0.2. Set L = C'log(1/no-lev) and Wsupp = Tmin/2, & = Tmin/15. Assume
that the following hold:

1. Att =1 we are given a P st SE(Pl,Pl) < €init -

2. Incoherence: P,’s satisfy p-incoherence, and a;’s satisfy statistical right u-incoherence;
3. Missing Entries: maz-miss-frac-col € O(1/ur), maz-miss-frac-row € O(1);

4. Sparse Outliers: maz-outlier-frac-col € O(1/ur), maz-outlier-frac-row € O(1);

5. Channel Noise: the channel noise seen by each FedOA-PM iteration is mutually independent

at all times, isotropic, and zero mean Gaussian with standard deviation o, < no-levA™ /104/n.

6. Subspace Model: The total data available at each time t, a € Q(rlogn) and Ay =
max; SE(P,_1, P}) s.t.

0.3€init + 0.5A4, < 0.28  and
CVrAT(0.3 e + 0.5A4) + VoAl < Tmin
then, with probability at least 1 — 10dn™1Y, for t > 1, we have

SE(P;, P;)
< max(0.3t_1€init + Ay (0.3 + 0.3%... + O.3t_1), no-lev)

< HlaX(O.3t_1€init + 0.5A¢,, no-lev)

Also, at all times t, ||21 — & <1.2-SE(P,, P)||4|| + ||vi|| for alli e Ty, k € [K].
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Discussion. Items 2-4 of Theorem 5.81 are necessary to ensure that the RST-miss and robust
matrix completion problems are well posed [9, 28]. The initialization assumption of Theorem 5.81
is different from the requirement of Theorem 5.73 due to the presence of outliers. Just performing a
r-SVD on Y] as done in Algorithm 10 does not work since even a few outliers can make the output
arbitrarily far from the “true subspace”. Additionally, without a “good initialization” Algorithm
12 cannot obtain good estimates of the sparse outliers since the noise in the sparse recovery step
would be too large. One possibility to extend our result is to assume that there are no outliers at
t =1, i.e., S1 = 0 in which case, we use the initialization idea of Algorithm 10 (see Remark 5.82).
Item 5 is standard in the federated learning/differential privacy literature [15, 4] as without bounds
on iteration noise, it is not possible to obtain a final estimate that is close to the ground truth.
Finally, consider item 6: the first part is required to ensure that the projection matrices, ¥’s satisfy
the restricted isometry property [6, 24] which is necessary for provable sparse recovery (with partial
support knowledge). This is a more stringent assumption than A, < 0.1 assumed in Theorem 5.73
due to the presence of outliers. The second part of item 6 is an artifact of our analysis and arises
due to the fact that it is hard to obtiain element-wise error bounds for Compressive Sensing.

In Theorem 5.81 we assumed that we are given a good enough initialization. If however, S

were 0, we have the following result.

Remark 5.82. Under the conditions of Theorem 5.81, if S1 =0, then all conclusions of Theorem

5.81 hold with the following changes
1. The number of iterations is set as L = C'log(n/no-lev)
2. The subspace model (item 6 satisfies all conditions with €y Teplaced by 0.01 - 0.3

3. The probability of success is now 0.9 — 10dn =10,

5.4.6 Proof Outline

Here we prove our main result for robust ST-Miss under the federated data sharing constraints.

The proof relies on two main results given below — (i) the result of (centralized) RST-Miss proved
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in the Supplementary Material (Appendix. 5.9) and (ii) our result for federated over-air power

method from Sec. 5.4.2.

Lemma 5.83 (Projected-CS with partial support knowledge). Consider Lines 5 — 7 of Algorithm
13. Under the conditions of Theorem 5.81, we have for allt and all i € Iy, the error seen by the

compressed sensing step satisfies
12 (€ + ;)| < (0.3 einit + 2.580) /At + Vi Af
185,cs — Sill < TZmin/15 < ZTmin/2, ﬁparse,i = Tsparse,is the error e := b — 4 satisfies
T 1o
e=-I; (\IIT\I:T) L9 +v) + v,
= (€i)e + (€i)v + v; (5.12)
and ||e;|| < 1.2(0.3" Yeinis + 2.500)/urAt +2.2v/ 1, A\ . Here, ¥ =T — 15t_113t—£1

Lemma 5.84 (FedOA PCA-SDDN (available init)). Consider the output P of FedOA-PM (Algo-
rithm 11) applied on data vectors z; distributed across K nodes, when z; = €;i+e;+v;, 1 =1,2,..., «
with €; = Pa;, e; = IT.B;{; being sparse, data-dependent noise with support T;; the modeling error
v; is bounded with max; ||v;||? < Cry\f where A} = ||E[v;v]']||l. The matriz of top-r left singu-
lar vectors, P satisfies p-incoherence, and a;’s satisfy p-statistical right-incoherence. The channel
noise is zero mean i.i.d. Gaussian with standard deviation o. < eppy A~ /104/n and is independent

of the £;’s. Let q := max; || B;P|| and let b denote the fraction of non-zeros in any row of the SDDN

matric E = [e1,--- ,ey]. Pick an eppyr > 0. If

TVbaf + A /AT < 0.4epyy,

by
a > Cr lognmax(eg’2 fQ,GQ—_f), and if FedOA-PM is initialized with a matriz Pni such that
PM PM

SE(Ppit, P) < €init,pm, then after L = C'log(1/(eppy/1 — e?nit par)) iterations, with probability at
least 1 — Lexp(—cr) —n~'0, P satisfies SE(P, P) < epyy.

With these two Lemmas, the proof of Theorem 5.81 is similar to the proof of Theorem 5.73.

Firstly, consider the projected CS with partial support knowledge step. Lemma 5.83 applied to
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Figure 5.1: Comparison of ST-Miss Algorithms in the centralized setting.

each vector locally gives us 4 =4, —e; with e; satisfying (5.12). Next, at each time ¢, we update
the subspace as the top r left singular vectors of L,, where the k-th node only has access to
the sub-matrix IA)kyt. For a t > 1, we assume that the previous subspace estimate, P,_; satisfies
SE(P,g_l,Rg_l) < max (0.3 2¢i + 0.5A4, no-lev). We invoke Lemma 5.84 with P, = P,
and thus, e€pit,pv = max(0.3' ey + 0.5A4,n0-lev); z; = éi,i € Iiy; P = P, e; = (),
v; = (ei)p + v;; and epy = max(0.3' 25 + 0.5A4, no-lev). Under the conditions of theorem
5.81, we conclude that w.h.p., SE(Pt,Pt) < max(0.3" et + 0.5A4,, no-lev). Thus, applying this
argument inductively proves the result. For the second optional FedOA-PM step, the same ideas

from the proof of Theorem 5.73 apply.

5.5 Numerical Experiments

Experiments are performed on a Desktop Computer with Intel® Xeon 8-core CPU with 32GB
RAM and the results are averaged over 100 independent trials. The codes are available at https:

//github.com/praneethmurthy/distributed-pca.

5.5.1 Centralized STMiss

Small Rotations at each time. We first consider the centralized setting for Subspace

Tracking with missing data (Sec. 5.3). We demonstrate results under two sets of subspace change


https://github.com/praneethmurthy/distributed-pca
https://github.com/praneethmurthy/distributed-pca

224

models. First we consider the “rotation model” that has been commonly used in the literature
[10, 48]. At each time t, we generate a m x r dimensional subspace P = e“sztP(t,l) with
P generated by orthonormalizing the columns of a i.i.d. standard Gaussian matrix and By is
some skew symmetric matrix to simulate rotations and &; controls the amount of rotation (for
this experiment we set §; = 10™* which ensures that Ay, ~ 10_2). We generate matrix A as
a ii.d. uniform random matrix of size r x d and set the t-th column of the true data matrix
£; = Pyya;. Thus, in the notation of our result, P; is the matrix of the top r left singular vectors
of f)j = [ﬁ(]—_l)aH, . -Zja] and Aj = PjTI:j. In all experiments, we choose n = 1000 and d = 3000.
We simulate the set of observed entries using a bernoulli model where each element of the matrix is
observed with probability 0.9. For all experiments, we set = 30 and the fraction of missing entries
to be 0.1. We implement STMiss-nodet (Algorithm 10) and set r = 30. We compare with NORST
[28] (the state-of-the-art theoretically), GROUSE [48], and PETRELS [10] (the state-of-the-art
experimentally). For all algorithms, we used default parameters mentioned in the codes. We also
implement the simple PCA method wherein we estimate 153 as the top-r left singular vectors of Y;
for each mini-batch. For all algorithms, the mini-batch size was chosen as o = 60. The results are
shown in Fig. 5.1(a). We see that as specified by Theorem 5.74, the simple PCA algorithm does
not improve the recovery errors since it is not exploiting slow subspace change. However, all other
algorithms exploit slow-subspace change and thus are able to provide better estimates with time.
We also notice that PETRELS is the fastest to converge, followed by NORST and STMiss-nodet,
and finally GROUSE. This is consistent with the previous set of results in [28].

Piecewise Constant. Next, we consider a piecewise constant subspace change model that
has been considered in the provable subspace tracking literature [28]. In this, we simulate a large
subspace change at t; = 1500. The subspace is fixed until then, i.e., P; = P, for all j € [1, [t1/a])
and P; = P for all j € [[ti/a],[d/a]]. The results are shown in Fig. 5.1(b). Notice that
NORST and STMiss-nodet significantly outperform simple PCA as both exploit slow subspace
change. Additionally, even though the change is large (in the notation of Definition 5.85 given in

the supplementary material, Ajaree ~ 1 and Ay, = 0), STMiss-nodet is also able to adapt without
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Figure 5.2: Corroborating the claims of Theorem 5.81.

requiring a detection step. Finally, since the updates are always improving, after a certain time,
NORST stops improving the subspace estimates, but STMiss-nodet improves it and gets a better

result.

5.5.2 Fedrated ST-Miss

We also implement Algorithm 12 to corroborate our theoretical claims. We use the exact data
generation method as we did in the centralized setting. To simulate over-air communication, we
replace the inbuilt SVD routine of matlab by a power method code snippet, and by adding iteration
noise. In each iteration, we add i.i.d. Gaussian noise with variance 107%. The results are presented
in Fig. 5.2. Notice that in both cases, Algorithm 12 works as well as NORST even though NORST
cannot deal with iteration noise. Additionally, as opposed to the centralized setting (Fig. 5.1(b)),
the error of Fed-OA-RSTMiss-nodet in Fig. 5.2 does not improve beyong the iteration noise level

of 1076,
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5.7 Appendix A: Proof of Key Lemmas for Theorem 5.81
Proof of Lemma 5.83. Recall from Algorithm 13 that we need solve
8 cs = arg msin [(8)7ell s.t.|| Py — Ps|| <&

This is a problem of sparse recovery from partial subspace knowledge. To prove the cor-
rectness of the result, we first need to bound the s-level RIC of ¥ = I — P, P,', where
s := (2max-outlier-frac-col + max-miss-frac-col) - n. Under the assumptions of Theorem 5.81 (we
only assumed that max-outlier-frac-col € P(1/ur) and max-miss-frac-col € O(1/ur) but the actual
requirement is (2max-miss-frac-col + max-outlier-frac-col) - n < 0.01/ur), and Fact 5.77, we have

that
5s(I — Py PLy) = max || I[P,
|T|<s

< #&MSE(R_L Pi1) + |17 Pa))?

Recall that for ¢ > 1, SE(PJ,P]) < max(0.1 - 0.3 ey + 0.5A4,n0-lev) < 0.2 and from the

incoherence assumption on P;’s, the second term above is upper bounded by 0.01. Thus, 5(®) <
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0.32 < 0.15. Next, consider the error seen by the modified-CS step,

[Bill = 1€ (& + )| < |[(I = Pr1 Py Pra

+ [li]
<SE(P—1, By) las|| + vl
<(SE(Pj—1, P_1) + SE(P,_1, P,))\/ ur AT + CVrAf

<(0.3 Yeinie + LA prAT + CVrgAd

under the assumptions of Theorem 5.81, the RHS of the above is bounded by xpin/15. This is why

we have set £ = Tyin/15 in Algorithm 12. Using these facts, and d5(¥) < 0.15, we have that
|8i.cs — Sill < T€ = TZmin/15 < Tmin/2
Consider support recovery. From above,
|(8i,cs — Si)m| < ||8i,es — Sill < TTmin/15 < Tmin/2
The Algorithm sets wsypp = Tmin/2. Consider an index m € Tsparse,i- Since |(8;)m| > Tmin,

Tmin — |(8ies)m| < [(8:)m| — [(8ics)ml

Lmin

2

< ‘(Sz - gi,cs)m| <

Thus, |(8ics)m| > 5™ = Wsupp Which means m € Tgparse,i- Hence Tsparse;i © Tsparsei- Next, consider

any m ¢ Tsparse,i- Then, (s;)m = 0 and so

Lmin

|('§i708)m’ = |(§i705>m)‘ - ’(sz)m| < ‘('éi,CS)m —(8)ml| < 9

which implies m ¢ ﬁparse,i and ﬁparseﬂ- C Tsparse,i implying that ﬁparse,i = Tsparse,i and consequently

that 7; := T; U %parse,i =T U %parse,i-

T

parse,i ﬂparse,i

With Tsparse;i = Tsparse;i and since Tgparses i the support of s;, s; = I s;, and so

1
si=1I; (xp;xpT) O (WL + Uz + Us; + Vo)

—1
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Thus, the estimate of the true-data éz = y; — §; satisfies
R - -1 -
b=t +v - I; (\IIT\IIT) 06 +v,)

and thus e; = éz — ¥; satisfies
-1
ei=—1I; (\1:;\117) Lt +v) +v;
T -1 T
ledl < | (07 %5) | 1152 (& + i) + ol
< 1.2|bg]| + ||
OJ

We next prove Lemma 5.84. But before we prove this, under the conditions of Lemma 5.76,

the result from [30] also shows the following:

1 T T
[[perturbl| := Ha Z(zizi —4i¢;)
7
1 . 1 .
q el | T2 0D e
(2 1
1 - .

)\+
< (6.6\/&1 f+ 4.4;) A~ (5.13)

< +2 +2

S
(2

+2 +

Y

and

1 _
Ar <a ZM’T> > 0.99)".
(2
Proof of Lemma 5.84. Before we prove There are the following two parts in the proof:

1. First, we show that P is close to P where P is the top 7 left singular vectors of Z. In
particular, we show that SE(P, 13) < €ppr/2. This relies on application of Lemma 5.78 to

the matrix ZZ" /o with the appropriate parameters.
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2. Next, we use centralized Principal Components Analysis in Sparse, Data-Dependent Noise
(PCA SDDN) with z; = y; to show that the P is close to the true subspace, P. Here too we
show that SE(P, P) < epyr/2. Combining the above two results, and the triangle inequality
gives SE(P, P) < SE(P, P) + SE(P, P) < epy.

Notice from (5.13), with high probability, the matrix ZZ T has a good eigen-gap, i.e.,

M(ZZ") = M\ (LL" + perturb) > \,(LL") — ||perturb)|
A\t
> 0.99\ — (7.7\/qu + 4.4;_) A

Mi1(ZZT) < Ayt (LLT) + ||pertub)|

)\—l-
< (7.Nl§q f+ 4.4;) A~

Under the assumptions of Lemma 5.84, 7.7Vbq f + 4.40\F /A~ < 2.5¢gg. Thus, for this matrix, R <
0.99 with high probability. The standard deviation of the channel noise in each iteration satisfies,
oc < epy A~ /104/n. Furthermore, since we initialize Fed-PM with P, that satisfies SE(Plyt, P) <
€init,pv 1t follows from second part of Lemma 5.78 that after L = Clog(1/(epary/1 — e?nit’ )
iterations, with probability at least 1 — Lexp(—cr), the output P satisfies SE(P, P) <epp/2.

Next, observe that the conditions required to apply Lemma 5.76 is satisfied under the assump-
tions of Lemma 5.84. Thus, we apply Lemma 5.76 with esg = epps/2. This ensures that with
probability at least 1 — 10n719, the eigenvectors of the empirical covariance are close to that of the
the population covariance, i.e., SE(P, P) < epas/2.

Combining the above two results we have with probability at least 1 — Lexp(—cr) — 10n~10,

SE(P, P) < SE(P, P) + SE(P, P) < epy. O

The proof of the subspace detection step (Lemma 5.88) is similar to that of [30] applied with

Lemma 5.79.

Proof of Lemma 5.78. The proof of Lemma 5.78 is a special case of Lemma 5.91 that is proved
in the Supplementary Material. The proof of Lemma 5.79 is also provided in the Supplementary

Material. 0
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The Supplementary Material is organized as follows. In Appendix 5.8, we provide the setting,
algorithm and the guarantee for (a) a generalization of Theorem 5.73 wherein we provide our result
to provably detect and track large, but infrequent subspace changes; and (c) a generalization of
Theorem 5.81 wherein we again deal with large infrequent subspace changes but in under the
federated over-air constraints. In Appendix 5.9, we provide the guarantee for robust ST-miss in a
centralized setting. And finally, in Appendix 5.10, we prove the convergence of Algorithm 11, i.e.,
Lemma 5.78 and Lemma 5.79 (in fact, we prove a stronger result there, but only provide a special

case of it in the main paper).

5.8 Appendix B: Extensions of Theorem 5.73 and Theorem 5.81

5.8.1 Generalization to detect and track larger subspace changes for centralized ST-

miss

When Ay, is small enough, the bound given by Theorem 5.73 holds and is better than that
for simple PCA given in Theorem 5.74. When Ay, is very small but there are occasional large
changes, then the guarantee of Theorem 5.75 applies. However, the result does not guarantee
change detection (only tracking), this is because the algorithm itself does not contain a detection
step. In this section, we provide a modification of our algorithm that contains a detection step and a
corollary that also guarantees quick enough detection. The proof is essentially a direct combination
of the ideas given in the main paper and those used in [28] for quick and reliable subspace change
detection.

A simple modification to Algorithm 10 given in Algorithm 14 allows us to deal with such a
model. Our next result shows that under such a subspace change model, we are able to recover the

result of [28]. Concretely, consider the following subspace change model

Definition 5.85 (Small frequent and abrupt infrequent subspace change model). Assume that the
7-th large subspace changes occurs at t = tya for 7 =1,---T' such that t,11 —t, > (J* + 2) with

J* := C'log(1/€) where € chosen by the user denotes the desired final accuracy. In addition, assume
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that

min A; > A > A, > ma; A
hel) = e = St = ey

Notice that this is a generalization of the “model” considered in previous literature on provable
subspace tracking [28] and the model considered above.

To deal with the large subspace changes, we need a few minor changes to Algorithm 10, which
we briefly summarize below. Firstly, the algorithm now has two phases, the subspace update phase
and the subspace detect phase, akin to the algorithms of [28, 30]. Second, as opposed to the
algorithms studied in [28, 30], the current algorithm updates the subspace even in the detect phase
(this is necessary since we only assume an approximate piecewise-constant subspace change model).
The pseudo-code is provided as Algorithm 14 in the Appendix. With these changes, we have the

following result

Corollary 5.86 (Subspace tracking in the presence of infrequent, abrupt changes). Assume that
data satisfies the subspace change model in Definition 5.85 such that Ajpge > 9v/f max(0.1 -
0.37" 71 + 1.5A4,, no-lev) Then, under the conditions of Theorem 5.73 and using Algorithm 14,
with probability at least 1 —dn™19, the y-th large subspace change is detected within 1 mini-batch of
a frames, i.e., ty, < t:, <t,+1 and

SE(Pj, Bj) <
max(0.1-0.25, no-lev), if j*=1
max(0.1-0.37" "1+ 0.5A,, no-lev), if j* € [2,J%]

€, if jr>J*

\

where j* = min, (£, — 5)
Proof of Corollary 5.86. The proof follows from the idea of the result of [30]. The analysis of the
subspace update step is exactly as mentioned in the proof of Theorem 5.73. The proof of the

subspace update step requires the following changes to [30, Lemma 6.20]: consider the case when

the subspace has not changed, but K = C'log(1/¢) subspace updates have been completed. In this
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case, qi (the subspace error between the previous estimate and the current actual subspace) from
[30, Lemma 6.20] gets replaced with € + Ay, using the triangle inequality for subspace errors. Next
consider the case when the subspace has changed by a quantity of Ajaee. In this case, ¢ (the
subspace error between the current algorithm estimate and the subspace after the large subspace
change) gets replaced with e4A, +Ajarge. Once we make these changes, the rest of the proof follows
exactly in the same fashion, and we get that (i) if the subspace has changed, )\max(@fzjj}jT(I)) >
5(e+ Apy + Alarge)?AT, and (ii) if the subspace has not changed, )\max(@f/jﬁjT'I)) < 1.5¢2AT. Thus,
under the conditions of Corollary 5.86, as long as wepars = 2€2AT, w.h.p. the large subspace change

is detected. O

Generalization to detect and track large subspace changes in FedOA-RST-miss.
Recall that P; is the matrix of top-r left singular vectors of data, ¥; = [Yi4, - ,Yk¢|. Assume
that at ¢t = ¢, for v = 1,--- T, such that t,11 —ty > (J* + 2) with J* = C'log(1/€) where € is

chosen by the user to denote the desired final accuracy. In addition, assume that

min SE(P; 11, P;) > Aparge
v€E(r)

max _ SE(Pi1, P) < Ay,
{t:t7t, €T}

Corollary 5.87. Assume that the data satisfies the subspace change model specified above such
that Ajarge > 94/ f max (0.1 10.37 1+ 1.5A, no-lev) . Then, under the conditions of Theorem 5.81
and with minor modifications to Algorithm 12, with probability at least 1 — dn~'0, the y-th large

subspace change is detected within 1 time instant, i.e., t, < fw <ty+1 and

SE(P,, P,) <
max(0.1-0.25, no-lev), if j*=1
max(0.1-0.37" "1 4 0.5Ay,, no-lev), if j* € [2,J*]

€ if jr>J*

where j* = min, (t, — t)
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Algorithm 14 STMiss — Infrequent Abrupt Changes
Require: Y, T
1: Parameters: a, ¢,
2. Init: Py + r-SVDly1, -+ ,Yal, J < 2, k < 2, phase < update, K = C'log(1/¢)
3: for j > 2 do
4: if k=1 then

5 Pj < r-SV D[y -2ya+1:" " »Y(G-1)al
6: else

7 if phase = update then

8: ¥« I-P_ P,

9: for allt € ((j — 1)a, jo] do

10: Y < Py b yr — I, (97) g,
11: end for

12: Pj — T—SVD[é(j_l)a_‘_l, s ,éja]
13: k+—k+1

14: if £k = K then

15: phase < detect

16: end if

17: end if

18: end if

19: if phase = detAectA then
20: if Amax(®L;L] ®) > 20€2\* then
21: phase < update, k + 1
22: else
23: Repeat lines 5 - 12
24: end if
25: end if
26: end for

Ensure: Pj, 4, ¢;.

For the proof of Corollary 5.87, the approach is the same as Corollary 5.86. One key difference
is how we perform the subspace detection step since this needs to be done while obeying the
federated, over-air data sharing constraints. To do this, we leverage Lemma 5.79 and derive the

following result:

Lemma 5.88 (Subspace Change Detection). Consider o data vectors at time t > t,_1. Assume

that the (t — 1)-th subspace has been estimated to e-accuracy, i.e., SE(IE’t_l,Pt_l) < e. Let the
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number of iterations of Fed-PM be Lgey = Clognr. Let the detection threshold wepars = 2€2aXT.

Then, under the assumptions of Theorem 5.81, the following holds.

1. If the subspace changes, i.e., t > t,. At this time, with probability at least 1 — 10n~10,

Aot = 0.9\ max (@itij <I>) > 4.5(e + Ay + Aarge) 20T

2. If the subspace has not changed, then with probability at least 1 — 10019,

et < 1.1\ mae (quitij <I>) < 1.62art

5.9 Appendix C: Robust Subspace Tracking with Missing Data

In this section, we provide the concrete problem setting, algorithm and result for RST-miss in
the centralized setting. Assume that at each time ¢, we observe an n-dimensional data stream of

the form
yt:PQt(‘ét+gt)7 t:1727 7d (514)

where g;’s are the sparse outliers and £, Pq,(-) etc are defined exactly as done before. We let
st = Pq,(g+) and let Tsparse,r denote the support of s;. Notice that it is impossible to recover g; on
the set 7; and thus we only work with s; in the sequel. Furthermore, by definition, s; is supported
outside 7; and thus 7; and Tsparse,s are disjoint. With s; defined as above, the measurements can

also be expressed as

yr = Po, () + s
= gt — IfﬁI%Et + St
1:Zt+zt+8t:£t+zt+8t+vt-
One main difference required in the algorithm is how we estimate the sparse vector, s; = z; + s¢.

Recovering §; is a problem of sparse recovery with partial support knowledge, 7;. In this paper,

we use noisy modified CS [24] which was introduced to solve exactly this problem. Another main



238

Algorithm 15 Robust Subspace Tracking with missing entries (RST-miss)
Require: Y, T
1: Parameters: o, wepals, £
2. Init: P, + AltProjly1, - ,Yal, J < 2
3: Lines 3-13 of Algorithm 10 with line 6 replaced by
Yt — Py
S8t.cs < argming H(s)(mcHl st ||lge — Ps|| < &.
Ti < TiU {m  [(8t,cs)m| > Wsupp}
by — Ij;(‘I’ﬁ)Tgt-
4: Line 11 replaced by
Yt ‘i’yt
8¢ cs ¢ argming H(S)(ﬁ)cnl s.t. ||ge — lil.5:|| <é&.
ﬁ — TeU{m : |[(8t,es)m| > Wsupp )
by, - Iﬁ(‘i’ﬁ)T@y
Ensure: 15]-, ét, Zt, 7T;.

difference is in the initialization step. Observe that due to the presence of sparse outliers, a simple
PCA step does not ensure a “good enough” initialization in this case.

Assumptions. We need all the assumptions from the previous section. In addition, it is well
known from the RPCA literature that the fraction of outliers in each row and column of the matrix

S; needs to be bounded.

Definition 5.89 (Sparse outlier fractions). Consider the sparse outlier matriz S; :=
[S(j—l)a+17---;3ja] . We use max-outlier-frac-col (max-outlier-frac-row) to denote the maxi-

mum of the fraction of non-zero elements in any column (row) of this matriz. Also define

LTmin = minte((j—loa,ja} minie'rsparse,t |(3t)z|

Algorithm and Main Result.

We have the following result for robust subspace tracking with missing entries

Theorem 5.90 (Robust Subspace Tracking with missing entries). Consider Algorithm 12. Assume

that no-lev < 0.2. Set Weypp = Tmin/2 and & = Tmin/15. Assume that the following hold:
1. Att =1 we are given a P st SE(Pl,Pl) < €init -

2. Incoherence: P;’s satisfy p-incoherence, and a;’s satisfy statistical right p-incoherence;
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3. Missing Entries: maz-miss-frac-col € O(1/ur), maz-miss-frac-row € O(1);
4. Sparse Outliers: maz-outlier-frac-col € O(1/ur), maz-outlier-frac-row € O(1);
5. Subspace Model: let Ay, := max; SE(Pj_1, Pj) s.t.

0.3€imt + 0.5A, < 0.28  and

Cv T)\+(O~3j_1€init + 05Atv) + m < Tmin

then, with probability at least 1 — 10dn™19, for all j > 1, we have

SE(P;, P;)
< max (0.3 et + Aty (0.3 4+ 0.3 +0.3%... + 0.3 1), no-lev)

< max(0.3jfleinit + 0.5A4,, no-lev)

Also, at all j and t € ((j — Ve, jo, |8 — £ < 1.2 - SE(P;, P))||€:]| + [|v¢]]-

5.10 Appendix D: Convergence Analysis for FedPM

5.10.1 Eigenvalue convergence

First we present the proof of the eigenvalue convergence result (Lemma 5.79). To our best

knowledge, this has not been studied in the federated ML literature.

Proof of Lemma 5.79. We now wish to compute the error bounds of in convergence of eigenvalues.
To this end, at the end of L iterations, we compute 3= ﬁLTAﬁL + l}'LTWL The intuition is that
if the eigenvectors are estimated well, then this matrix will be approximately diagonal (off diagonal
entries ~ ¢€), and the diagonal entries will be close to the true eigenvalues. Furthermore, in the

application of this result for the Subspace Change detection problem, we will only consider the
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largest eigenvalue of 3 and thus we have
Amax (%) = Amax (UL AU + UL W)
= Mnax(B + (UL AUL - ) + U Wp)
> Amax(B) — UL AUL — 3| — UL Wi |
> o1 — |UL AUL - 3| — [[Wy||
The second term can be upper bounded as follows
U} AU, - 3|
= (U, USU'U,-%)+ U U S, U UL
<UL USUTOL - 3|+ U ULS, ULUL
<|ULUSUUL - 2| + |BLIU[TL)?
= U, USU UL - 3| + | 2.[|ULU] UL |?

< |UUusU UL, - || 4 0,41SE*(UL, U)

The first term above can be bounded as

U USUTOL - 2|

=|I-I+U U)SU U, +I-1) -3

<OLU-DE| +|2U UL - D)

+|(ULU-DEUTUL - 1)

<21 -ULU||+|1-U.U|P)

<0121 = o (UL U)) + (1 = 0:(U U))?)
and since SEQ(ﬁL,U) =1- af(f]EU) < €2 and thus we get that UT(ﬁLTU) >V1—€2>1— €.
Finally, the assumption on the channel noise implies that with high probability, |[Wp|| < Cy/no. <
1.50,¢€. Thus,

Amax(E) > 01(1 — 4€%) — 0,162 — 0,¢
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Algorithm 16 FedPM: Federated Noise-Tolerant Power Method
Require: Z,r, L, n, K nodes for each i € 7, data y;
1: At central server, Up & "N, 1) pser; Uy + Uy, transmit to all K workers.
2: forl=1,...,Lndo
3 At k-th node, do Uy = Zx Z, U,y
: All k nodes transmit Ukl synchronously to the central server.

4
5: Central server receives Uy, := ). Ukl + Wy, with >, Wi, = W,.
6: Ul — fjl—l
. A R -~ .
7 if (I mod n) =0 then U;R; A U, end if

8: Central server broadcasts Ijl to all nodes

9: end for

10: All k nodes compute ZkZ,;r Uy, transmit synchronously to central server

11: Central server receives B = ), Zk;Z,;r U, + Wi, computes the top eigenvalue, 61 =
Amax(U[ B).

Ensure: Up, 6;.

We also get
)\max(ﬁ:) < )\max(ﬁ;BBTUL) + ||WLH
<|OLIPIBBT| + [WL| = Amax(BBT) + 1.50,¢
This completes the proof. O

5.10.2 The Noise Tolerant FedOA-PM, Algorithm, and Guarantee

Next, we present a “robust” version of the FedOA-PM algorithm. As mentioned earlier, by
normalizing the subspace estimates once every n > 1 iterations allows for a larger noise tolerance
than the vanilla FedOA-PM algorithm. This is summarized in Algorithm 16 and the main result
is provided below.

Before we state the main result, we need to define the following quantities. For this section we

use A = ZZ" and let A EYD

USU'" +U, X J_UI denote its eigenvalue decomposition. Recall
that U € R™" denote the principal subspace that we are interesting in estimating. We also use
o; to denote the i-th eigenvalue of A with o1 > --- > 0, > 0,41 > -+ > 0, > 0. We also let the
ratio of (r + 1)-th to r-th eigenvalue, R := o,41/0,, the noise to signal ratio, NSR := o./0,, and

R :=max(R,1/0,). We use SE; := SE(U}, U).
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We have the following main result:
Theorem 5.91. Consider Algorithm 16 with initial subspace estimation error SEq.

1. Letn=1. Assume that R < 0.99. If, at each iteration, the channel noise Wy satisfies NSR <

V=SB, e S 1 1 ‘ ‘ .
cmin <\f’0 2 - > then, after L = Q) <log(1/R) <log . +log Jise iterations, with

probability at least 1 — Lexp(—ecr), SE(U, T]L) <e.

2. Consider Algorithm 11 with n > 1. If, o > 1, and if NSR <

in (<1 L) | then the ab lusion hold
cmin W-W,O.Q o - , then the above conclusion holds.

3. If Uy vid N0, 1), then SEg = O(y/1 — 1/~ynr) with probability 1 —1/~.

To understand the above theorem, first consider n = 1. In this case, we require NSRy/n < € to
achieve e-accurate recovery of the subspace. In this setting, with a random initialization, our result
essentially recovers the main result of [15, 4]. But we can choose to pick n > 1. To understand its
advantage, suppose that A, > 1.5 (this is easy to satisfy by assuming that all the data transmitted
is scaled by a large enough factor). Then, clearly, A2/(A2 —1) < 3 and so the first term in the upper
bound of NSR dominates. Thus, as 7 is increased, we only require NSR+/n - \/ﬁR”_1 < € which is
a significantly weaker requirement. Thus, a larger n means we can allow the noise variance to be
larger. However, we cannot pick 7 too large because it will lead to numerical problems (bit overflow
problems) and may also result in violation of the transmit power constraint. As an example, if we
set n = C'logn, for a constant C' that is large enough (depends on R), then the we only require
(NSR+/n/logn) < e which provides a logn factor of noise robustness. Observe that the number of
iterations needed, L, depends on the initialization. If SEq < ¢y with ¢y being a constant, then we
only need L = Q (log(l 7R) log(1/ e)) iterations (which we leverage in the ST-miss result). Finally,
if we use random initialization we need L = (2 <10g(1/R) log(nr/e)>, i.e., O(lognr) more iterations.

We provide a comparison with [15, 4] in Table 5.1.
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Table 5.1: Comparing bounds on channel noise variance ¢ and on number of iterations L. Let
gapy := Ap — Apy1, gap, i= Ap — Agy1 for some 7 < g < r’. Also, we assume € < ¢/r.

Noisy Power Method This Work
(15, 4]
— _ gap; € Are
=1 O'C—O<\/ﬁ> O’C—O(\/ﬁ),
=7 R < 0.99

Good init - L=Q (mmg (%))
(SEq < o)
gap, €
n=1 O’CIO( \/?CLI ) -
r>r
n>1 - ge =0 (z5),
r'=r R <099, A\ >1
n = O(logn) - JC=O<ﬁ)’g2),
r=r R <099, )\ >1

5.10.3 Proof of Theorem 5.91

Before we state the proof, we define two auxiliary quantities

252
2 4 toat+o
num(n) T 2n—2 ’
Or
) 1o toby - +or"”
Fdenom(n) = 0_277,2
T

Intuitively, T'ypyum(n) captures the effect of the ratio of the “effective channel noise orthogonal to
the signal space”, to the signal energy, while I"genom () captures the “effective channel noise along

the signal space” and the signal energy. The following lemma bounds the reduction in error from

iteration (I — 1)n to In.

Lemma 5.92 (Descent Lemma, general 7). Consider Algorithm 16. Assume that R < 0.99. With
probability at least 1 — exp(—cr), the following holds:

R" SE(lfl)n +v/n NSR T ()
0.9,/1 = SE}_yy, = v/7 NSR Taenom(n)

SEZU <
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By recursively applying the above lemma at each iteration, we have the following. It assumes
that the initial subspace estimate has error SEq := SE(Up, U). The proof is provided in Appendix

5.10.

Proof of Lemma 5.92. Consider the setting where we normalize our subpsace estimates every 7
iterations. In other words, we start with a basis matrix estimate at | = [y, and then analyze the

subspace error after 7 iterations. In this case, the subspace update equations can be written as

ﬁlo+1 = AUlo + “/lo—‘rl

ﬁlo+2 = Af]lo-l—l + Wiyt = AQﬁlo + A‘/Vlo-l-l + Wig42

n
Uiytn = U = AUy, + Z AT Wiy
=1

Recall that U, U U, R;,. Thus, we have

n
U =A"O,R' +> AW,
=1

= A'UU'U, +U. Ul U,)R; '

n
+ Y AT(UU Wiy + ULU Wi )
=1
=US(U'U,)R,'+U. (U U,)R; "
n
+ {Uzﬁ_Z(UTWloH) +ULE (U] W)
=1
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and thus, SE(U,U;) = SE(U,U)) = |U U, R | simplifies to
SE(U,Uy)

< <H271HIIUII7zOR101II +

n
ZZ(UIUIO)RI_Ol + Z Ez_%ULTVVlo-H')] Rt_l

i=1
) [F ol
) [Fdl

Y
> BT(U W)
i=1

n

Z Ez_i (UIW/l0+Z)

= (HXZHSE(U,INJZO) +
i=1

_I=LISEW,Ti) + [ S =1 0T W)
B or(Ry)

We also have that

o2 (Ry) = o2 (Uy)
=\ (UUU, +U U] U)"(UUTU, +U, U OY))

> )\min(ﬁtTUUTUt) = O'?(UTUt)

n
— o (U'U) =0, (2” (UTleO +> z—iUTm0+,-))
=1
,r] .
YU,

> o) [UT(UTﬁlo) -
i=1

We define SE(U,U,,) = SE(U,U,,) = SE;, and R = 0,,1/0,, R = max(1,0,41)/0, and thus

we have

SE(U,U))

IS ISEU, Uiy) + || S0, =17 (U] Wiga)

0‘;] |:\/1 — SEZ(U, ﬁlo) — ||Z;7:1 2—iUTmO+i|:|
_ RSEi, + 0" 300, ST UTwW, |

1= SEf — 120 Z U T Wi

notice that the entries of U TVVZOH and UIVVIOH are 1.i.d. Gaussian r.v’s with variance UZ.

Next we define the matrix M = >, qui(UIVVlOH) and we apply Theorem 5.93 to M. We can
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apply this theorem because we know that each entry of M is a weighted sum of n indepdendent

Gaussian r.v.’s. In other words

n
M; = Z(UL)?_Z(UIVVIOH)M

=1
()\L)i(ﬂi)>

Z" 2(n—i)

'I’]*’L
Jr+1
=1

Recall that there is a factor of o, 7 multiplying M so effectively, the sub-Gaussian norm is K =

n
= Mz~ N (0,03
=1

—> max (M)l vy = 0

oy o, T szl_i) = NSR - T'pum(n). Now, using Theorem 5.93, we get that with probability at

least 1 — e—€

n
H Z EZ_ZUIVVIOJW'” < CNSR - Fnum(n) ’ (V n—r+ \/;"i_ 6)
i=1
and now picking € = 0.01y/n followed by simple algebra yields
n
Pr (H Z ZZ_ZUIVVZO+iH < \/ENSR : Fnum(”))
i=1

>1—exp(—cn)

Next consider the denominator term. Again, we notice that the matrix M = "7 | E*iUTVVlOH
has entries that are gaussian r.v.’s and are independent. Moreover, the sub Gaussian norm bound

is

n
My = ZUJZ(U Wig+i)jik
i=1
n
= M ~N (O,O’SZO’J 2’)
i=1

—21
= n}%xH(M)ijd,Z =0¢y| > 07 = NSR - Tenom(n)

i=1

Now we apply Theorem 5.93 to get that with probability 1 — exp(—e?)

n
IERA
=1

< NSR - Fdenom(n) ’ (2\/; + 6)
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picking € = 0.014/r yields that

.

This completes the proof of Lemma 5.92. O

n
SR U,

=1

S \/;NSR : Pdenom (77)>

> 1 —exp(—cr)

Proof of Theorem 5.91. The idea for proving Theorem 5.91 is a straightforward extension from
Lemma 5.92. Consider n = 1, and assume that the initial subspace estimtate, U, satisfies
SE(Up, U) = SEq < 1 we know that with probability 1 — exp(—cr) — exp(—cn),

RSEq + /ANSRT ym (1)

0.94/1 — SE2 — \/*NSRT genom (1)
_ RSE(+/nNSR

0.94/1 — SE3 — \/rNSR

SE(U,,U) <

thus, as long as NSR < 0.24/ ﬂ the denominator is positive. Next, to achieve an e-accurate
estimate, we note that the second term in the numerator is the larger term (since R < 1 and this
goes to 0 with every iteration) and thus as long as NSR < ﬁ we can ensure that the numerator is
small enough. Combining the two bounds, followed by a union bound over L iterations gives the
final conclusion.

Finally, consider the case of n > 1 and the [-th iteration. Assume that o, > 1. This is
277—2)/0377—2 _

used to simplify the Tgepom(n) expression as follows: I'2 =040+ +or

denom

_ . , 2 ) : .
Z?:ol 1/o2 <Y 2 1/0% = % Using the same reasoning as in the n = 1 case, as long as

o2 _1 [1—SE?

NSR < 0.2/ 77—~ (=L
- o? r
the denominator is positive. We also have that I'2, (n) = >°7_, 035:71—1‘) Jor" < nR?1~2. Thus, as
long as NSR < ﬁ . W the first term of the numerator is small enough and this gives us the
final result. O

Random Initialization Lemma. Finally, we provide the proof for random initialization.

This is a well known result as shown in [36, 15] but we prove it here for completeness.
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Proof of Item 8 of Theorem 5.91. The proof follows by application of Theorem 5.93, 5.94 to a stan-
dard normal random matrix, and definition of principal angles. Recall that (Up); YN (0,1) and

consider its reduced QR decomposition, U, = I}'ORO. We know that

SE*(Uo, U) = (I = UgUg U ||> = Amax(I = U " UoUy U)
=1 - Anuin(U T UUJ U)
=1 Auin(U U Ry (R TU, U)
1 A (U O, U i (R (B3 ) T))

B o2 (UTU)

min

10113
where (a) follows from Ostrowski’s Theorem (Theorem 4.5.9, [16]) and the last relation follows since
reduced qr decomposition preserves the singular values. It is easy to see that (U Tffo)ij ~ N(0,1).

We can apply Theorem 5.94 to get that with probability at least 1 — exp(—cr) — (¢/7),
O’min(UTﬁo) Z C(\[ —VTr — 1)/"}/

and we also know that /r —+/r —1 = O(1/4/r). Additionally, the denominator term is bounded

using Theorem 5.93 as done before and thus, with probability 1 — exp(—¢?),

1To]l < C(Vn+Vr +e)

and now picking e = 0.01y/n we get that with probability at least 1 —exp(—cn) —exp(—cr)—(1/cy),

. 1
SE*(Up,U) <1 - —
ynr

which completes the proof. O

While invoking the above result, to simplify notation, we set v = 10.

5.10.4 Numerical Verificaion of Theorem 5.91

We generate S = UAVT + U, A VI with U* = [U,U,], V* = [V, V] being orthonormal

matrices of appropriate dimensions. We then set Y = S8 and the goal is to estimate the span of



249

—e ) =1,00=10"" ~@=1n = 10,0, = 107"
~-n=1,0.=10"°% ==y =10,0, = 1078
100 TT T T [T T T T T[T T T T T [ T T T T T T T T

S —~ 107"

<§ 1075 <§ 10—4

/M =

n 5)

10710 1077
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(a) Varying o. and n (b) Varying the EigenGap, R

Figure 5.3: Numerical verification of Theorem 5.91: Left: increasing 7 increases robustness to
noise; Right: Increasing the “gap” helps achieve faster, better convergence.

the n x r dimensional matrix, U. We choose n = 1000 and r = 30. We consider two settings where
A=11I, A; =1 sothat R=0.91; and A = 3.3I, A; = I so that R = 0.33. At each iteration
we generate channel noise as i.i.d. N(0,02). We verify the claims of Theorem 5.91 and (i) show
that choosing a larger value of 1 considerably increases robustness to noise. We set R = 0.91, and
consider n = 1,10 and 0. = 1074,107%. See from Fig. 5.3(a) that increasing n has a similar effect
as that of reducing o, (the n = 10,0, = 1078 plot overlaps with n = 1,0, = 1078); and (ii) in Fig.
5.3(b) we show that choosing a smaller value of R speeds up convergence, and also increases noise

robustness. Here we use 0. = 1078 and consider two eigengaps, R = {0.91,0.30}.

5.11 Appendix E: Preliminaries

The following result is Theorem 4.4.5, [39]

Theorem 5.93 (Upper Bounding Spectral Norm). Let A be a m x n random matriz whose entries
are independent zero-mean sub-Gaussian r.v.’s and let K = max; ;|| A; j|ly,. Then for any e > 0

with probability at least 1 — 2 exp(—e€?),

JAll < CK(im + Vi + )

The following result (Theorem 1.1, [36]) bounds the smallest singular value of a random rect-

angular matrix.
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Theorem 5.94 (Lower Bounding Smallest Singular Value for Rectangular matrices). . Let A be a
m X n random matriz whose entries are independent zero-mean sub-Gaussian r.v.’s. Then for any

€ > 0 we have

Umin(A> > ECK(m —vn-— 1)

with probability at least 1 — exp(—cxn) — (cxe)™ "L, Here, K = maw; j|| A ;| 4, -
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CHAPTER 6. CONCLUSIONS AND FUTURE WORK

In this work we designed and analyzed provable algorithms for learning and tracking low-
dimensional linear subspaces. We showed that under mild conditions, we can efficiently learn,
detect, and track subspaces. In particular we considered the problem of tracking the underlying
subspace in presence of gross outliers in Chapters 2 and 3. In Chapter 4, we also allowed for missing
data due to failures in data acquisition, and transmission pipeline. In Chapter 5, we studied the
subspace learning problem in a federated setting which also takes into account the data being
available to a central server in a distributed fashion. In all our results, we show that our algorithm
enjoys several desirable properties such as fast run time, improved outlier tolerance, and in some
cases, near-optimal memory and sample complexity.

There are several avenues for possible future work (a) an immediate extension of Chapter 5 is to
provide a guarantee for differentially private (robust) subspace tracking wherein, one deliberately
adds noise to each algorithm iterate so that given the output, it is not possible for a malicious
agent to ascertain whether a particular data point exists in the database or not; (b) whereas we
considered learning linear subspaces in all work, it is certainly possible to extend this to learning
non-linear low-dimensional models (such as manifolds); and finally, (¢) extending our results to the
case where measurements are a (3-rd order) tensor rather than a matrix would provide more room

to exploit the underlying low-dimensional structure.
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